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To my wife Marina 


Preface 


This book arises from the lecture notes of the course “Elements of Theoretical 
Physics,” part of the “Materials Science” degree at the University of Rome Tor 
Vergata, which I taught between the years 2017 and 2023. They contain an intro- 
duction to quantum mechanics, surgically tailored to provide students with essential 
concepts and tools for subsequent courses without sacrificing the completeness of the 
treatment. At the end of each chapter, the reader can find a series of solved exercises 
and other exercises, useful both for absorbing theoretical concepts and for applying 
the mathematical tools explained. 

Understanding the content of this book, and more generally, quantum mechanics, 
requires some familiarity with certain mathematical concepts assimilated in previous 
courses. For accuracy, knowledge of 


limits, derivatives and integrals; 

Taylor series; 

vector spaces, linear operators and Dirac notation; 
hermitian and unitary operators, eigenvectors and eigenkets; 
function of operators—spectral representation. 


I would like to first thank Prof. Enrico Perfetto, with whom I have had several 
discussions, for conducting the exercises of the course and proposing some of the 
exercises included in this book. I also thank the students who have followed over the 
years for stimulating me to refine the presentation of various topics year after year. 
Any errors that may be present are the sole responsibility of the undersigned. 


Rome, Italy Gianluca Stefanucci 
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Chapter 1 A) 
The Fundamental Concepts of Quantum giet 
Mechanics 


1.1 The Need to Abandon Classical Physics 


To understand the problems of classical physics in describing the microscopic world, 
let’s start with a concrete example. Let’s consider the hydrogen molecule ion, He, 
This ion consists of two protons, located at a distance of about 10~!° m, and one 
electron. The mass of the protons ism, = 1.67 x 1077 Kg, which is approximately 
1800 times greater than the mass of the electron, me = 9.11 x 107°! Kg. We can 
then treat the two protons as fixed in their equilibrium positions, denoted by R 
and R>, while the electron is free to move around them. The electron is, of course, 
attracted to the protons due to the Coulomb force, and if the electron is at position 
r, its potential energy is 


2 e? 


e 
V = 1.1 
= ait P= Bal (L) 


with e = 1.6 x 1071C being the magnitude of the electric charge. Choosing the 
coordinate origin equidistant from both protons, the potential energy of Eq. (1.1) is 
illustrated in Fig. 1.1 and takes the form of a double well. 

Classically, if the electron is located at r and has momentum p, its energy E is the 
sum of the kinetic and potential energies, namely E = a + V (r). Thus, the lowest 
energy state corresponds to an electron with zero momentum (minimizing the kinetic 
energy Z) positioned at the center of either the first or second well (minimizing the 
potential energy). This is the classical prediction. However, to verify the correctness 
of this prediction, we must perform the experiment and measure the position and 
momentum of the electron. 

In the experiment, we first bring a gas of H} molecules into contact with a source 
at absolute zero temperature to minimize the energy of each molecule. We then 
proceed to measure the position r and energy E of the electron in each molecule 
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Fig. 1.1 Profile of the V(r) 
potential energy of an Ry R 
electron immersed in the 


i : ; r 
electric field generated by i i 
two protons placed at i i 
R, and Ro A | 


(from which we can extract the momentum as p = /2m[E — V(r)]). As we see, 
the result of the experiment does not confirm the classical prediction. It is going to 
be a real puzzle, but we will find a way out. 

Let’s start by measuring the position of the electron for a large number of 
molecules. Clearly, it is not be possible to measure the position with infinite pre- 
cision, but we can determine whether the electron is located in a small vicinity of 
R, or Rə. In fact, this is precisely what experimentally happens; the electron is 
always found in the vicinity of one of the two wells, in accordance with classical 
physics. Immediately after measuring the position, we proceed to measure the energy, 
molecule by molecule, once again. And here is where the puzzle begins. Regardless 
of the just-measured position, the energy always turns out to be higher than the mini- 
mum predicted by classical physics. Even more surprisingly, although all molecules 
are in the same condition, for some of them, the measured energy is a certain value 
Ea, while for others, it is a different value Ep # Ea. The probability of measuring 
Ea is roughly the same as measuring EF), and both are slightly less than 0.5: 


P(E) = P(E) > 0.5 (1.2) 


All other measured energy values are larger than both E4 and E, and are neglected 
here since the probability of measuring them is extremely small. There are facts; 
nature indeed behave this way, take it or leave it. If we take it then fundamental 
questions inevitably arise: 

Why is the measured energy always greater than the minimum predicted by clas- 
sical physics? And why is it not always the same? How do we know whether we will 
measure Ea or Ep? From these data, it seems impossible to simultaneously know 
the position and energy, or equivalently, the position and momentum. [f we know the 
position, there is uncertainty in the energy, and therefore in the momentum. 

The peculiarities of the microscopic world do not end here. Let’s take all those 
molecules that provided us with energy E, and orient them in such a way that the 
previously measured position of the electron is to the left of the origin, thus in the 
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Fig. 1.2 An electron 
measured at Rı has equal 
probabilities of having 
energy Ea or Ep. After 
measuring the energy, the 
same electron has equal 

probabilities of being wv 
measured at R; or R2 


Energy Position 
measure measure 


~ 


J \ 


/ \ 
OVO® . 


vicinity of R,. Well, let’s now measure the position of the electron again. What we 
find is unbelievable. In half of these molecules, the electron is still in the vicinity 
of Rı, while in the other half, it is in the vicinity of R2! So, now that we know 
the energy with certainty, we no longer know the position with certainty. If we had 
chosen the set of molecules with energy Ep, we would have obtained the same result. 
We must conclude that if we know the energy, there is uncertainty in the position. In 
Fig. 1.2, we summarize graphically the results obtained experimentally. It is evident 
that classical physics cannot help us unravel this entanglement. 

As if that weren’t enough, there is another peculiarity. Let’s take the set of 
molecules on which we measured energy E,. For each of them, after the measure- 
ment, we wait for a time ¢ and measure the energy again. What we find is that for 
all molecules, the energy is still E,. If we had performed the same experiment for 
the molecules with energy Ep, we would have found the same result, i.e., after a 
time t, we would always measure E. However, things change when we measure 
the position twice at a time interval. Let’s take the set of molecules on which we 
measured the position and orient them so that, for all of them, the electron is located 
in the vicinity of R,. If we now wait for a time t and measure the position of the 
electron again, we find that the electron is in the vicinity of Rı for some molecules 
and in the vicinity of R3 for the remaining molecules! To be more precise, what we 
find is that the probability of remeasuring the electron in the vicinity of R; after a 
time ¢ oscillates over time as follows 


P(R,) = 0.5 x [1 + cos(Q2r)] (1.3) 


where 
_ Ep i Ea 


Q= (1.4) 
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Fig. 1.3 Top: After 

measuring the energy, the 

probability of measuring the 

same energy again after a —_—_ 


time ¢ is always equal to 1. Energy 
Bottom: After measuring the pues 
position at R4, the after time t P(Ea)=1 


probability of measuring the 
same position again after a 


time ¢ changes over time A 


Position 
measure P(Rı) = 0.5 x [1 + cos(9t)] 
after time t 


E 


P(R2) = 0.5 x [1 — cos(9t)] 


it is the difference between the two possible energies divided by the so-called Planck 
constant fi. The constant ñ was introduced by Planck to explain the blackbody 
spectrum, a topic we do not cover in this book, and it has the dimensions of energy 
times time or, equivalently, momentum times position: 


ħ = 1.055 x 107%J - s. (1.5) 


As we see, all the equations of quantum mechanics contain this constant. We also 
observe that the electron can only be found in either R, or R2, and thus the sum of 
the probabilities P(R,) + P(R2) = 1. From Eq. (1.3), we can then deduce: 


P(R2) = 0.5 x [1 — cos(Qr)]. (1.6) 


In Fig. 1.3, we graphically summarize this experimental evidence. 


1.2 Quantum Solution—The First Five Postulates 


The solution to the experimental puzzle took years, and we present it in this section. 
AS we see, it is necessary to abandon some familiar concepts to understand what 
happens when systems are on the nanoscale. Although the quantum view and the 
quantum rules may seem absurd, we anticipate that they have never been contradicted 
by experiments. 

Let’s begin with a completely general consideration. Physics is a science that uses 
mathematical laws primarily for two purposes: 
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(1) To relate the properties of a given system (for example, in the ideal gas law, 
pressure, volume, and temperature of the “ideal gas” system are related). 

(2) To predict how the properties of a given system change over time using time- 
differential equations (for example, Newton’s law for the “particle” system or 
Maxwell’s equations for the “electromagnetic field” system). 


For physics to be a quantitative science, all properties must be measurable. In fact, a 
law of physics is valid if and only if it is experimentally verified. Let’s go back to the 
electron in the Hj ion discussed in the previous section. We have learned that if we 
measure the position, the result of an energy measurement is not unique. And if we 
measure the energy, the result of a position measurement is not unique either. This 
means that we have no hope of writing equations in terms of position and momentum, 
such as Newton’s equation E = F (r), as these equations would predict a specific 
value of r and p, and therefore r and E, at every instant of time. The first two 
postulates of quantum mechanics arise from the following observation. Consider 
a measurable property, which we call observable, and take note of the possible 
values of the measurement result. In the case of the H t ion, the measurement of the 
observable position provided only two values, R; and R2. Since it is not possible 
to know anything else with absolute certainty (remember that a subsequent energy 
measurement did not always yield the same value), we must conclude that the electron 
ina Hy ion is entirely characterized by the position value alone. We then assign a ket 
| R1) to the electron when R is measured, and a ket | R2} when R% is measured. These 
kets describe the state of the system. We assume that these kets form the orthonormal 
basis of a Hilbert space H, thus the scalar product 


(Ri|Rj) = 6, i, j= 1,2. (1.7) 


If instead of the position, we had chosen to measure the energy, we could have 
followed the same reasoning. Since it is not possible to know anything else with 
absolute certainty (remember that a subsequent measurement of the position did not 
always provide the same value, see Fig. 1.2), then the electron in a H? ion is entirely 
characterized by the value of the energy. Let’s assign the ket |E,) to the electron 
when the energy is measured to be E, and the ket | £,,) when the energy is measured 
to be Ep. These kets form an orthonormal basis of the same Hilbert space H (the 
observable has changed, but the system is the same): 


(E;|Ej) = 6, i,j =a,b (1.8) 


As both |R1), |R2) and |E,), |E,) form a basis of H, we can express one set in terms 
of the other as a linear combination: 


IR) = Do (EjIR)IE;), 1E) = D> (R;lE)IR;). (1.9) 


j=a,b j=1,2 
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More generally, if we had chosen to measure a generic observable with possible 
values Oa and Og, we would have assigned the ket | Oj.) to the electron in the first 
case and |Qg) in the second case. Furthermore, |O,), |Og3) would have formed an 
orthonormal basis of the same Hilbert space H. This way of describing the electron 
is at the core of the 


FIRST POSTULATE: 


A system (the electron in a H} in our example) is described by a ket |W) that belongs 
to a Hilbert space H. 


To determine the ket |W) € H, a measurement is necessary. Let’s suppose we 
want to measure a certain observable (like position or energy in our example of the 
ion Hy ), and we indicate the possible values of the measurement as {O;}. In our 
example, {O;} = (R1, R2) if the observable is the position, and {O;} = (Ea, Ep) if 
the observable is the energy. The second postulate states that 


SECOND POSTULATE: 


The system immediately after measuring Oj is described by the ket |O;), regardless 
of the system’s state before the measurement. 


Henceforth we interchangably say that “a system is described by a ket |W)” or 
that “the state of the system is the ket |W)”. The second postulate is also known 
as the collapse postulate, as if the system is in a general ket |W) just before the 
measurement, it collapses into |O;) immediately after the measurement. 

The third postulate of quantum mechanics concerns observables: 


THIRD POSTULATE: 


For every observable that can yield values O; upon measurement, the following 
Hermitian operator is associated: 


Ô = $ 0;|0;)(Ojl. (1.10) 
j 


where the {|O j} } form an orthonormal basis of H. 


From now on, we put a hat, represented by the symbol “^”, above a letter to denote 
an operator. Therefore, if O is an observable, then Ô is the associated operator, Oj 
are the eigenvalues of Ô, and |O;) are the eigenvectors (or better eigenkets) of Ô with 
eigenvalue O;. In our example of the electron in the Hj ion, the position observable 
and the energy observable are associated with the operators: 


R= X RiI|Rj) (Ril, Ê= J` Ej\E;\Ejl. (1.11) 
j=1,2 j=a,b 
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The first three postulates essentially lay down the mathematical apparatus, and 
by themselves, they do not allow us to compute anything. For this, it is necessary 
to introduce two additional postulates. Thanks to the fourth postulate, we can calcu- 
late the probability of measuring a certain value for a given observable. The fourth 
postulate states that 


FOURTH POSTULATE: 


If the system is described by the ket |Y) € H with normalization (Y|Y) = 1, then 
the probability P(O;) of measuring the value O; for the observable O is given by 


P(O;) = |(O;|W)/. (1.12) 


With the fourth postulate, we can begin to test the mathematical apparatus that 
we are setting up. Let’s consider Fig. 1.2. According to the second postulate, right 
after measuring R}, the state of the system is |Y} = | R1). From the fourth postulate, 
the probability of measuring energy Æ; is then: 


1 
P(E;) = |(Ej|Ri)’ ~ 0.5 = 5. (1.13) 
In the last identity, we used the experimental data provided by Eq. (1.2). From 
Eq. (1.13), it follows that (E;|Ri) = e'%'/./2, where 0; are phases that we cannot 
determine at the moment. Taking this result into account in the first of Eq. (1.9), we 


find: ; ; 
iĝ; iĝ, 


e e 
Ri) = L] E,) + |E). 1.14 


The Eq. (1.14) allows us to express the ket | R2) as a linear combination of | Ea) and 
|E,) since we know that (R2|R2) = 1 and (Rı|R2) = 0 (see third postulate). Using 
the first of Eq. (1.9), from (R2| Ro) = 1, we find: 


|(Ea|Ro)|? + |(E5| Ro) |? = 1, (1.15) 


and from (R,|R2) = 0, we find: 


i) id, 
——(E,|R —— (El R) = 0. 1.16 
m |R2) + F p| Ro) (1.16) 


From these last two equations, it is straightforward to derive (E,|R2) = e! / 4/2 and 
(E,|R2) = —e'% /./2. The reader can independently check that by substituing these 
results into (1.15) and (1.16) we obtain an identity. Thus, 


ia ei 
Rə) = —]|E,) — —] Ep). (1.17) 
|Ro) Wai ) Wai b) 
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Well, now we are ready to make some predictions. Let’s assume we have measured 
energy E, and, therefore, the system is described by the ket | Ea}. According to the 
fourth postulate, the probability of measuring the position R; is: 


PUR) = |(Ri| Ea)? = 1/2, (1.18) 


In the last step, we use Eqs. (1.14) and (1.17). The result we just obtain is in excellent 
agreement with the experiment, see Fig. 1.2. Therefore, from knowing the probabil- 
ities of measuring energy after measuring the position, we deduced the probabilities 
of measuring the positions after measuring the energy, and obtained the experimen- 
tally correct result. We can also deduce another result. If we measure the position and 
find R4, then right after the measurement, |‘) = | R,) (second postulate). According 
to the fourth postulate, the probability of measuring R; immediately after is: 


P(Ri) = |(RiRi)|? = 1 (1.19) 
while the probability of measuring Rz is P(R2) = |(R2|R1)|* = 0. This is precisely 
what is found experimentally. In fact, the experimental probabilities of measuring Rj 
and R, after a time t are given by Eqs. (1.3) and (1.6). So, to know the experimental 
probabilities right after the measurement, we need to evaluate Eqs. (1.3) and (1.6) at 
time t = 0. The experimental result is precisely what the theory predicts. 

The fifth postulate is undoubtedly the most important as it represents the analogue 
of Newton’s equation in classical mechanics. It allows us to calculate the temporal 
evolution of the system’s state. Let’s denote by |W(t)) € H the ket that describes 
the system at time f. The fifth postulate, also known as the Schrödinger equation, 
states that: 


FIFTH POSTULATE: 


|W(t)) satisfies the following first-order differential equation in time: 
nd a 
ih YO) = E|W(t)), (1.20) 


where Ê is the energy operator. 


In the case of the electron in the H} ion, the energy operator is given by the second 
equation in Eq. (1.11). In reality, the fifth postulate is slightly more general, but for 
now, we don’t need its full generality. We will come back to it later. 

The Schrödinger equation allows us to calculate the probability of the outcome 
of a measurement at time ¢ and, therefore, verify the correctness of the theory by 
comparing it with the experiments shown in Fig. 1.3. Let’s start by finding the most 
general solution of the Schrödinger equation in the case of the electron in the Hy 
ion. We expand the generic ket |Y (t)}) in the basis of eigenkets of E: 
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YO) = D> GOE). (1.21) 


j=a,b 


The coefficients c;(t) = (E;|(t)) depend on time because |Y (t)) is a function of 
time. The Schrödinger equation provides: 


sgl = dcj(t) 
rl ae a Eis 
EW) = D> ci @)EIE;) = D> Ejej@)|Ej). (1.22) 
j=a,b j=a,b 


In the last identity, we use that Ê |E;) = E;|E;). By equating the right-hand sides, 


we find: 
T (nae = EgO) |E;) =0. (1.23) 


j=a,b 


This equation is satisfied if and only if, for each j, the term in parentheses is zero, 
as the kets |E ;} are mutually orthonormal and, therefore, independent. We therefore 
need to find the solution of the differential equation: 


dc;(t) 
dt 


ih — Ejc;(t) =0. (1.24) 
This is a first-order differential equation with constant coefficients and is homoge- 
neous. It is easy to verify that the solution is: 


cj(t) = ee). (1.25) 


Evaluating this equation at t = 0, we correctly find c;(0) = c; (0). Alright, now let’s 
turn to the experiments in Fig. 1.3. 

In the first experiment, we perform a measurement of energy and find the value E4. 
Therefore, according to the second postulate, immediately after the measurement, 
the system is described by the ket | £4). Let’s choose the time of measurement as the 
initial instant, that is, t = 0, and write |Y (0)) = |E,). From Eq. (1.21) evaluated at 
t = 0, we obtain the initial conditions for the coefficients: cg(0) = 1 and c,(0) = 0. 
Therefore, the ket at time tf is: 


IV) = el Ea). (1.26) 
According to the fourth postulate, the probability of measuring E4 at time t is: 
P(Eq) = |(Eal¥@)I? = 1, (1.27) 


which is in agreement with the experiment, see Fig. 1.3. 
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Let’s now move to the second experiment. In this case, at time t = 0, a measure- 
ment of position is performed, and the result is R. Therefore, based on the second 
postulate, the state at time t = 0 is |W(0)) = |R,). Using Eq. (1.14), it follows that: 


iða ib, 
|Y (0)) = ca(0)|Ea) + c (0)| Eb) = |R1) = Eel + weil (1.28) 


From this, we obtain the initial conditions for the coefficients: 


ida eh» 
a(0) = —, (0) = —. 1.29 
Ca(0) A cp (0) N (1.29) 


Therefore, in the second experiment, the ket at time f is given by: 

eiGa—iEat/h ei9p—iEpt/h 

——| E ) + ——— 
v2 0" V2 


According to the fourth postulate, the probability of measuring Rj at time t is: 


|W(t)) = | Ep). (1.30) 


; eia—iEat/h ei®»—iEst/h 2 
P(R1) = KRIY 6) = ye lea) + Ril Be) ~ {131 
From Eq. (1.14), we have: 
e-idj 
(Ri|Ej) = (E;|R1)* = Ja’ j=a,b (1.32) 
and therefore: 
l) ip t/h —iEpt/h|2 1 
PCR) = ze +e HME = 5 LI + cos(@2)] (1.33) 


which is in perfect agreement with the experimental data in Eq. (1.3). 


1.3 Expectation Value, Variance, and General 
Considerations 


In the previous section, we have laid the foundations of quantum mechanics. In addi- 
tion to the mathematical framework that we will explore further, we have introduced 
a completely new description of the world around us. To begin with, if we measure 
a certain observable on a large number of systems, all prepared in the same way, 
the result is not always the same! We can’t help it; that’s how the world works at 


1.4 Observables with Continuum Spectrum and Wavefunction 11 


the nanoscale. The best we can predict is not the value of the measurement but the 
probability of obtaining that measurement. 

The results of measuring a given observable are the eigenvalues O ; of the operator 
O associated with that observable. The probability of measuring a certain O; is given 
by P(O;) = |(O;|¥) |2, where |W) is the ket that describes the state of the system 
at the instant the measurement is performed, and |O;) is the eigenket of O with 
eigenvalue Oj. 

From the knowledge of probabilities, we can calculate the average value, also 
known as the expectation value, of an observable: 


(Ô) = È` P(0;)0; = X (Y10;)0;(0;1Y) = (YOY), (1.34) 
J J 


where, in the last step, we use Eq. (1.10) from the third postulate, which states that 
D j; 0j|Oj;)(Oj| = O. We can also get an idea of the probability distribution by 
calculating the variance, or standard deviation, defined as the square root of: 


A 


5 A R&D 
o3 = Ù P(0;)07 — (6)? = Y P(0;)(0; — (6)? = ((6 = (0)) ). 0.35) 
j j 


The smaller a, is, the larger the probabilities P(O;) are when O; ~ (Ô), and they 
are small otherwise. In these cases, the measurement of the observable always gives a 
result very close to (Ô). At macroscopic scales, the variances are very small, and the 
average values of observables, such as position and momentum, satisfy the equations 
of Newton. Therefore, classical mechanics follows from quantum mechanics by 
identifying classical quantities with quantum average values. 

However, there are still several open questions to investigate before showing the 
transition from quantum mechanics to classical mechanics. For example: Why does 
the minimum of measurable energy in the Hy ion not coincide with that of classical 
physics? How do we write the observables position and energy in systems other 
than the Hj ion? To proceed, it is necessary to introduce one final postulate. Before 
doing so, however, we must discuss the concept of probability density and then the 
Lagrangian and Hamiltonian formalism of classical physics. 


1.4 Observables with Continuum Spectrum 
and Wavefunction 


In nature, there exist many “one-dimensional” systems. These are systems that extend 
along one direction over nearly microscopic distances (of the order of 1076—1077 m), 
while they are confined along the other two directions, extending over nanoscopic 
distances (of the order of 1078-107? m). Examples of such systems include carbon 
nanotubes, polymer chains, the so-called quantum wires, and more. Let’s consider 
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P(n) 


T_1 To Ti T2 


> 
A 


Fig. 1.4 Probability histogram of measuring the electron in a vicinity of xn 


having one of these one-dimensional systems available, and we choose the coordinate 
system so that the x-axis aligns with the longest direction, the microscopic one. 
Suppose we are interested in measuring the position of an electron within this system, 
and we set up detectors along the system. Detectors are devices that emit a “click” 
when an electron is in their vicinity. Let A represent the extent of the detectors, and 
let’s arrange them next to each other at positions x; = jA, as illustrated in Fig. 1.4. 
Now, imagine preparing our electron in a certain state described by the ket |W) and 
immediately hearing a click. If the click comes from the n-th detector, then right 
after the measurement, we know that the electron is within a vicinity of A around x,, 
and the state ket |W) collapses (according to the postulate) onto the ket that describes 
the electron within this vicinity of x„. Let’s denote this ket as |n). By repeating the 
experiment a large number K >> | of times (each time preparing the electron in the 
same state |W)) and noting, for each detector, the number k, of times the click comes 
from the nth detector, we can construct the probability 


kn 
Pin) =% (1.36) 


of measuring the electron within a vicinity of x„. An example of these probabilities is 
depicted in Fig. 1.4 as a histogram. According to the fourth postulate, this probability 


is identical to 
P(n) = |(n|W)|?. (1.37) 


Immediately after the click of, let’s say, the detector at x,, the electron is located 
within a vicinity of x,, and thus the probability of finding it within a vicinity of xw 
with n’ Æ n is zero. According to the collapse postulate, right after the click, the 
electron is described by |n), and therefore the probability of finding it at x» is given 
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by P(n’) = |(n'|n) |’. Since this probability must be zero for n’ Æ n and unity for 
n’ = n, we conclude that 
(n'|n) = Onn’ (1.38) 


The experiment just conducted justifies the final part of the third postulate. In fact, 
the third postulate tells us that the position operator is given by 


& =) (nA)In)(n| (1.39) 


and that the kets |n) form an orthonormal basis for the Hilbert space H of our electron. 
As we have just seen from Eq. (1.38), the fact that the kets |n} are orthonormal 
expresses a natural physical conclusion arising from the collapse and the fourth 
postulate. The fact that they form a basis can be justified experimentally in the 
following manner. Suppose, for the sake of contradiction, that they are not a basis. 
Hence, there must exist a ket |x) orthogonal to all the |n). If we were to prepare the 
initial state of the electron in |W) = |x), then the probability that the n-th detector 
clicks would be |(n|y)|* = 0 for all n. But this would imply that the electron is 
nowhere, which is absurd. 

Having established that the |n} are an orthonormal basis, we can expand a general 
state ket |W) in this basis. For any general orthonormal basis, the completeness 
relation holds, also known as the resolution of the identity, 


Yo Iaa = (1.40) 


n 


and therefore 


= $ In) (n|¥) = SY, In), with Y, = (n|W). (1.41) 


As seen from Eq. (1.37), the probability of finding the electron within a vicinity of x, 
is simply the square modulus of (n|W): P(n) = |(n|W)|?. It’s important to note that 
these probabilities sum up to one, i.e., )°,, P(n) = 1, only if the ket |Y) is normalized 
to one, i.e., (V|W) = 1. In fact, 


2, Pm) = Dial? = 2 W|n)(n|W) = “(X In) m) m= 
n n 


1 
= (Y|Y) (1.42) 


So, if the ket |Y) is not normalized to unity, the sum of the probabilities does not add 
up to unity. From an interpretational standpoint, nothing changes, of course, in the 
sense that the ket |W) and the ket C|W), with C being an arbitrary complex number, 
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describe the same physical state. However, the sum of probabilities in the second 
case is |C|? times larger. To obtain probabilities normalized to unity, it is sufficient 
to divide by |C|?. It is also noteworthy that if C = e!’ with 0 being real, then both 
|W) and C|W) = ei? |Y) are normalized to unity. Therefore, normalization alone is 
not enough to uniquely determine the state ket. However, this arbitrariness doesn’t 
affect the physical results in any way, as the phase factor always cancels out. In other 
words, we are free to choose the phase 0 we want, as long as once the choice is made, 
we consistently use in all derivation the chosen phase. 

Let’s now suppose that we are able to construct increasingly precise detectors, 
thereby reducing the space A they occupy. Ideally, we are interested in the limiting 
case of practically point-like detectors, which corresponds to the limit A > 0. As 
A approaches zero, the probability of measuring an electron within a vicinity A of 
Xn tends to zero. It’s much more useful in this case to talk about the probability 
of finding the electron within a certain spatial interval. Therefore, we introduce the 
concept of probability density defined as, 


P(n) ac. Male 
= lim 
A>0 A 


P(x) = lim (1.43) 


From this definition, it follows that if we wanted to know the probability of finding 
the electron between two points x, and xp, we would need to calculate the integral 
tise dx P(x). Equation (1.43) also suggests defining what is known as the wavefunc- 
tion, 


. Y, 
W(x,) = lim TR (1.44) 
so that we can rewrite the probability density directly as 
P(x) = |Y œ)? (1.45) 


In the limit A — 0, it is also convenient to define unnormalized kets. Nothing 
too complex, so don’t be alarmed. Let’s consider the expansion of the ket |) in 
Eq. (1.41). It can be rewritten as, 


Iw) = SoA a (1.46) 


where we have simply multiplied and divided by A. If we define the kets (remember 
that x, = nA) 


|x,) = lim a (1.47) 
A 
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then in the limit A — 0, the expansion in Eq. (1.46) yields 
W) = li A Y(xn)lXn) = | dx Y ; 1.4 
IY) = Jim, D A wole [avon (1.48) 


where in the last step we used the definition of an integral. Note that the wave function 
can also be written as the inner product between |x,,) and |W), as per Eq. (1.44), 


Y siig (n|W) -a 
(Xn) = a = (x,|V). (1.49) 


The reason the kets |x„) are not normalized becomes evident. We find that 


, (1.50) 


thus the normalization tends to infinity for n = n’. This fact is not problematic for 
two reasons. Firstly, as we have already pointed out, the physical state of a system is 
independent of the normalization of the ket, and therefore it remains well-defined. 
In our case, the ket |x) describes an electron exactly at x (rather than in its vicinity as 
the kets |n} did). Secondly, in all mathematical expressions, the divergence caused 
by the 1/A factor is compensated by infinitesimals of order A, as can be seen, for 
example, in Eq. (1.46), and ultimately, the results of calculations are always finite. 

Equation (1.50) can be rewritten in a more familiar form. Let’s consider the integral 
of a function f(x) multiplied by the Dirac delta function! d(x — x’): 


f atose =x’) = f(x’). (1.51) 


Dividing the x-axis into intervals of length A and defining as before x, = nA and 
Xw = n'A, we can approximate Eq. (1.51) as 


= Af (Xn)O(Xn —Xy)& fn), (1.52) 


n 


where the symbol ~ becomes an equality in the limit A —> 0. The equation above 
implies that Ad (x, — Xw) X Onn or equivalently (xn — xw) X Onn /A. Taking the 
limit A — 0, we then conclude that 


5 (in — xw) = lim Onn (1.53) 


oA 


' For the definition and properties of the Dirac delta function, please refer to Appendix A. 
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Therefore, Eq. (1.50) tells us that the inner product between two unnormalized kets 
|x) and |x’) is equal to the Dirac delta function d(x — x’): 


(x’|x) = d(x — x’) (1.54) 


There are two more important relations to derive in the limit A — 0. The first one 
concerns the position operator in Eq. (1.39). Multiplying and dividing by A, taking 
into account that x, = nA, and using the definition in Eq. (1.47), we find in the limit 
A— 0: 


x = lim dA wn = = lim DA talta) (Xn| = fas x|x)(x]. (1.55) 


A>0 A>0 
n 


The second one concerns the resolution of the identity in Eq. (1.40). Again, multi- 
plying and dividing by A, we find in the limit A — 0: 


lim Da ET IEA l= f dx tel =H, (1.56) 


We can easily verify the correctness of this latter identity as follows: 


py) = in) = f ax oan = f ax wo (1.57) 


and the last expression matches that of Eq. (1.48). 

The position operator in Eq. (1.55) is an operator with continuum spectrum, 
meaning that its eigenvalues are all possible values of x (a set isomorphic to the 
set of real numbers and therefore continuous). We will encounter other continuous 
spectrum operators such as momentum or energy. These operators have the form: 


ô= | do 010x10] (1.58) 


and the kets |O) have a scalar product: 
(0'10) = 6(O — O’). (1.59) 


It’s straightforward to verify that the ket |O) is an eigenket of O with eigenvalue O: 


610) = f a0’ o'10'(0'10) = f do 0'10)3(0' — 0) = 010), 1.60) 
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and the resolution of the identity becomes: 


J do|o)(O| = 1. (1.61) 


1.5 Langrangian and Hamiltonian Formalism 


To formulate the last postulate, we need to introduce the Lagrangian formalism first, 
followed by the Hamiltonian formalism 


1.5.1 Lagrangian Formalism—Euler-Lagrange Equations 


The Lagrangian formalism is particularly useful for solving classical mechanics 
problems where particles are subject to both external forces and constraint forces 
that limit their motion. Consider, for instance, a ball constrained to move inside a 
rigid tube shaped like a semicircle with radius R, as illustrated in Fig. 1.5 (left). This 
ball will experience both gravitational forces and constraint forces that confine its 
motion along the tube. In the presence of constraints, it’s convenient to express the 
particle’s coordinate r in terms of the degrees of freedom that we find most suitable. 
Let’s consider the example of Fig. 1.5 (left) again and choose a reference frame with 
the origin at the center of the circle, the z-axis orthogonal to the circle, and the x-axis 
passing through the endpoints of the semicircle along which the particle moves. The 
particle’s coordinates must then satisfy the constraints, 


z=0, y=VR2-x?. (1.62) 


Fig. 1.5 Examples of constrained motion. Left: a particle is constrained to move along a semicircle. 
Right: a particle is constrained to move on the surface of a paraboloid 
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So, the only degree of freedomisx € (— R, R), andthe entire coordinater = (x, y, z) 
can be expressed in terms of x:r = r(x) = (x, v R? — x?, 0). Alternatively, we could 
have expressed the constraint in terms of the angle @ that the vector r forms with the 
X-axis: 

z=0, x = Rcos@, y= Rsinð. (1.63) 


In this case, the only degree of freedom is 0 € (0,7), and the entire coordinate 
r = (x, y, z) can be expressed in terms of 0: r = r(0) = (R cos 0, R sin 0, 0). 

The number M of degrees of freedom depends on the constraints; a particle in 3 
dimensions subject to K < 3 constraints has M = 3 — K degrees of freedom. In our 
example, we have K = 2 constraints (one enforcing z = 0, and the other relating x 
and y), so the number of degrees of freedom is M = 3 — 2 = 1. An example of a 
particle subjected to a single constraint is illustrated in Fig. 1.5 (right). In this case, 
the particle is confined to move on the surface of a paraboloid, so the coordinates x 
and y can vary between —oo and oo, and for a certain combination of x and y, the 
coordinate z is given by 

z=x +y. (1.64) 


We therefore have a single constraint (K = 1) and M = 3 — K = 2 degrees of free- 
dom, namely x and y. The entire coordinate r = (x, y, z) can be expressed in terms of 
xand yinthiscase: r = r(x, y) = (x, y, x? + y?). Even in the case of the paraboloid, 
the choice of degrees of freedom is not unique. For instance, we could express the 
particle’s coordinates as 


x= £cosð, y=sind, z=, (1.65) 


and let the angle 0 vary in the interval (0, 27) and the length £ range from 0 to oo. In 
this case, the degrees of freedom are 0 and £, and the entire coordinate r = (x, y, z) 
can be expressed in terms of them: r = r (0, £) = (£ cos 0, £ sin 9, €7). 

We denote by q = (q1, .. ., qm) the set of degrees of freedom that we choose to 
use. In the example of the tube, we could choose q = (q1) = (x) or q = (q1) = (0), 
while in the case of the paraboloid, we could choose q = (q1, q2) = (x, y) or q = 
(q1, q2) = (0, £). As we have seen, the coordinate r can be expressed in terms of the 
degrees of freedom q: r = r(q). Denoting the mass of the particle as m, Newton’s 
equations tell us that 

m ies =F+Fru (1.66) 
dt? l 
where F is the active force (gravitational, electromagnetic, etc.), while F°" is the 
force due to constraints. Constraint forces are always orthogonal to the infinitesimal 
displacements dr that the particle can undergo, and therefore they are orthogonal to 
its velocity v = dr/dt. It follows that 
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dr 
m—, —F)-v=0. (1.67) 


Alright, let’s work with this expression now. Since r = r(q), using the chain rule 
dr Or dqa or. 
yz = = — ġa, 1.68 
dt 2 Oda dt È Ga! vee) 


where in the last step we introduce the notation to indicate the time derivative of a 
function with a dot above the function itself. We then have 


dr " y dr or, 3 d dr Or dr d or]. 

m g = m— + >a = m . m * ae 

dt? ~ d? TA Ldt \ dt 0qa dt dt dqu |? 
(1.69) 


From Eq. (1.68), we see that the change in velocity ôv due to the change in velocity 
dq of only the degree of freedom 8 is dv = (Or/0qg)dqg or equivalently 


oe (1.70) 
Ogg Ogg 
We can use this relation in Eq. (1.69) to obtain 
dr d Ov ðv]. 
nae Y= Ea a) mv: gp |è 
d ð m, ð m |]. 
= bs 1.71 
> | Frag 3") = (3v) e 


where we have defined the square of the velocity vector as v? = v - v. 


Now let’s move on to the active forces. In general, F depends not only explicitly 
on time f but also on both the particle’s position and velocity: F = F(r, v, t). Let 
(F*, F”, F*) be the three components of the force acting on the particle, and let 
r = (x, y, z) and v = (v*, v, v?) be the components of its position and velocity. In 
what follows, we assume that forces can be written as 


p= eae pP- OU pa aU F= Cypa 
~ ôx dt Ov®’ ~ ôy © dt Avy’ ~ ðz dt Ave 
(1.72) 
where U = U(r, v, t) is a function that can depend on time and the position and 
velocity of all the particles. As we see, the form of the forces we are considering 
includes not only gravitational and elastic forces but also the Lorentz force. Let’s 


manipulate the second term of Eq. (1.67) 
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F-v=) °F. 


->| OU Ox OU ðy OU əz 


Ox ðqa Oy ðqa OZ OGa 
+(Sarlant(San) ant wae) ae n (1.73) 
dt ov) 0g, \dt Ov’) OGa | \at Ov’) 04, | 2” 


where for the last three terms we have used Eq. (1.70). In order to proceed further, 
we need to further restrict the cases under consideration: 


Case 1: The function U does not depend on velocities, i.e., U = U(r(q), t), and thus 


ae = 0 fori = x, y, z (conservative forces). 


Case 2: The coordinates x, y, z are linear combinations of the degrees of freedom, 
iex =O, Cžda, Y = iy Ca, and z = >>, $ qa, where the coefficients c$, (with 
i = x, y, z) are independent of time. In this case, vi = >, c!,ga (with i = x, y, z), 
and therefore on = c is time-independent. 


In both case 1 and case 2, the sum of the first three terms yields — x, while the sum 
of the last three terms yields 


(3 abe (4 a) So Te a=) om d (Z ðv* | OU ðv | OU A) 


dt Ov} OGq  \dt Av) ðğġa  \dt Av?) OgGq dt \Av* Aga ƏV ðğa OV? Aga 
d ðU 
Sa (1.74) 
Therefore 
F 2 U p aU (1.75) 
-y = — —— ——— ae . 
a ðqa | dt OG) 4 


Subtracting Eq. (1.75) from Eq. (1.71) and taking into account Eq. (1.67), we arrive 
at the following important result: 


dAT-U) OT-U)), _ 
2 E Was TA | ġa =0, (1.76) 


where we have introduced the kinetic energy 
T = =mv’. (1.77) 


The quantity 


L=T-U (1.78) 
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is called Lagrangian of the system. Since Eq. (1.76) must hold for all physical 
trajectories, and the degrees of freedom q are independent of each other, it follows that 
each term in the sum must be zero. This leads us to the Euler-Lagrange equations 


dol al 
dt ðġa qa 


(1.79) 


The advantage of these equations is that they are equations for the degrees of free- 
dom, so we don’t need to worry about including additional equations to describe the 
constraints. Moreover, the Euler-Lagrange equations are relatively straightforward 
to derive once L = L(q,q, t) is known. To obtain the latter, it suffices to express 
T and U in terms of r and v and then express the latter in terms of q and q using 
Eq. (1.68). 


1.5.2 Classical Particle in an Electromagnetic Field 


In the absence of constraints, the Lagrangian formalism provides an alternative way 
to obtain Newton’s equations. In the case of a single particle with mass m and charge 
Q in an electromagnetic field, the equations of Newton are 


d 1 
m= = Q(E+ -v xB) (1.80) 
dt c 


where the right hand side is the Lorentz force with electric field E(r, t) and mag- 
netic field B(r, t). Since there are no constraints, we can choose the degrees of 
freedom {q} = (x, y, z) to be precisely the coordinates of the particle, and thus 
{q} = (v*, v, v*) are the components of its velocity. We can then rewrite the New- 
ton’s equation in components as follows 


d, Q : 

mt = QE, + E 2 Eap 9 B By (1.81) 
BY 

where in the last term we use the Levi-Civita tensor to obtain the component a 

of the vector product between v and B, see Appendix B. The electric and magnetic 

fields can always be obtained from a scalar potential @ and a vector potential A in 

the following way 


B=V xA, (1.82) 


which, component wise, read 
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108A, A, 
iaa a ae e 5 a (1.83) 
qu 


pv 


Substituting these expressions into Eq. (1.81) and using the identity, see Appendix B, 


5 EaßyEyuv = > EyabpEyyv = Òa Bv = dav9Bp (1.84) 
y Y 
we find 
d. Od 10Aq Q . (OAg Aa 
mda = 3 eS 1.85 
mat? Q ( qa c Ot ) i c 24s E =") Ua 


that it is another equivalent way of writing the Newton’s equation. 
We now want to prove that the Euler-Lagrange equations with 


U= 09- Êv.A= 09- ÊY ishg (1.86) 
B 


are exactly Eq. (1.85). Writing the kinetic energy in Eq. (1.77) as T = 30, å, the 
Lagrangian becomes 


A m .2 Q ; 
Lg) 9 = Did O6+ > LiaoAs (1.87) 
We have 
dol d © d, , Q8Ag , OW AAa 
ao © (mia + An) = modo + re 2 agy iP (1.88) 
aL d6 Ow. Az 
= pea 1.89 
qa ET T c 48 qa ( ) 


By equating these last two equations, we obtain exactly Eq. (1.85). 
1.5.3 Hamiltonian Formalism—Legendre 
Transform—Hamilton’s Equations 


The Lagrangian formalism leads to M second-order differential equations in time 
for the M degrees of freedom {q}, which are precisely the Euler-Lagrange equations. 
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In contrast, the Hamiltonian formalism allows us to have only first-order differential 
equations in time. The price to pay, as we see, is that the number of equations doubles. 

Before introducing the Hamiltonian formalism, let’s take a brief digression into 
what is known as the Legendre transform. Consider a function f(x, y) and write 
its variation due to a change in the independent variables x and y 


o o 
df = oly + OF iy (1.90) 
Ox Oy 
The functions u = of andv = of are also functions of x and y. By inverting u = of 


we can express x in terms of u and y: x = x(u, y). The Legendre transform involves 
constructing a function g(u, y) based on the function f: 


glu, y) =uxtu, y)— fu, y), y). (1.91) 


The function g is called the Legendre transform of the function f. What is special 
about g is that its variation due to changes in u and y can be expressed as follows: 


dg = udx + xdu — df (1.92) 
and taking into account that df = udx + vdy we find 
dg = xdu — vdy. (1.93) 


Therefore x(u, y) and v(u, y) can be obtained from 
(1.94) 


Let’s return to our Lagrangian. From a mathematical perspective, the function 
L({q}, {ġ}, t) can be seen as a function of the independent variables {q}, {q}, and t. 
If these variables undergo an infinitesimal variation, the Lagrangian varies according 
to the chain rule: 


dL = 2, (Fata + Kdi ) + £ dt. (1.95) 


We define the conjugate momentum to the variable qa as 


oL 
ğa 


Pa = (1.96) 


We thus have M conjugate momenta, each a function of {q}, {q}, and t. Taking into 
account the Euler-Lagrange equations, we can rewrite Eq. (1.95) as 
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OL 
dL =} (Padqa + padåġa) + Fat. (1.97) 


a 


Now, we use the definition of the conjugate momenta to express the ġa in terms of 
{q4}, {p}, and t, and we construct the following Legendre transform of the Lagrangian, 
known as the Hamiltonian, 


H((q}, {P} Ð = $ daPa — LAG}, tå), D) (1.98) 


The variation of H due to an infinitesimal variation of {q}, {p} and t is 


: . ; . OL 
dH = } | GadPo + Padga) — dL = } | GadPa — Bada) — F-dt (1.99) 


a Qa 


where in the last step we use Eq. (1.97). Moreover, the following relation holds as 


well 
OH OH OH 
dH= —dqa + ——dPpa — dt. 1.100 


By equating the differentials, we obtain the Hamilton’s equations 


„H On OH oL 
ka= , = ee Ot ôt 


(1.101) 


These are first-order differential equations in time for 2M functions, namely the 
set of degrees of freedom {q} and their conjugate momenta {p}. Therefore, to use 
this formulation, one needs to (1) write the Lagrangian, (2) calculate the conjugate 
momenta and express the velocities {ġ} in terms of {q} and {p}, (3) perform the 
Legendre transform of £ to obtain H, and finally (4) use H to write down the 
Hamilton’s equations. 

The Hamiltonian formulation of classical mechanics is particularly useful for 
generalizing the fifth postulate of quantum mechanics. However, before doing so, 
we want to demonstrate that the Hamiltonian is, under certain conditions, indeed the 
energy of the system. The Lagrangian £ is the difference between the kinetic energy 
and the function U. If the latter does not depend on velocities, then it coincides with 
the potential energy V of the system: 


ðU 
OGa 


=> U = V({q}). (1.102) 


In fact, from Eq. (1.72), we have F = —VU, and therefore the work done to move 
the particle from one point r to another point r’ does not depend on the path. Now 
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let’s turn to the kinetic energy T. Since v = >, 
have 


a <T ja, as seen in Eq. (1.68), we 


m Or Or... 
T=—) > eh Oe, (1.103) 
py á 


from which we infer that 


(1.104) 


Here, we have taken into account that by assumption U is independent of velocities. 
Substituting this result into Eq. (1.98), we find 


Or Or Or 2 
H= e Gaia dv +V=T+V. (1.105 
m 3 Daa gtt >> ag, age * +V. (1.105) 


pw 


So, to summarize, the Hamiltonian coincides with the energy of the system if the 
forces are conservative. 

It’s easy to show that if the potential energy V doesn’t explicitly depend on time, 
then, as it should, the energy is conserved. Indeed, 


dH OH , OH 7 id 
(Sait E JA Pa) =>) (Boga + ġa pa) = 0, (1.106) 


where in the last step we use the Hamilton’s equations. 


1.5.4 Symmetries and Conservation Laws—Poisson Bracket 


In physics, there exists a close connection between the symmetries of the Hamil- 
tonian and conservation laws. What is meant by symmetry? We have seen that the 
Hamiltonian, denoted as H = H({p}, {q}, t), is a function of the system’s degrees 
of freedom and their conjugate momenta. Under an infinitesimal variation of both, 
i.e., Pa > Pa + ÔPa and qa > qa + Oo, the Hamiltonian changes by the amount 


OH OH 
ôH = dda + ——OPa |. 1.107 
D (artet ap) a.m 
The changes for which 6H = 0 are referred to as asymmetry of H. For aioe in 
the case of a free particle (thus in the absence of an external potential), H = + and 
therefore the variations 6p = 0 and ôq = e (with e infinitesimal) form a commnete 
because in this case, 6H = 0. Any infinitesimal variation of {p} and {q} can be 
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expressed in terms of an infinitesimal parameter € and a function G({p}, {q}, t), 
known as the generating function, in the following way 


OG 5 OG 
€ i a = E r 
04a 1 OPo 


pa = — (1.108) 


For the previous example with ôp = 0 and ôq = e, the function G = p. Substituting 
Eq. (1.108) into Eq. (1.107), we find 


OH OG OH OG 
ig = {H 1.1 
: 2 & Pa Pa aa) el ; Gh, ( 09) 


Qa 


where we have defined the Poisson bracket for two arbitrary functions fı ({p}, {q}, £) 
and f2({p}, {q}, £) as 


_ Ofi Of, Of, Ofo\ _ 
{fi fb= >> (54 a T =) =-{fr, fi) (1.110) 


a 


We can then say that if the generating function G has a zero Poisson bracket with 
the Hamiltonian H, then the variation generated by G is asymmetry since ôH = 0. 
Now, let’s assume we calculate the generating function G along a physical trajectory, 
meaning for values of {p} and {q} that satisfy the Hamilton’s equations. We have 


dG OG , OG , OG OG OH 0G ðH OG 
= > >a + =—Pa =~. = F 


dt \ qa pa at Oda OPa EPa Oa at 
= —{H, epee 22 (1.111) 
Ot 


We can conclude that if G generates a symmetry (thus {H, G} = 0) and if G does 
not explicitly depend on time (hence a = 0), then G does not change over time, 
or in other words, the quantity G is conserved: gG = 0. In the example of a free 
particle, G = p is a symmetry, and thus momentum is a conserved quantity. This is 
a beautiful property of all the laws of physics: if a quantity is conserved over time, 
then the system is invariant under a certain transformation. 

Poisson brackets are particularly simple when we choose the functions fı and fz 
to be one a degree of freedom, i.e., fı = g,, and the other a conjugate momentum, 
i.e., f2 = pv. In this case, we have 


qu Opy Ogu see) 
u Pvi = z Ope = O 1.112 
lan Pr} 2 ( AT yA ô, (1.112) 
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If, on the other hand, both functions are either both degrees of freedom or both 
conjugate momenta, we have 


{Qu qv} = {Pus Pv} = 9. (1.113) 


1.6 The Sixth Postulate 


The sixth and final postulate of quantum mechanics is known as the Dirac postulate, 
which allows us to calculate scalar products between eigenstates of one observable 
and those of another. As seen, based on the third postulate, to each observable, a 
Hermitian operator is associated. Consider a system characterized by the degrees 
of freedom {q}, and let {p} be their conjugate momenta. In quantum mechanics, we 
associate each qa with a Hermitian operator ĝa and each pg with a Hermitian operator 
ps. According to the sixth postulate, these operators must satisfy the following 
commutation rules: 


SIXTH POSTULATE: 
Ga Pp — Pega = [Ga Pol = ihbag (1.114) 
[Ga, 93] = [Pa, Pa] = 0 (1.115) 


with A being the Planck constant. In other words, the Poisson brackets of classical 
mechanics are replaced by a commutator, and the Kronecker delta is multiplied by 
the factor ih. Degrees of freedom commute with their conjugate momenta only when 
the Planck constant fh is zero. As we see, the results of quantum mechanics reduce 
to those of classical mechanics in the limit A — 0. 

Thanks to the sixth postulate, we can practically compute everything. Let’s start 
with an example. Consider a particle in one dimension, and denote by x its coordinate 
and by p its conjugate momentum. The quantum operators associated with these 
observables are the position operator and the momentum operator, see Eqs. (1.58) 
and (1.59), 


t= f dx stay p= f av pipio (1.116) 


with scalar product (x|x’) = ô(x — x’) and (p|p’) = 6(p — p’). We are here assum- 
ing that the spectrum, that is, the possible measurable values, is continuous for both 
cases. This assumption is supported by numerous experimental pieces of evidence. 
Now, since both {|x)} and {|p)} form a basis for the same Hilbert space H, we can 
expand one in terms of the other. From Eq. (1.61) 
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|p) = fas (x|P)|x), |x) = fa (plx)|p). (1.117) 


But what is the value of the scalar product (x| p)? Clearly, without this information, 
we cannot perform either the change of basis or calculate many quantities of interest. 
For example, let’s suppose we measure the momentum and obtain the value p. 
The particle then collapses into the state |p). If we are interested in the probability 
density of finding the particle at position x immediately after the measurement, 
according to the fourth postulate, we should calculate |(x|p)|?. The knowledge of 
these scalar products is thus fundamental; without them, quantum mechanics would 
be an incomplete theory. The sixth postulate precisely serves to fill this gap. Let’s 
see how to proceed. 
We define the commutator 


O01 (1.118) 
Using the identity [A, BC] = [A, B]C + B[A, C] with A = %, Ê = p and C = 
p"! we find 


Ô, = inp’ + POn-1 
= inp"! + p (hp? + BOna) = 2inp"" + p (in + PÔ) 


=.--=(n— inp’! + p™'O, = nih p"! (1.119) 


Let us now act with the operator x on the ket e7 T |x) 


= (x ta)e~* |x). (1.120) 


The ket e~ |x) is therefore proportional to the eigenket of the position operator 
with eigenvalue (x + a), namely 


et |x) = Clx +a). (1.121) 


It is immediately apparent that C = 1 because, as the operator p is Hermitian, the 


iap 


operator e~ * is unitary and thus does not affect the normalization. Indeed, by taking 
the scalar product of both sides of the equation above with themselves, we find 


—iap 


K |x) = (x|x) = 80) = |C? (x + a|x + a) = |C|?8(0). (1.122) 


(xle fe 


1.6 The Sixth Postulate 29 


Therefore E 
e r |x) = |x +a). (1.123) 


Now let’s take the scalar product of this equation with an eigenket of the momentum 
operator. This yields 


iap 


e™™ (p|x) = (plx +a). (1.124) 
This identity holds for every x and every a. Setting a = —x 
er (plx) = (pl0) = (plx) = e7™ (pl0). (1.125) 


To determine (p|0) we use that (p| p') = ô(p — p’) and f dx |x) (x| = 1: 


i(p—p!)x 


ip- p= (lp) = f dx welp) = faxe #* (lO) Olp’) 


= 2n6( 2) ploy? 


= 2rhd(p — p’)|(p|0)|? (1.126) 


from which it follows that (p|0) = PE In deriving Eq. (1.126), we use the follow- 
ing representation of the Dirac delta: 


f dx e* = 276(a), (1.127) 


along with the property 6(Ga) = 6(a@)/|3| = 6(8)/la|, see Appendix A. This leads 
us to the important result 


(1.128) 


For a system with M degrees of freedom, a possible basis for the Hilbert space 
H is formed by the set of kets |{q}) = |g, . . - 4m), which are simultaneous eigenkets 
of all the operators ĝa with eigenvalue qa: 


alqı --- qm) = qaldı - - -qm)- (1.129) 


Indeed, all the operators ĝa commute with each other, see Eq. (1.115), and therefore 
they are simultaneously diagonalizable on an orthonormal basis 


(qı -- -qumli -- -qu = 8q — 91)5(g2 — G3) . -ldm — qu). (1.130) 
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It’s important to appreciate the physics hidden behind this scalar product. If we had 
detectors to measure the observables 4), ..., ĝm, then the ket |q1 ... qm) € H cor- 
responds to the system’s state when all these detectors simultaneously measure and 
yield the values q; ... qm. If the system is described by the ket |W) € H, according 
to the fourth postulate, the probability for this measurement to occur is 


P(q,---.4m) = (qi --- aul). (1.131) 
It follows that the probability for the system to have degrees of freedom qj, ..., diy 
immediately after the measurement is zero unless q| = q1, .--, Gy = qm. The Dirac 


deltas in Eq. (1.130) precisely express this fact. The reason why Dirac deltas appear 
and not Kronecker deltas is connected to the fact that the spectra of the operators 1, 
. - - Gm are continuous, as discussed in Sect. 1.4. As in the case of a single degree of 
freedom, Eq. (1.130) also tells us how to generalize the resolution of the identity: 


î = f agi ...daulas.-audan---aul (1.132) 


One can easily convince oneself of the correctness of this equation by multiplying 
both sides by |q; ...qj,) and using Eq. (1.130). 

Alternatively, instead of the basis |q1 . . . gy), we could choose as a basis the set of 
kets |{p}) = |p... pm) € H, which are simultaneous eigenkets of all the operators 
Pa with eigenvalue pa: 


Palpi --- PM) = PalPi--- Pm): (1.133) 


Indeed, the operators p, also commute with each other, and therefore they are simul- 
taneously diagonalizable on an orthonormal basis 


(pi... Pml Pi --- Pu) = Ôi — PEC — py)... 6(pu — Py); (1.134) 


from which follows the resolution of the identity in the momentum basis 


î = f dpy...dpwipr... pa)(pr--- pul: (1.135) 


More generally, we can construct a basis from the simultaneous eigenkets 
|01... Om) E€ H of M independent observables On that all commute with each 
other. For example, if we have a system with three degrees of freedom, the observ- 
ables G1, P2, ĝ3 all commute with each other, and therefore a possible basis is the set 
of kets |q1 p243). 

The calculation of the scalar product between a ket |q1 ... qm) (eigenket of the 
operators ĝa) and a ket |p; ... pm) (eigenket of the operators Pa) is carried out in 
the same way as we did for the case of a single degree of freedom. Using the same 
manipulations, we have 
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: ap Pu ; au Pu + đa Pa 
a i ZEP —i a i 
doe En n" qi.. qu) = | [e âa lai --.am) 
Aa 


ap Pu 


a |q,...Gm)- (1.136) 


= (qa + aa)“ Er 


Since this relation holds for every a, we conclude that 


e` Eu T qi ...qu) = loi +a... qu + amn). (1.137) 
Taking the scalar product with (p; ... pm| and evaluating everything at a, = —4q,, 
eX" (pi... pulgi---9u) = (p1--- pu |0...0). (1.138) 


Then, using Eq. (1.134) along with Eq. (1.132) 


6(p1 — pi)... 6(pm — Py) = f indani: .--pm\qi...qu)(qi..-qu |p} --- Diy) 


Liso UelPu- Py) 
= [ aqy...daue Xn (pi... pa|O...0)(0...0]p} -.. Phy) 


= (20h) 5(pi — p})...6(pm — py)I(pi--. pa l0...0)?. (1.139) 
We conclude that (p;... py|0...0) = 1/,/(27h)” and hence 


1 


ie ores 


For M = 1, this result correctly reduces to Eq. (1.128). For a particle in three dimen- 
sions with coordinates r = (x, y, z), we have 


paki, (1.140) 


—jPr 
Vi 


(1.141) 


1 
(plr) = (Px Py Pz|X¥Z) = Jai 


1.7 Generalization of the Fifth Postulate: Schrödinger 
Equation 


The fifth postulate was stated in Sect. 1.2, essentially consisting of the Schrödinger 
equation. However, when it was introduced, we didn’t yet have the tools to construct 
the energy operator for a general system with M degrees of freedom. Now we have 
all the tools. Let H ({q}, {p}, t) be the Hamiltonian of a system with M degrees of 
freedom. Given |W) € H as the ket describing the system at time zero, the evolution 
of this ket is governed by the Schrödinger equation 
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d A A A 
ih YO) = AU), 1P} IYO) = HOPO) (1.142) 


with the initial condition | (0)) = |Wo). Note that ÅA = H ({q}, {P}, t) is an oper- 
ator since the function H is a function of operators. In the case of conservative forces, 
like the Coulomb force, H is indeed the energy of the system. As we see, the Hamil- 
tonian is always a Hermitian operator. 

From the Schrödinger equation follows an important theorem concerning the time 
dependence of the expectation values of observables. Consider a general observable 
Ô. If the system is described by the ket |W (t)}) at time ż, its expectation value at this 
time is given by (W(t)| Ô |W(t)). Therefore, the temporal variation of the expectation 
value is 


d r 
g YOYO) 


d ^ afd 
(vo) Olt) + YOLO (Gv) 


=W] [#, ô| wo) (1.143) 

meaning it is equal to i/f times the expectation value of the commutator between the 

Hamiltonian and the operator itself. This result is known as the Ehrenfest theorem. 
Let’s now discuss a case that is encountered frequently, namely that of a time- 

independent Hamiltonian. Let H (t) = H and denote by |E, k) the set of its eigenkets 

with eigenvalue E: 

H|E,k) = EJE, k). (1.144) 


In general, there can exist multiple eigenkets with the same eigenvalue, and conse- 
quently, there can be multiple values for the index k. Let’s delve deeper into this 
point. As a consequence of what has been mentioned below Eq. (1.135), if a sys- 
tem has M degrees of freedom, we can always find M — 1 observables Ô», ae On 
such that the M observables H, O2,..., Oy are all independent and mutually com- 
muting. For instance, consider a free particle (thus potential energy V = 0) with 
mass m in three dimensions, so that H = Ë with p° = p? + p, + pz. A possible 
choice for the observables Ô», Ô; could be Py and p-; indeed, the three observables 
A, Py, Pz are mutually independent and commuting. Of course, the observable fy 
also commutes with H, so we could equivalently choose the set Â, Px, Pz or the 
set H, Py, Px. However, it’s not possible to have more than three observables with 
the desired characteristics. For example, the four observables Â, Px, Py, Pz, despite 
all commuting with each other, are not mutually independent as we can express 
Â in terms of fy, Py, Pz. Let’s return to the general case. Since the observables 


H i Ô, PETAN O m commute with each other, there must exist a common basis of eigen- 
kets. Denote by | E O2 . .. Om) the general common eigenket of H, O2,..., Oy with 
eigenvalues E, O2,..., Oy. By virtue of the collapse postulate, we can also give 


a physical interpretation to this ket: |E O2... Om) describes the state of the system 


1.7 Generalization of the Fifth Postulate: Schrödinger Equation 33 


when a simultaneous measurement of the observables H ; Ô», eves Ou yields the 
values E£, O2,..., Oy. It’s evident that as O2,..., Oy vary, the ket |E O2... Om) 
remains an eigenket of A with eigenvalue Æ. In this case, the index k in Eq. (1.144) 
is a composite index: k = (O2,..., Oy). In the previous example of a particle in 
three dimensions, the eigenvalues of H are E = p? + p + p? and if we were to 
choose the observables O2, Ô; as Py and pz, we can observe that as the eigenvalues 
Py and p, change, the ket | Ep, pz) remains an eigenket of H with eigenvalue E. 

We say that the eigenvalue E is degenerate, and the degeneracy corresponds to 
the number of independent eigenstates having that eigenvalue. The state (or states in 
the case of a degeneracy greater than one) corresponding to the lowest eigenvalue is 
called the ground state. All other states are referred to as excited states. The set of 
eigenvalues of an observable is also known as the spectrum. The spectrum of H can 
be discrete, continuous, or it can have both a discrete and a continuous part. The type 
of spectrum depends on the system. For simplicity, in what follows, we assume that 
the spectrum of H is discrete. The continuous case doesn’t introduce any additional 
difficulties; the only difference is that sums become integrals, and Kronecker deltas 
become Dirac deltas. We have the opportunity to explore this more thoroughly later 
on. 

Just as the set of kets |g; ... qm) or |p1 ... pm) forms an orthonormal basis for the 
Hilbert space H, the set of kets |E, k) also forms, according to the third postulate, 
an orthonormal basis for the same Hilbert space. We have 


(E, k|E', k') = ĝe, £ Ôkk' (1.145) 
which implies 
X OIE, k)\(E,k|=1. (1.146) 
E,k 


Let us expand |Y (t)) on the eigenkets of H 


IY) = So cen (OIE, k). (1.147) 
E,k 


Given the orthonormality of the basis, the coefficients are given by cg (t) = 
(E,k|W(t)). Therefore, according to the fourth postulate, their squared modulus 
correspond to the probability of measuring energy E at time t. Obviously, if for a 
certain energy, the index k can take multiple values, the probability of measuring E 
is the sum of these probabilities: P(E) = >, |ce,x(t) |2. It’s straightforward to ver- 
ify that |W(t)) satisfies the Schrödinger equation if the coefficients of the expansion 
depend on time in the following way: 


Et 


Cp klt) = cp Oe. (1.148) 
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Indeed 4 
ih) = X- cen e'* EJE, k) (1.149) 
E,k 
and . . 
A(t) = X cer) ÂE, k) = X` ce Oe 7 EIE, k). (1.150) 
E,k E,k 


Therefore, the probability of measuring a certain energy is independent of time since 
|ce k(t)? = |ce.x(0)|*. The case of the Hy ion analyzed in Sect. 1.2 is a very special 
case of the general theory just formulated. By using the experimental data that there 
was a non-zero probability only to measure the two lowest energies of H, we can 
set all the coefficients cz ,(t) to zero except for those associated with the two lowest 
energies. This way, we recover the expansion in Eq. (1.21) and recognize the solution 
in Eq. (1.25) as a particular case of Eq. (1.148). 

Now, let’s consider another generic observable O with eigenvalues O and eigen- 
states |O, i) (these eigenstates also form an orthonormal basis for the Hilbert space 
H, the index i accounts for the degeneracy of the eigenvalue O). The probability of 
measuring O at time f is given by: 


2 


P(O)= LI (0,iJ¥O)P? = >> Do it (O, ilE, k) (1.151) 


i 


and, in general, it depends on time. Returning once again to the example of the HY 
ion, if |O, i) = |Rı) is the (only) eigenstate that describes the electron in R; and 
if the only non-zero coefficients are ca(0) = cp (0) = 1/ /2, then P(R,) coincides 
with Eq. (1.33). 

The formal solution of the Schrödinger equation for a time-independent Hamil- 
tonian can also be written as: 


|W(t)) = ei |W(0)) (1.152) 


as can be immediately seen by taking the derivative with respect to time. Therefore, 
we can also write Eq. (1.151) as: 


P(0) = Ñ` (0, ile * |WO))/. (1.153) 


It’s straightforward to verify that this expression coincides with Eq. (1.151) by 
expanding |W(0)) as in Eq. (1.147). Two observations: 
1. If Ô commutes with Ê, then we can choose its eigenstates to also be eigen- 
states of H. Denoting the energy of the state |O, i) as E;, we have (O, ijei™ = 
; Eit P i 
(O, iļe™™T , and thus the probability P(O) does not depend on time. 
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2. If the state |W) is an eigenstate of H with eigenvalue E, then eit |Wo) = 
eit | Wo), and therefore, even in this case, the probability P(O) does not depend 
on time. This property holds for all eigenvalues of the operator O, and thus even 
the expectation value of the operator, defined in Eq. (1.34), does not depend on 
time. 


We conclude this section with a generalization of the solution to the Schrédinger 
equation for piecewise constant Hamiltonians. Suppose that at time t = tọ the system 
is described by the ket |Y (tọ)), and the Hamiltonian H (t) = Ao for all times f in the 
interval from tọ to another time t, > fo. Then, ift € (tọ, tı), the Schrödinger equation 
in Eq. (1.142) can be written as: 


in Wee) = Ay|W(t)) (1.154) 


which solved by 
Ag (t-19) 


IV) = eE Y (to)), t € (to, ti). (1.155) 


Indeed, for t = tọ the left-hand side is equal to the right-hand side. Furthermore, if we 
take the derivative with respect to time, we find precisely Eq. (1.154). It is important 
to emphasize that Eq. (1.155) represents the state at time ¢ only if t € (tọ, t1), given 
that only within this time interval is the Hamiltonian given by the operator Hp. Let us 
now suppose that at time ¢;, the Hamiltonian suddenly changes from Hp to another 
operator H 1, and it remains constant until time f > tı. Then, within the time interval 
(ti, t2), the Schrödinger equation in Eq. (1.142) can be written as: 


d A 
iz Y0) = H,|WV(t)) (1.156) 
which is solved by 


Ay (t—t1) 


IYE) =e" FW), £E Ch, b). (1.157) 


Indeed, for t = t; the left-hand side is equal to the right-hand side. Furthermore, if we 
take the derivative with respect to time, we find precisely Eq. (1.156). Once again, let 
us emphasize that Eq. (1.157) represents the state at time ¢ only if t € (t, t2), given 
that only within this time interval is the Hamiltonian given by the operator H,. Now, 
the ket |W (t,)) can be calculated from Eq. (1.155) by setting t = tı, and thus we can 
rewrite Eq. (1.157) as: 


Ay (tt) _; Hott —to) 


VO) = e TR ete Yo), te (t, b). (1.158) 


This procedure can be iterated once again, of course. If at time f the Hamiltonian 
suddenly changes from H; to another operator H) and remains constant until time 
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tz > ħ, then within the time interval (t2, t3), the Schrodinger equation in Eq. (1.142) 
can be written as: 


d x 
iñ YO) = H| Y (t)) (1.159) 
which is solved by 


Ê (t-n) 


IY) =e Y), telh, h). (1.160) 


The ket |Y (t2)) can be computed from Eq. (1.158) by substituting t = t2. This yields: 


. Ay (t—ty) «Ay (2—11) « H(t —t0) 
i ia eo 


nm |W (to)), t € (b, t). (1.161) 


|W(t)) =e 


At this point, it should be clear how to write the general solution in case the Hamil- 
tonian continues to change in the subsequent time intervals. 


1.8 Heisenberg’s Uncertainty Principle 


In Sect. 1.1, we have observed that having a precise knowledge of the position of the 
electron in the Hj ion leads to an uncertainty in the value of energy (and therefore 
momentum), and similarly, having a precise knowledge of the energy leads to an 
uncertainty in the value of position. In this section, we aim to demonstrate that these 
empirical observations are rooted in the fact that the position operator x and the 
momentum operator p do not commute with each other. 

Let us begin by recalling the Schwarz inequality. Consider two kets, |A) and 
|B), belonging to a certain Hilbert space H. Then: 


(AIA) (BIB) > |(A|B)/? (1.162) 


The proof is straightforward. Given the property of the scalar product: 
((A] + A*(B]) (IA) + A|B)) = 0, VA. (1.163) 


Setting A = —(B|A)/(B|B) the Schwarz inequality is recovered. 

Now, let’s suppose that our system is described by a normalized ket |W), meaning 
(|W) = 1. The expectation value of two general observables, Ô; and Oy, is given 
by, as seen in Eq. (1.34), (Oe) = (Y| O<|), where € = 1, 2. Let’s construct two new 
observables: 

So. = Oe — (Oe), IA (1.164) 
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The expectation value of their square is given by: 


A 


(6G,) = (Ô? — 20¢(Og) + (Ôe) = (62) — (Ô)? (1.165) 


and it coincides precisely with the square of the variance defined in Eq. (1.35). 
The variance provides an indication of how uncertain the measured value is. Let’s 
assume that the system’s state is described by the ket |Y) = |01), meaning it is 
an eigenket of the operator Ô; with eigenvalue Oj. In this case, the probability of 
measuring Oj is equal to one, and the probability of measuring any other value O; 
is zero. In other words, there is no uncertainty about the measurement outcome. It 
is then immediately evident that if |Y) = |O;), the variance (53) is zero. Thus, the 
more certain the measurement value, the smaller the variance; conversely, the more 
uncertain the value, the larger the variance. 


We define the kets 


|A) = Go,|¥), |B) = Go, 


Y). (1.166) 


From the Schwarz inequality, we find: 


2 


(6%, )(6,,) = Koĉo) (1.167) 


Let’s express the product of operators 9,00, as the sum of a Hermitian operator 
and an anti-Hermitian operator: 


E A Iis a Ifa & 
oto = [F050] + | Fond. (1.168) 


The first term is a commutator and therefore anti-Hermitian 


[ôo ĉo l = (60,60, — 60,60)’ = -[0,, 01). (1.169) 
The second term is an anticommutator and therefore Hermitian 

{60,,60,}' = (60,60, + ĉ0,ĉ0,) = {F0,, ĉo}. (1.170) 
Using the fact that the expectation value of a Hermitian operator is real, while the 
expectation value of an anti-Hermitian operator is purely imaginary, we can rewrite 


Eq. (1.167) as: 


1 
Kõo Fo.1)/° + z êo Fo.) 


RY 
ON 
RY 
ON 
IV 


IV 


(1.171) 
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Taking into account the fact that [ĉo , 60,] = [O;, Oo], we arrive at the Heisenberg 
Uncertainty Principle 


(1.172) 


The Heisenberg Uncertainty Principle translates into mathematical language the 
fact that if two observables do not commute, then the product of their variances can- 
not be arbitrarily small, or equivalently, it is not possible to reduce the uncertainty 
of both measurements simultaneously without limit. Let’s consider the case of oper- 
ators Ôi = % and Ô; = p. In this case, the commutator [X, p] = ih, and thus the 
Heisenberg Uncertainty Principle establishes that 


(1.173) 


So, if we are certain about the position, and thus (62) = 0, the uncertainty in momen- 
tum is maximum, (5%) — oo. Conversely, if we are certain about the momentum, 
and thus (57) = 0, the uncertainty in position is maximum, (6?) — œ. In the limit 
as A — 0, we recover the classical result that both can be known with certainty. 

In light of the Heisenberg Uncertainty Principle, we can also understand why the 
lowest measurable energy value for the electron in the Hj ion is greater than the 
classical minimum value, as discussed in Sect. 1.1. The classical minimum value is 
obtained by placing the electron precisely at the bottom of one of the two potential 
wells with zero momentum. However, quantum mechanically, this situation is impos- 
sible since it would imply having absolute certainty in both position and momentum. 
For such a state, the variances of x and p would be zero, which contradicts the 
Heisenberg Uncertainty Principle. 


1.9 Summary of What We Have Learned So Far 


With the previous section, we conclude the first part of the course. Let’s briefly 
summarize the main concepts we have learned so far: 


(1) A system with M degrees of freedom is described by the ket |g; ...qy) if 
a simultaneous measurement of these degrees of freedom provides the values 
qı . . -qm (collapse postulate). 

(2) The set of kets |g; . . . qm) forms an orthonormal basis of a Hilbert space H. 

(3) The most general state |W) that the system can be in is described by a ket 
belonging to H. 

(4) For every observable, there is an associated Hermitian operator, and the possible 
outcomes of a measurement are the eigenvalues of that operator. 
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(5) 


(6) 


(7) 


(8) 


The operators ĝa associated with the degrees of freedom and the operators 
Pa associated with their conjugate momenta satisfy the commutation rules 
[ĝa, Pal = iħôag and [Ga, 9a] = [Pa Pg] = 0 (Dirac’s postulate), from which 
it is possible to compute scalar products (p;... puldi.--dm)- 

Given M independent observables 0; = O;({g}, {p}) that mutually commute, 
and each with eigenvalues O;, the ket |O; ... Om) describes the system’s 
state when a simultaneous measurement of these observables yields the val- 
ues 0}, ... Oy. Furthermore, the set of kets |O; ... Om) forms an orthonormal 
basis of H. 

If the system is described by the ket |W), then the probability of measuring 
O,,..., Oy for the observables Ô; is given by P(0O1,..., Om) = 
(01... Ou|¥)|?, see Eq. (1.131). 

The temporal evolution of the ket that describes the system is governed by the 
Schrödinger equation ih4|W(r)) = A(1)|W(d), where H(t) = H({â}, {P}, t) 
and H is the Hamiltonian. 


In the remaining part of the book, we apply these principles to simple systems 


and highlight the differences between the quantum and classical descriptions. 


1.10 Exercises 


1. 


A particle of mass m is constrained to move on a vertically positioned circle 
with radius R and is subjected to the force of gravity. 

i. How many degrees of freedom does the particle have? 

ii. Choose the most convenient degrees of freedom and write the Lagrangian of 
the system. 

iii. Write the Euler-Lagrange equations. 

iv. Calculate the conjugate momentum and write the Hamiltonian in terms of the 
degrees of freedom and their conjugate momenta. 

v. Write the Hamilton equations. 


Solution i. One degree of freedom 

ii. We choose the reference system such that the circle lies in the y — z plane. In 
this case, we have r = (0, R cos 0, R sin 0). The kinetic energy of the particle is 
then given by T = B(x? +7427) = ne The potential energy is V(r) = 


mgR sin 8. Therefore, the Lagrangian is L(0, 6) = mR ġ2 —mgRsiné. 

iii. The Euler-Lagrange equations are RÖ = —g cos 0. 

iv. The conjugate momentum is pọ = 2 = mR?96. Therefore, the Hamiltonian 
. 2, 

is H(0, pọ) = Opp — £L = Aam + mgRsinð. 

v. The Hamiltonian equations are pọ = at = —mgRcos6 and 6 = gH = 


mR?’ 
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. Let å be an operator, not necessarily Hermitian. Among the following six oper- 


ators, which ones are Hermitian? 


A= aya, E aat, Ĉĉ 


D=i(a'y (ât — ae , = (â, G=4a'aa'—aata 


Solution Â, D and Ê 


. Consider a Hilbert space of dimension 3, and let |v;), |v2), and |v3) be three 


mutually orthogonal kets. Among the following operators, which ones are Her- 
mitian? 


= |v1)(v2| — i]vg)(vy|, Ê = ilv) w21 — ilv2) (vil, Ê = Joy) {v1 — lv3) (v3 | 


Solution Ê and Ĉ. 


. In a Hilbert space of dimension 2, consider the observable Â with eigenvalues 


A, and A3, and orthonormal eigenkets |A;) and | A2). Given that: 

(1) The probability of measuring A, is } 

(2) The expectation value of the observable B= |A1)(Az2| + |A2)(Ajq| is p 

(3) The expectation value of the observable C= 1]A1)(Az| — i]A2)(Ajq| is $ 
Write the normalized ket of the system as a linear combination of | A;) and | A>). 


Solution Let |W) =a ,|A,) +a2|A2) the sought ket. The normalization 
(VIY) = jail? + la|? = 1 implies that we can choose a, = cos 6 and az = 
e? sin@ where 0 € (0, 7/2) and ¢ € (0, 27). According to the the fourth pos- 
tulate P(A,) = |(A,|W)|? = cos? 8 = 1/3. Therefore cos 6 = 1/3 and con- 
sequently sin 0 = ae From ae second information we have (W|BIW) = 

L (el +e i?) = 22 2 cos¢ = 2 + and therefore cos = 1//2. From the third 
information we have wje = iet — ei?) = -242 sing = £ = and there- 
fore sin @ = —1//2. We conclude that 6 = —1/4. The solution is oe 


|v) = KIA) + f ze Aa) 
= 5 1 3° 2 


. Let |Aj) and |A2) be two orthonormal eigenkets of the observable A with eigen- 


values A; and A2. Consider the kets |W) = |A;) + |42) and |®) = —2| A1) + 
i] Ap). 

i. Calculate the norms (W|W) and (®|®) . 

ii. Find the condition for the kets |W) and |®) to be eigenkets of A 


Solution We have (W|) = 2 and (®|®) = 5. The kets |W) and |P) are inde- 
pendent and for them to be eigenkets of the observable A the eigenvalues A, 
and A» must be identical. 
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6. Consider a three-dimensional Hilbert space, and let the energy operator be given 
by E = Ya E;|E;)(E;|. The system at time t = 0 is described by the ket |W), 
having the following inner products with the eigenkets of E: 


1 i 1 
(Ei|%) = a’ (Fa) = 52 (Elt) = 5 


i. Write |W) as a linear combination of the eigenkets of Ê. 

ii. Calculate the norm (Y|Y). 

iii. Write the ket |Y (ż)) at time ¢ as linear combination of the eigenkets of Ê. 
iv. Verify that the norm (W(t)|W(t)) does not change with time. Why? 

v. Given the observable A = |E>)(E1| + |E1)(E2| + 2| E3) (E3|, calculate the 
time-dependent average value of the observable at time t, which is A(t) = 
(WMIA|YO). 

vi. Calculate the square of the variance at time f, which is a, (t) = 
(VOIA IYE) — Ar). 


vii. Verify that the ket |®,) = ZUE 1) + |E2)) is normalized and is an eigen- 


ket of A with eigenvalue 1. Also, verify that the ket |®_) = 5 (\E1) — |E2)) 


is normalized and is an eigenket of A with eigenvalue —1. Furthermore, verify 
that the ket | £3) is an eigenket of A with eigenvalue 2. 

viii. Calculate the probability that a measurement of the observable A at time t 
yields the value 1, the probability that it yields the value —1, and the probability 
that it yields the value 2. Then, verify that the sum of these probabilities adds 
up to 1. 

ix. Verify that the operator Ê = |4) (4| — |P_)(_| + 2| E3) (E3| is the same 
as the operator Â. Why? 


Solution i. Using the completeness relation 1 = Ta |E;) (E;| we find 


fy) = STIENEN) = yey + ÈE) + LE) 
a J/2 2 2° > 


i. (WW) =F4+44+F=1 
iii. According to Eq. (1.148) 


1. 1s 1. 
|W(t)) = ae EA) + ze” lE) + ze lEs) 


iv. The normalization does not change with time because the coefficients of the 
expansion are multiplied by an imaginary exponential, the modulus of which is 


unity. 
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v. We have A(t) = (W(t)|E2)(Ei |W (t)) + (PH E1) (E2|¥(@) + 2(U | E3) (E3 
VO) = -zigi EED pe FP EL A sin((Ey — Eoi) + 3. 

vi. Taking into account that (E;|E;) = 6;; we have A? = |E E| + |E2)(E2| + 
4| E3) (E3|. Therefore (W|A2|W) = 5 + 1 +1= 7 and the variance is TA = 
2 Na sin((E, — E>)t). 

vii. We have (|) = ++ 5 = 1 and similarly (P®_|®_) = 1. Acting on 


|.) with A we find 
1 
J/2 
i 
ge 


Ina similar way we find A|®_) = —|®_) and A|E3) = 2| E3). 
viii. The probability of finding eigenvalue 1 at time t is 


Al) = = (1E2)(E1| + (E1) (E2] + 21E3)(Esl) (1E1) + |E2)) 


(1E2) + 1E1)) = 19+) 


l; i, 1 i. 
P 1 = y t ® 2 pl 1E\t iE ot 2 =e 1 + i(E2—E1)t 2 
SOR Rae = er | iid | 


2/2 4 
3 
= zG — VZ sin(E; — E2)1)) 


With similar manipulations we find P(—1) = |(W(t)|®_)|? = iG + v2sin 


(Ei — E;)t)) and P(2) = |(W(t)|E3)|* = i. Summing all probabilities P(1) + 
P(-1)+ P(2) =1 independent of time. 

ix. The operator B has the same eigenvalues and eigenvectors of the operator 
A. Therefore they are identical. 


. Consider a three-dimensional Hilbert space, and let |v;), |v2), and |v3) be three 


mutually orthonormal kets. Consider the following observables: 
A = |v1)(v2| + lva) (vil + |v2) v3] + lvs) (val 
Ê = —ilv,) (v2 + ive) (vil — ilv2) (v3 + ils) (v2 
i. Calculate the commutator [A, B ]. Is it different from zero? 
ii. Calculate the square of the variances (a3) and (o%) for the state |W) = |v2). 
Is it different from zero? 
iii. Verify the Heisenberg uncertainty principle. 


Solution i. We have 


AB = ivi) (v4| — ilvi) (v3| + ilv3) vi] — ifvs) (v3| 
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BA = —ilv1)(v1| — ivy) (vs| + ifs) (v1| + ius) (us| 
Therefore [A, Ê] = 2ilv,)(v;| — 2i|v3) (us|. 


ii. To calculate the variance we need to calculate the square of the operators. 
We have 


A? = |v1)(vi| + 2lv2) (v2| + lvs) (v3] + lvi) (vs| + lvs) (v1 

Ê? = |v1)(v1| + 2|v2)(v2| + |v3)(v3] — |v) (v31 — lvs) {vl 
We have (v2|A|v2) = (v2|B|v2) = 0. Therefore 02 = (v2|A?|v2) = 2 and o% = 
(v2|B?|v2) = 2. 
iii. Since (v2|[A, B]|v2) = 0 the Heisenberg uncertainty principle is satisfied. 

8. In a two-dimensional Hilbert space it is given the operator 
A = —ilv1) (v2| + iva) (v1 

where |v;) and |v2) form an orthonormal basis. 


i. Is the operator A Hermitian, unitary, or neither? 
ii. Calculate the operator C = cos(A). Is the operator C Hermitian, unitary, or 


neither? 

iii. Calculate the operator $= sin(A). Is the operator § Hermitian, unitary, or 
neither? N 

iv. Calculate the operator Ê = eå, Is the operator Ê Hermitian, unitary, or nei- 
ther? 


Solution i. Since Â = A‘ the operator is Hermitian. 
ii. Since Â? = 1 = |v) (v| + |v2) (v2| we have C = cos(1)1, hence C is Her- 
mitian. 
iii. For any odd n we have A" = A and therefore § = sin(1)A, which implies 
that § is Hermitian. 
iv. We have Ê = C+i$ = cos(1) 1 +isin(1)A, We also have Êt = = cos(1) 1 — 
isin(1)A # E, and therefore Ê is not Hermitian. However Ê' Ê = 1 and there- 
fore E is unitary. 

9. In a one-dimensional system, consider the ket |W) with the wave function 
W(x) = (xY) = Ce, 
i. Determine the constant C such that (Y|W) = 1. 
ii. Calculate the average value (W|AlW) in the case where the observable 
A = %—1, in the case where A = £2, and in the case where A = (£ — xo), 
where ô is the Dirac delta function. 


Solution i. Using the completeness relation Î = f dx|x)(x| we have 
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(YY) TAON = f axwok = icP f axe" = Ich. 


Therefore C = (2), 
ii. Using again the completness relation we have (Y| — 1|W) = fdx(x — 
DIY (x)|? = (2) f dx xe? 4 = —], Similarly we have (W|£?|W) = 
(22)? f dx rere = EREL = L. Finally (YEG — xo)|Y) = 
[Y (x0)? (22) 2e- 


. Consider a particle in one dimension, and let’s denote its coordinate as x and its 


conjugate momentum as p. Let x and p be the corresponding observables, and 
let |x) and |p) be the corresponding eigenkets. Prove that: 


e t |p)=|p—4q) 


Solution The proof goes along the same lines as for Eq. (1.123). Hint, show that 
LD. Ry = —iAx"—!. 


. A particle in one dimension is described by the ket |®) such that the scalar prod- 


uct with the eigenkets of position (i.e., the wave function) is ®(x) = (x|®) = 
sin(kx). Calculate the scalar product (p|®) of the ket |) with the eigenkets of 
the conjugate momentum. 


Solution Using the completeness relation i= f dx|x)(x| we have 


(ple) = i dx(plx)(x|) Te f dxe (cits — e) = 
J 2th 2i 


Vala) Ea) 


where we have used Eq. (1.128) and the representation of the Dirac delta, see 
Appendix A. 


. Consider a particle in one dimension described by the wave function V(x) = 


6(x — xo). Which is the ket |W)? 


Solution |W) = |xo) as it follows from the inner product in Eq. (1.54). 


. Consider a particle in one dimension described by the wave function V(x) = 


(x|W) = Ce**-*l with k > 0. 

i. Find the constant C such that (W|W) = 1. 

ii. Calculate the average position (W|x|W) and the average of the conjugate 
momentum (W|p|W). 

iii. Calculate the variance of position (G2) and of momentum (G2), and verify 
that the Heisenberg uncertainty principle is satisfied. 
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14. 


soni — c2 se Be. 2% —2kx — ICP? 
Solution i. We have (Y|Y) = |C| Je dx|Y (x)| =2C| J dxe = 
Therefore C = Vk. 
ii. The average position is given by 


CO CO 
(Hlk|W) =k f dx(x — xo + xo)e Fl = k f dyye* 4. xo = xo 
—oo —0o 


The average momentum is given by 


[o6] 
(|X|) = —ihk f dreth- 4 g-Ks—r0l = 0 
dx 
=09 


iii. To calculate the variances we need to calculate the averages of x? and p°. 
We have 


oe) [06] 
z -2k|x— ~2kLy 1 
(WIS2|W) =k il dx(x — xo + xo)7e 7%" = k / dyy?e Ml 4. x = zt 
—00 —00 


25 1 


and therefore (ô$) = zp- For the momentum variance we have 


dx dx 


foe) CO 
2 
(Wp? |W) = hk dreti- L e~o = Ak | dx Í -kxl 4 g-ko 
2 dx 
—00 


= ORK f dyke ™® = RK (1.174) 
0 


and therefore (5%) = h?k*. We conclude that (62) (65) = X > an and hence 
that the Heisenberg uncertainty principle is satisfied. 


In a Hilbert space of dimension 2, the operator is given by 
Â = —ilv1)(v2] + |v2){v1| 


where |v;) and |v2) form an orthonormal basis. 

i. The operator A is Hermitian, unitary, or neither? 

ii. Consider the operator B = A — (1 — i)|v2)(v,|. Calculate the operator E = 
eÊ, 

iii. Calculate the ket |W) = Ê |vı) and determine its normalization. Comment on 


the result. 
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iv. What are the possible outcomes of a measurement of B? And what are the 
probabilities of obtaining these results if the system is in the state |W)? 


Solution i. It turns out that At = i]vy) (v2| + |v2)(ui| Æ A, so A is not Her- 


mitian. Furthermore, AAt = —ilv1)(vy| + i]v2) (v2| A 1 = |v1) (v1 | + |v2) (v2 
and therefore A is not unitary either. 
ii. The operator B= —ilvi)(v2| + i]v2) (vi | is Hermitian, and we have B= 1. 


Therefore, Ê = cos(Ê) + isin(B) = = cos(1)¥ + isin(1)B. 

iii. It results in |Y) = cos(1)|v1) — sin(1)|v2). The normalization is equal to 1, 
as it should be for a unitary operator Ê. 

iv. The possible outcomes of a measurement of Ê are the eigenvalues of Ê. 
The eigenvalues of B are à} = | with eigenvector |4) = Na (|v1) + iļv2)) and 
à- = —1 with eigenvector |b_) = z (v1) — ilv2)). Therefore, the probability 


of measuring \ is P(Ax) = |(¥|¢+)|? = 4 leos(1) F isin(1)|? = 4 


Chapter 2 A) 
Quantum Systems in Finite-Dimensional coset 
Hilbert Spaces 


Itis much more common than one might imagine that, for a given problem concerning 
a system with M degrees of freedom, the number of quantum states to consider is not 
the entire set |g . . . qm), but only a finite number of states |px) (each of which can 
obviously be expressed as a linear combination of the kets |g; . . . g)). For example, 
in the case of an electron in the Hj ion, the Hilbert space of the electron is given 
by the set of eigenkets |x) of the position operator. However, at zero temperature, a 
good description can be obtained by considering only the kets |R;) and |R2). The 
choice of the set of kets |px) is generally dictated by the system, the problem, and 
especially our physical intuition. In this chapter, we do not discuss how to choose 
the kets |px}. Instead, we assume that someone else has done it for us and we here 
show how to simplify the equations of the previous chapter. 


2.1 From Operators to Matrices, from Kets to Column 
Vectors, from Bras to Row Vectors 


Let’s assume that the system can only be in a finite number of quantum states |px), 
where k = 1,..., N. Without loss of generality, we also assume that these states are 
orthonormal to each other 


(glen) = Oxe (2.1) 


If they are not orthonormal, we can indeed orthogonalize them using, for example, 
the Gram-Schmidt procedure. The set of these kets forms an orthonormal basis for 
a Hilbert space H’. From the original Hilbert space H, we are then considering a 
subspace H’ C H. The most general ket in H’ can be written as follows: 


N 
IY) = SoM lee), Ye = (pY). (2.2) 
k=1 
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From now on, unless specified otherwise, sums are always understood to range from 
1 to N. A generic operator Ô, defined in H, when acting on |W) € H’ C H may 
not necessarily generate a ket within H’. However, we are not interested in a generic 
operator. Our working assumptions only make sense for a given system and a specific 
problem. Therefore, we are interested in operators for which the components of Ô |W) 
outside of H’ are very small, approaching negligibility in the limit. In such a case, 


Ol) = DIU Olex) EH (2.3) 
k 


Of course, for this to happen independently of the coefficients W, it is necessary 
that O| x) € H’ for all k. Knowing the action of O onall the kets of the basis allows 
us to calculate the action of Ô on a generic ket. What information do we need to 
determine the action of O on the various lpk}? Considering that in H’, the resolution 
of the identity is written as follows 


> lee) (el = 1, (2.4) 
k 


we have 


Olye) = D> lee) ee lOlge) = D> Ovel ve). (2.5) 
k' i 


Therefore, knowledge of the matrix O with elements Op, = (yx | Oly) is all that 
is needed. The matrix O is called the representation of the operator O in the basis 
of |px). Clearly, the matrix changes if we change the basis. However, since Ô isa 
Hermitian operator, i.e., Ôt = Ô, the matrix O is Hermitian regardless of the basis. 
In fact, 


Ožu = (yr Ôlpr)" = (ye lO lee) = (ev Ol ye) = Ovr. (2.6) 


Inserting Eq. (2.5) in Eq. (2.3) we find 


OW) = > Ove Veler). (2.7) 
kk’ 


So the ket |®) = O|W) is also a linear combination of the |pz}, as it should be. 
Let’s define the vector Y with components Y, and the vector ® with components 
®, = (y|). From now on, we use bold letters (both Greek and Latin) to represent 
vectors. These vectors are the representation of the kets |W) and |®) in the basis 
of |px). Clearly, the vectors change if we change the basis. Note that for a quantum 
system describing a particle in one dimension, as discussed in Sect. 1.4, the eigenkets 
|x) of the position operator form a basis of the Hilbert space. If we do not truncate 
the Hilbert space, i.e., if we take all |x), then the representation of the ket |W) in 
the basis of |x) is an infinite-dimensional vector with components ¥ (x) = (x|W). 
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In other words, the wave function is nothing but the representation of a ket in the 
position basis. But let’s get back to our discussion. We have 


1) = So lee (pel®) = So Oe lye) = X Ove Valor) (2.8) 
k' K 


kk' 


From which it follows that, due to the linear independence of the kets |p}, Py = 
X; Ov Yr. Therefore, the k’-th component of the vector ® is obtained by taking the 
dot product between the k’-th row of the matrix O and the vector W. But this means 
that 


ð= OW (2.9) 


In other words, the vector ®, representing |®) = O|W) in the basis |px), is the 
product of the matrix representing O and the vector representing |W) in the same 
basis. 

With these premises, we can easily calculate the eigenvectors and eigenvalues 
of the Hamiltonian in the space H’. Let’s suppose we need to solve the problem 
H|E) = E|E). Based on what we have just learned, the vector representing H\E) 
can be written as HE, where H is the matrix representing Ê and E is the vector 
representing |E). So, 


H\E) = EJE) => HE = EE (2.10) 


Let’s denote by E™ the eigenvalues of H and by E™ its eigenvectors. Since H is an 
N x N matrix, we have N eigenvalues (not necessarily all distinct from each other) 
and N eigenvectors: 


HE” =E%E®, n=1,...,N (2.11) 


The eigenkets |E) are simply given by 


ESS EP lor) (2.12) 
k 


where E;”” is the kth component of the vector E® 

Representing operators and kets in a certain basis can be very convenient for car- 
rying out calculations. Often in quantum mechanics problems, the physical meaning 
of the basis |(y;) is omitted, and representations of operators or kets in a specific basis 
are written directly. As we have seen, once the basis is fixed, we can easily convert 
equations written in terms of matrices and vectors into equations written in terms of 
operators and kets. Conversely, an equation written in terms of operators and kets 
can be easily converted into an equation for matrices and vectors. But what do we do 
when we have an equation that contains the product of multiple operators? Or when 
the equation involves bras? 
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Consider the product operator C = AB. Its representation C has matrix elements 


Civ = (elClov) = (vel ABl px) = (vel Alyy) ppl Blew) = 2 pi: 
Pp 


(2.13) 


So the matrix C is simply the product of the matrix A and the matrix 


C= AB (2.14) 


More generally, if we have a function of operators F (A, B,C,...) = Ê, its repre- 
sentation is simply given by the function of matrices 


F = F(A,B,C,...) (2.15) 


Suppose instead we need to calculate the action of an operator on a bra, (Y| ô = (P|. 
Multiplying the equation by the ket |px), we find 


(WlOlge) = Yl ye) (Gel Oly) = (lyr). (2.16) 
: 


Now, (Ylypr) = (pr Y)" = Yé and (Pyr) = (pk|®)* = OF. So, the equation 
above can also be written as }- y Vi Org = ®%. On the left-hand side of the equation, 
we recognize the dot product between a row vector with components W% and the 
column vector formed by column k of the matrix O. Since this relation must hold for 
every k, it follows that 


(Y|Ô = (| => viO = ğ' (2.17) 


So, the representation of the bra (W| is the dagger (conjugate transpose) of the vector 
representing the ket |W). 

In conclusion, the representation of an equation written in terms of bras, operators, 
and kets can be obtained by replacing bras with their representation in terms of row 
vectors, operators with their representation in terms of matrices, and kets with their 
representation in terms of column vectors. 


2.2 Quantum Systems with Two States—Pauli Matrices 


The simplest quantum system is the one for which it is possible to solve a given 
problem using only two kets, as in the example of the electron in the H a ion. In this 
case, all observables are represented by Hermitian 2 x 2 matrices. The most general 
Hermitian 2 x 2 matrix can be written as 
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Fig. 2.1 Polar z 
representation of a unit 
vector 


a, + ia ao — a3 


O= Gees ay =o) (2.18) 


where the constants ao, a), a2, a3 are all real. It is easy to verify that regardless of 
the values of these constants, © = O*. Introducing the Pauli matrices 


01 0 —i 1 0 
aaa 2=(; oi a= oa (2.19) 


we can rewrite O as 
O = all + ajo, + a202 + a303 = aol +a -0o (2.20) 


where Il is the 2 x 2 identity matrix, a is the vector with components (a1, a2, a3), and 
o is the vector of Hermitian matrices (o1, 02, 03). Let’s further manipulate Eq. (2.20). 


Let 
a= J +a} +a? (2.21) 


the magnitude of the vector a. The vector n = a/a is then a unit vector with a 
magnitude of 1, as shown in Fig. 2.1, and as such, it can always be written as 


a,/a sin 0 cos yp 
n= | a/a | = | sinsin (2.22) 
a3/a cos 0 
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The angles 0 and ¢ can be expressed in terms of a1, a2, a3 by equating the com- 
ponents. For example, from the last component, we obtain that 0 = arccos(a3/a), 
while from the ratio between the second and first component, we obtain that 
o = arctan (a2/a1). Using the expression of n in terms of the angles 0 and œ, the 
matrix O can be rewritten as: 


O= al +an. o (2.23) 
where 
cos@ sin @e7i” 
ae n be? — cos ) (2.24) 


Now let’s study the matrix n - ø. The eigenvalues of n- ø are A} = | and A_ = 
—1, and by using the trigonometric formulas 


cos(a — 3) = cos a cos 8 + sin q sin 8 


sin(a — 3) = sin a cos 8 — cos a sin 8 (2.25) 


it is straightforward to verify that the eigenvectors associated with them are 
eiv/2 cos(6/2) —eiv/2 sin(@/2) 
vee ( ei?/? sin(9/2) J’ v= e'?/2 cos(0/2) (2.26) 


The vectors a, and w_ are correctly orthogonal as they are associated with distinct 
eigenvalues of the same Hermitian operator n - ø. In particular, both a, and w_ are 
normalized to 1, forming an orthonormal basis. Therefore, the kets associated with 
them, |), can be used to write the resolution of the identity as follows: 


Î = ly) (yl + [b-) (I (2.27) 


and based on what we have learned in the previous section, the representation of this 
equation is 


t=, tpp] (2.28) 


since the representation of Î is precisely the identity matrix Il. Let’s emphasize that 
the vectors Y% and w_ are two-component vectors as they are eigenvectors of 2 x 2 
matrices. They should be kept distinct from vectors like a or n which have three 
components and are used to represent the matrix O. 

The eigenvalue equation (n - o), = +Y, implies that a(n - oa), = tay. 
Therefore 


Ops = alyp, +am: oyp = (a taps (2.29) 
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It follows that the vectors 7, and w_ are also eigenvectors of the matrix O with 
eigenvalues (ag + a) and (ag — a). Furthermore, for any generic matrix function 
F (O), we have 


FO) Y+ = F(a + apy (2.30) 


Particularly interesting is the evaluation of the unitary matrix e'©. In fact, in the case 
where O = —Ht/h, with H being the Hamiltonian, the matrix in question becomes 
e—ilt/h and as we know, this matrix allows us to determine the temporal evolution. 
Using Eq. (2.28) and Eq. (2.30), we have 


e = On = c(h wl + pol) = itap ph + lp bl. 2.31) 
Let us perform this calculation. We have 


y —ip/2 . . 
pyp, = (“ar oD) (e'l? cos(0/2), e'#/? sin(@/2)) 


_ es e~e sind ). (2.32) 


erine sin? (6/2) 


eiel gj l 
pyi = ( A ne (—e'?/ sin(6/2), e™!/ cos(8/2)) 


_ = a) l (2.33) 


—e'? int cos? (0/2) 
Hence 


ciO giao T cos? (0/2) + e™ sin? (0/2) (e — ee 8 ) 
E (eit — ev ityeiv Sint e€ sin? (0/2) + e` cos? (0/2) } ` 
(2.34) 
The (1, 1) matrix element is equivalent to 


ia 2 —iad EE. D i i sina 
e“ cos’ (0/2) + e“ sin (0/2) = cosa + isina cos 0 = cosa + i——as, (2.35) 
a 


whereas the (2, 2) matrix element is the complex conjugate of the (1, 1) matrix 
element. For the (2, 1) matrix element we can write 


i ias ipSinO ' yi , „sina l 
(et —e etn = isina (cos y sin 0 + isin ọ sin 0) = i— (aq, + ia2), 
(2.36) 
and similarly for the (1, 2) matrix element we find 
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ia ia i sin 0 ‚sina . 
ce — eye E m iT (ay ian), (2.37) 


By substituting these results into Eq. (2.34), we arrive at the following important 
result 


i ; cosa +i®4a; i$ (a; — ia : „sina 
eO = cio (rT a 3 a ( Na 2) \ = giao (cosat +i a-o (2.38) 
i^y (aı + ia) cosa — i> 83 a 


We could have obtained the same result using the Taylor series expansion of e'®. 
We have 


(oe) 


i ; ad : ia)” 
eo — eo l+an:o) = eV eT _ pido > ( a) (n g a)" (2.39) 
n=0 n! 

The product of two Pauli matrices is given by 

910; = jl +i Y Eijo (2.40) 
k 
and hence 

ci) 

2 iGj 
n- = joj =U. 2.41 
(no) =>} 010; (2.41) 


ij=l 


Here, we have taken into account that the product ajaj is symmetric under the 
exchange i <> j, while the Levi-Civita tensor is antisymmetric, as seen in 
Appendix B. We then split the Taylor expansion into a sum over even n = 2p and 
odd n = 2p + 1 terms 


ia)" nw (ay? A ia 
a (no) => n IPE rar ae (2.42) 


Since (ia)? = i??a?? = (—1)Pa?P and (ia)?Pt! = PPtlg2Pt! — jj?Pa?PtHl — 
i(—1)?a??*!, we recognize the Taylor series expansions of the cosine and sine func- 
tions. Keeping in mind that n = a/a, we find 


o0 


Ga)” ‚sina 
> (n- o)" = cosall + i—a-o (2.43) 


! 
n: a 
n=0 


By substituting this result into Eq. (2.39), we obtain exactly Eq. (2.38). 
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2.3 Exercises 


1. Consider a two-level quantum system with the Hamiltonian operator H and 
eigenkets |1) and |2) with energies hw and 2hw, respectively (i.e., H|n) = 
nhw|n) for n = 1, 2). Let’s consider the operator A such that 


All) = 311) +4i/2),  A|2) = —4i|1) — 312) 


i. Determine the eigenvalues a; and a2 of A. 

ii. If at time zero a measurement of A yields the value a,, what is the probability 
of measuring a; at time t? What about the probability of measuring a2? And 
what is the sum of these two probabilities? 

Solution i. The operator A has an eigenvalues ay = 5 and az = —5 with a 
normalized eigenvectors 


1 


wi) = We 


: 2 fi 
(2il) +12) — iy) = WE (510 E 2). 


ii. At time zero, the system collapses to |W), and thus, the state at time t is 
jw(t)) = Z (—2i| 1) + [2)e~**). The probability of measuring a; at time t is 
therefore 


1 
PO = hly)? = zz [17 + 8cos(wt)], 


while the probability of measuring ap is 


8 
PA = lye)? = 5g [I — cos(wr)]. 


The sum P,(t) + Pa(t) correctly equals 1. 
2. A two-level system is described by a Hamiltonian represented by the matrix 


—€0 
x ~ ( ) ; 
0 e€ 
with e > 0, and it is in the ground energy state. 
i. What is the mean (average) energy? 
At a certain instant, an observable Z is measured, represented by the matrix 
0 
Z=( 5 
z* 0 
ii. After this measurement, what is the probability of measuring energy —e? 


iii. And what is the probability of measuring energy €? 
iv. And what is the mean (average) energy? 


} with z being a complex number, and the result is found to be Izl. 
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iv. Determine the change in the mean energy value due to the measurement of 
the observable Z. 


Solution The eigenvectors of H are ( 0) with eigenvalue —e€ and o with 


. : Z/ 17 ; : 
eigenvalue €. The eigenvectors of Z are Na ( l ) with eigenvalue |zl and 
v2 1 
or —€ after measuring Z is 1/2, and it is independent of time. The mean energy 
is zero, and since it was equal to —e before the measurement of Z, we conclude 
that its change is equal to e. 


Lgr 
L ( "fal ) with eigenvalue —|z|. Therefore, the probability of measuring € 


. A two-level system is described by the following time-dependent Hamiltonian 


_ | -aho3 t<T 
HO = | Sho t>T' 


If at time zero, a measurement of cı yields the value 1 with certainty, what must 
be the value of 8 so that a measurement of o2 at time t = 2T yields —1 with 
certainty? 


Solution At time zero the wave function of the particle is (0) = + ( | For 


times t > T we have 


e`ioTHibU-T) / ria 2180-1) 
yt) = — ( ) 


v2 l 
So that at time t = 2T we have probability 1 of measuring —1 along the y axis 


it must be Y (2T) = S ( |) with @ an arbitrary phase. It is then immediate to 


1 
obtain that 8 = a+ FF. 
Consider a quantum two-level system. In a certain basis, the representation of 
three operators A, B, and C is as follows: 


1 2/2 10 0 -i 
a= (as 3 ) i a) : c=] a 

Knowing that: 

(1) The probability of measuring the observable A and obtaining the value — 1 
Pan 
is 5 

2 
(2) The probability of measuring the observable B and obtaining the value 1 is H 


(3) The average value of the observable C is 5 

Determine the two-component vector representing the state of the system in the 
given basis. 

Solution The matrix A has eigenvalues a, = 5 and ay = —1. The corresponding 
normalized eigenvectors are: 
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sa aC) 


From point (1), we deduce that the vector describing the system must have the 
following structure: 


aa i JA 14+ V2e’ 
rayon RCR) 


where the phase ġ needs to be determined using points (2) and (3). From point 
(2), we have 


ae we 1+ /2e!0 re 2 eee 
P(B = —1) = |(1, 0) - v| sla. 0) - (CR id | =a tz cso= 5 
from which it follows that cos ¢ = F and therefore, ġ = 4. To determine the 


sign of ọ we use the last point. The expectation value m ie observable C is 
given by: 


icy = -iġ -id P EENET oo gga 
viCv = g0 HV, V2- e (| Jaa T T= 


We conclude that ¢ = — 3. 
5. Consider a quantum system with three levels. In a certain basis, the representation 
of three operators H, Â, Ê is as follows: 


01 0 0-1 0 10 0 
H=|10 0 , A= Ji O -i , B= {00 0 (2.44) 
00-1 0i 0 00-1 


Determine the three-component vector representing the state of the system, 
knowing that: 

(1) The system is in an eigenstate of the Hamiltonian operator Â with energy 
=J; 

(2) The expectation value of the operator A in this state is —2, 

(3) The expectation value of the operator Ê in this state is zero. 

Solution The matrix H is block diagonal, and its eigenvalues are €; = 1 and 
e2 = —1 from the upper 2 x 2 block, and e3 = —1 = e2 from the lower 1 x 1 
block. Therefore, the eigenvalue —1 has a degeneracy of two. The respective 
eigenvectors are: 


1 
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From information (1), we know that the state of the system Y can be written as 
a generic linear combination (normalized) of eigenvectors with eigenvalue —1, 
and therefore as y= = aw + bey, with a, b, and @ as real constants to be 
determined. 

From information (2) we know that 


0-i 0 i 
a 2 
be) i 0 -i 4 | ~~ J/2absing = —=. 
(a v2 0i 0} Voa 3 


From information (3) we further know that 


(5 K be) ; 3 a Cae 
v2! EA 00-1) \ pels 2 

Using this last relationship together with the normalization condition, we imme- 
diately find a = J} and b = F Substituting these values into the equation for 
the average of Â, we obtain sin ọ = l, and thus ọ = 5. 

We conclude that the sought state is 


. A three-level quantum system is at time t = 0 in the state |w), which, in a certain 


—1 
basis, is represented by the vector Y = A 0 | . The system begins to evolve 
according to the Schrédinger equation with a Hamiltonian H (t) that, in the same 
basis, is represented by the matrix 


0-i 0 
H(t) = Eo [ama —~6(t —T) sin(A)| with A=- ; i > 


Assuming T > 0 

i. Determine the eigenvectors and eigenvalues of H(t) for times 0 < t < T and 
for times T < t. 

ii. Determine the evolved vector a(t) for all times £ > 0. 

iii. Calculate the average energy value YP OEY for all times ¢ > 0. 

iv. Determine how the probability P(t) that a measurement of energy yields a 
null result evolves over time. 
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Solution i. Since (H(t), A] = 0 atall times, the eigenvectors of A are also eigen- 
vectors of H(t). The diagonalization of A immediately provides the eigenvalues 


Ay = —1, ` = 0, à; = 1, and their corresponding eigenvectors 
i ee i! i a 
vy, =-| iv2 , WY = — |0 , wS iSi 
2w v2 A 


Therefore, the eigenvalues of H(t) are 


E, = Eo\, = —Eo Ei = Eol; — sin(5A1)] = 0 
0<t<T>}} E = Eoà = 0 T <t> Ez = Eo{\2 — sin(5A2)] = 0 
E3 = Eo\3 = Eo E3 = EolA3 — sin(4 A3)] =0 


ii. To determine the temporal evolution of the system, it is necessary to express 
the initial state w as a linear combination of v1, V2, V3. To do this, it is straight- 
forward to verify that 

vi + V3 


B 


and therefore the temporal evolution yields 


p = 


iEot/ħ 
iEoT/ħ 


+ vze™iE/h 0O<t<T 
+ vze T/A t>T 


vie 
vie 


1 
vio=x| 


iii. The average value of the energy is 


ey 1 
EQ) = Y OOY = 5(Ei + E3) =0 


for all times. 

iv. To determine the probability P(t) that a measurement of energy yields a null 
result, one must calculate the sum of the squared moduli of the scalar products 
between u(t) and all the eigenvectors of H(t) that at time t have an eigenvalue 


of zero 
vyo =0 0<t<T 
P(t) = 
VOR LOP +OP =]  t>T 
7. The spin operators are represented as S, = Eo, Sy = Bo, and S; = io, , where 
o; are the Pauli matrices. Consider a state described at time t = 0 by the vector 


w(0) = Z ( l } If the temporal evolution is governed by the Hamiltonian 
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3r 
H=20{ 8 <p 
z t > a 


calculate the probability that a measurement o 5. yields the value fhi/2 for a 
generic time t > 0 (consider both the cases t < 3" and t> at), 


Solution For t < z, the vector at time t is given by Y(t) = e725» t/ha (0) = 


ebo . Taking into account that the normalized eigenvectors of oy are 


1 
if! d- ! ith ei lues 1 and —1 ivel h 
Wal A an Z iü WIL elgenva ues ana — respective Y, we nave 


; tl fd al 1 
—iboyt —ibt : ibt : 
eVo — e 5(j)av+e 5 (aan 


Using this result, it is easy to obtain m = 5 E a A ia $ 


fore, the probability that at time t < Æ a measurement of spin along the z axis 
yields ħ/2 is 


). and there- 


aC < =)= = |(1,0)- ow? = xt — sin 2bt) 


For t > Z, the Hamiltonian commutes with the observable $ and therefore, 


the probability no longer depends on time. We then have 


(aE) 


. In a Hilbert space of dimension 5 the representation of the Hamiltonian in a 


certain basis is given by 
1 
H = EoX, X= 5 


with Ey Æ 0. In the same basis the state of the system at time t = 0 is described 
from the vector Wy = (1, 0, 0, 0, 0)" 

i. Determine whether the vector ® = wal 1,1, 1,1, 17 is an eigenvector of H 
and if so, determine its eigenvalue. 

ii. Calculate the vector W(t) = exp[—iHt/h]W, that describes the state of the 
system at time ¢ > 0 (Hint: calculate X?) 
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iii. Use the result of the previous step to calculate the probability of measuring 
energy E = Oat time t > 0 
Solution /t is easy to verify that ® = all, 1,1, 1, 1)? is an eigenvector of H 


with eigenvalue Eo. Following the hint we find X? = X e so X" = X for every 
positive integer n. It follows that 


rs ab (iF ot) y , 1 ( xiBot TTA. —iEot es 
aie = 1+ 7 aes N A aA Aai 


= [a =X4 ew iBur/hx| 


Therefore the state at time t > 0 is described by the vector 


1 4 1 
0 1 -1 e—iEot/h 1 

W(t) = [a — X) + errs | oļ= ie 1 
oļ 5|- 5 i 

0 = 1 


The Hamiltonian all has equal rows, so we have four zero eigenvalues and one 
non-zero eigenvalue. The latter must necessarily be Ey whose eigenvector we 
have established previously to be ®. It follows that the probability of measuring 
Eo at time t is given by 


2 1 
P(Eo,t) = |8" -w| =; 


Therefore the probability of measuring energy E = 0 is equal to 4/5. 

9. A two-level quantum system is described by a Hamiltonian A that, in a certain 
orthonormal basis, is represented by the matrix H. Determine the matrix H given 
that: 

(1) The sum of its eigenvalues is zero, and the energy of the ground state is 

greater than —2E , where Eo > 0; 

(2) H commutes with the Pauli matrix oy; 

(3) The average of H over the state described by the vector Z 
(4) If at time t = 0 the system is in the state described by the vector v, following 
the temporal evolution, the state returns to itself at time t = 3h/Eo. 

Solution The most general matrix representation we can write is a combina- 

tion of the 2 x 2 identity matrix and the three Pauli matrices. From information 

(1), we deduce that the coefficient of the identity matrix must be zero. From 

information (2), it must be the case that H = yoy with y real. The eigenvalues 


1\. fe 
i ) is positive. 


of H are then e+ = +y, with corresponding eigenvectors p, = Na (;) and 


p= 7 e ). From information (3), we deduce that y > 0. 
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Let us now use information (4). The vector v can be written as v = ayp, + 
a_w_. Therefore, the temporal evolution of the state vector is 


v(t) = ape Pap, 4 ae et Pap 
= ape iH Map ap ae ap 


= eB Tara, Hae P]. (2.45) 


Therefore, at time t = 3h/ Eo, the vector v3h/ Eo) is (up to an irrelevant phase 
factor) identical to v if 6y = 2n7 Eo, where n is a positive integer. Remembering 
that the energy of the ground state must be greater than —2Eo, it follows that 
y = TE 9/3. In conclusion, H = Thay. 

In a certain orthonormal basis the Hamiltonian H and the observables A and 
are described by matrices 3 x 3 


00-i 100 
H={o010] , A=[{020]) , B= 
i00 003 


Determine the column vector Y% = (Y1, %2, 3)’ normalized to 1 knowing that 
i. An energy measurement gives result 1 

ii. The probability that a measure of A provides value 2 is equal to 1/3 

iii. The average value of the observable B is equal to 1 

iv. The real part of the ratio w3/w2 is positive, i.e, N[W3/~2] > 0 

Solution The eigenvectors of H with eigenvalue 1 are v = (0,1,0)? and 
w= ali, 0, 1)’. So from the first information we can write b = cos 0 v + 


e? sin 0 w. 

From the second piece of information we have that |(0, 1, 0) - p|? = cos? 0 = 
1/3 and therefore sin? 0 = 2/3. We can therefore write that p = zie’, 
1, ei?)7, 

From the third piece of information we know that w'By = 1. Turns out 
w Bp = 41+ —de*? = 1+ 3(cosd+sing) from which cosġ = 
— sin ¢ follows. Therefore e'? = +e™™™/* and therefore 4 = Fie", 1, 
ter l 

From the last information we have that Riy /p2] = + cos(Tr/4) > 0. Therefore 
we must choose the upper sign. In conclusion pw = goie, Ley. 


In a certain basis the Hamiltonian H of a two-quantum system levels is repre- 
sented by the matrix H. Determine H knowing that: 

(1) The sum of its eigenvalues is 3; 
(2) The average of H on state a = T is 2; 


(3) The energy of the ground state of H is 0; 
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12. 


(4) If at time t = 0 the system is in the state ¢, al time t = fiz/3 the state of the 
system Y(t) is orthogonal to the state € = i Ce) 


Solution The searched matrix can be written in complete generality as 


a ce? 
MS ( ci b ) 


with a,b,c real, c > 0 and 0 < @ < 2m. From information (1) we know that 
a+b = 3, while from information (2) we immediately find that a = 2, from 
2 cei? 
cei? 1 
$3 + J/1 + 4c?). Using information (3) it follows that c = 2. By imposing 
this value the eigenvalues of H are therefore A- = Oand A4 = 3, with respective 


eigenvectors 
2 ( et /./2 lf ery? 
A = — Ay = — 
3 —1 S3: 1 


Using these expressions the temporal evolution of ~ is 


gat) V3 . 


At time t = hr /3 this state is equal to 


1 1 
w(hr/3) = -3 (az) 


which is orthogonal to the state € for ọ = 7. 
2 -/2 
-v2 1 
In a certain basis the Hamiltonian H of a two-level quantum system and an 
observable A are represented by the matrices 


0 —i 01 
f(a): 
In the same basis, determine the column vector W representative of the state of 
the system knowing that 
(1) W'[H, AJW =0; 
(2) the probability that an energy measurement provides value —1 is 


which b = 1 follows. The eigenvalues of the matrix H = are + = 


The searched matrix is therefore H = ( 


1_ v3. 
2 4°? 
(3) the average value of A is b. 
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Solution The searched column vector can be written in complete generalities 


like 
cos 0 
Mee (as sin ») 
with 0 < 0 < m/2 and 0 < @ < 27. From information (1) we find 


w+ f1 0 L ea = 
— 2iv (0 2) ) Y= ~2ic0s20=0, 


from which we can deduce 0 = 7/4. Knowing that the eigenvector of H with 
eigenvalue — 1 is 


from information (2) we find that \' - Y|? = (1 — sing) = $ = y from 
which we can deduce sin @ = V3/2 and therefore ġ = 3 r ġ = im. To under- 
stand which of the two solutions is acceptable we must use information (3), on 


the basis of which YAW = Yt iG : 


choose ¢ = 3. The searched vector is therefore 


ey 
=A eit /3 


13. A quantum system with three levels is described by the Hamiltonian 


Y = cos ọ = 5 , So we are forced to 


3/2 0 i/2 
H=E{ 0 10 
—i/2 03/2 


Find the eigenvalues, their degeneracy, and an orthonormal basis of eigenvectors. 
Solution The Hamiltonian H has eigenvalues E; = 1 with eigenvector @, = 


0 —i 
1 |, E2 = 1 with eigenvector h, = Z 0 |, and E3 = 2 with eigenvector 
0 1 
i 
= (0 


More Exercises 


14. At time t = 0 a two-level system is described by vector Yo = A (F The 


state evolves over time according to the Schrödinger equation with Hamiltonian 
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15. 


16. 


eT iEt/h 
He = VIE ( aen" 0 ) 


i. Calculate the vector %(t) that describes the system at time ¢ (Hint: Look for 
bet 
ii. Calculate the ground state €(t) of H(t). 

iii. Calculate the average value of the observable represented by matrix o2. 

iv. Calculate the probability of measuring at time t the ground state energy of 
H(t). 

In the basis {| R1), |R2)} the Hamiltonian of the molecular ion Hy is described 


by the matrix 
_[{ Eo VCR) 
B= (vim t) 


where Ey = —13.6 eV, R = |R; — R3| is the distance between the two nuclei 
and the function V (R) = Voe~°®-Xew) with Vo = 0.2 eV and Reg is the distance 
between the two nuclei in their equilibrium position. 

i. Calculate the ground state energy of the molecular ion (R = Req) and the energy 
of the ground state of the dissociated ion (R — oo) ed extract the binding energy 
from their difference. 

ii. Write the eigenkets of the Hamiltonian as a linear combination of |R) and 
|R>) for a generic R. 

In a Hilbert space of dimension three it is given the orthonormal basis |1), |2) 
and |3) and two operators A and B whose action on the bases kets is 


t 
solutions of the form a(t) = o ) with a, b, a and £ to be determined). 


All) = 311) — iv/212) + 13) Bil) = +iV2|2) + |3) 
Al2) = iv/2|1) + 2/2) — iv213) |2) = Sa + iV/2)3) 
A|3) = |1) + iV2|2) + 313) B|3) = |1) — iv/212) + |3) 


i. Determine the representation of the operators Â e B in the basis |1), |2) and 
|3). 

ii. Write the operators AeBasA= Xi- i oN and B = ae : cf li) (j| 
choosing appropriately the coefficients cf and cE 


iii. Are the operators Â and Ê Hermitian? 

iv. Calculate the commutator [A, Ê]. 

If possible find a common base |v), |v2) e |v3) of eigenkets of A and B and 
write the representation of the operators in this new basis. 


Chapter 3 A) 
Quantum Particle in One Dimension ga 


In this chapter, we study problems in quantum mechanics for a single particle in one 
dimension. 
3.1 Momentum Operator and Hamiltonian 


In Sect. 1.6 we have seen that the scalar product between a position eigenket |x} and 
a momentum eigenket |p) is given by Eq. (1.128): 


1 ; 
= F, 3.1 
(x|p) ts (3.1) 


The function on the right-hand side of the equation is also called a plane wave. It is 
straightforward to verify that for a plane wave 


—ih 


By (IP) = p(x|p) (3.2) 


Now, let’s consider a general ket |W) describing our particle in one dimension, and 
learn how to calculate (x|p|), where p is the momentum operator with eigenkets 
|p) having eigenvalue p. By inserting the resolution of the identity 


0 


J avisi = f av pipio = -ih f apip) 


Oo 
= Bad (3.3) 


(x| PY) 


The scalar product ¥ (x) = (x|W) is the wave function that we have already encoun- 
tered in Sect. 1.4, whose square modulus provides the probability density of finding 
the electron at position x. 
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The steps just taken can be easily repeated for an arbitrary power of p. In fact, it 
d" 


is straightforward to verify that (—ih)" 75 (x|p) = p” (x|p), and therefore 


72 


z on O 
(x|p" |W) = ih)” 


aa UO) (3.4) 


This means that if we have a function f(p) that can be expanded in a Taylor series 
(n) 
as f(p) = o f © p” then 


R Oo 
(x| f (DIY) = s(- ihz Jro (3.5) 
x 


With these premises, we can tackle many problems in one dimension. If the particle 
is subject to a potential V (x) that depends only on position, then its Lagrangian is 


L= Tmi? — V(x). (3.6) 


The conjugate momentum is then 


p= a mx (3.7) 


from which we find x = p/m. This allows us to obtain the Hamiltonian from the 
Legendre transform 
2 
H = pi- L= & +V(&). (3.8) 
2m 


Therefore, the Schrédinger equation for a particle in one dimension subjected to the 
potential V (x) is written as follows 


A 


mee, r P P 
ihl YO) = A|W(t)) = (= + væ) |W(t)). (3.9) 
t 2m 


In Eq. (3.9), the unknown object to determine is the ket |W(t)). To find it, it 
is often useful to transform the equation into an equation for the wave function 


W(x, t) = (x|W(t)). Clearly, knowing the wave function is equivalent to knowing 
the ket, as |W(t)) = f dx W(x, t)|x). Multiplying Eq. (3.9) by the bra (x| we obtain 


2 2 


2m Ox? 


ino we, t) = ( + væ) W(x, t) (3.10) 


where we use Eq. (3.4) and the fact that (x| V ($) = (x| V (x). 
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A common way to proceed at this point is to find the eigenfunctions Yg (x) = 
(x|E, k) of the Hamiltonian: 


p? h2 62 
amt V® |E,k)=E|E,k) => -577a t VO) | CERO) = Even). 
m 2m Ox 


(3.11) 
Indeed, the set of kets |E, k) forms a basis, and therefore, we can always expand 
|W(t)) on this basis. As seen in Sect. 1.7, the solution is given by 


IY) = J cre tm Ek) => WO) = Voce ee veer) 
Jk „k 
i (3.12) 


where cg (0) = (E, k|W(0)). 

The possible eigenvalues E of the Hamiltonian H= È + V(x) satisfy an impor- 
tant inequality. Let Vmin = min, V (x) be the minimum value of the function V (x). 
Then 

E > Vmin- (3.13) 


The proof of this inequality is straightforward. Let’s assume, for the sake of contra- 


diction, that there exists an eigenket |£o) with energy Eo < Vmin. Without loss of 
generality, we normalize the ket to 1, (Eo| Eo) = 1. We would then have: 


P ^2 
Eo = (Eo|H|Eo) = (Eo|5— |Eo) + (Eol V (8)|Eo) 
2. 
= fare (eon? + f as V(x)|(Eolx)|? 
> f dx V(x)|(Eolx)? = Vai (3.14) 


in contradiction with the original assumption. 

One last important observation. Not all functions that satisfy Eq. (3.11) belong to 
the Hilbert space generated by physical kets. The Hilbert space for the eigenfunctions 
of the Hamiltonian operator is the space of continuous functions such that 


L 

i , 

jim z f ax lee? < o (3.15) 
—L 


So, if for a certain energy E we find a function y(x) that satisfies Eq. (3.11) but p(x) is 
not continuous or does not satisfy the condition in Eq. (3.15), then this function does 
not belong to the Hilbert space and therefore cannot be considered an eigenfunction. 
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3.1.1 Continuity Equation 


An interesting consequence of the Schrödinger equation is the continuity equa- 
tion. Let’s see how to derive it and then discuss its physical significance. Multiply 
Eq. (3.10) on the left by Y* (x, t) 


2 2 
iAW* (x, nan EE E A 


r , a FV OY, OF. (3.16) 


Let’s now take the complex conjugate of this equation 


awe.) R O2W* (x, t) 
Ot ~ m A Ox2 


— ihW(x, t) + V(x)|W(x, D. BID 


Subtracting Eq. (3.17) from Eq. (3.16) and, for brevity, omitting to write the depen- 
dence on x and t, we find 


ow o R? oO o? 
ih | w* w—w* |] = w* ee w* 3.18 
i | a Ot | 2m | Ox T | oan 
The term on the left can be rewritten as inal while the term on the right can be 


rewritten as 


Kaf x OW 


TET z Y ah `]. Dividing everything by if, we then obtain: 


y|? h Y we 
ld 2 Ee a |=0. (3.19) 


Ot 2mi Ox Ox 7 Ox 


Let’s recall that |Y (x, t)|? = P(x, t) is the probability density of finding the particle 
at position x, as discussed in Sect. 1.4. If we define the probability current as 


J&t) = [v ap? =f von | = Lim [vto ee 2] (3.20) 


we see that Eq. (3.19) has exactly the form of a continuity equation 


OP (x,t) i OJ (x,t) = 
Ot Ox 


(3.21) 


The physical meaning of this equation is clear. The probability of finding the particle 
between two points x, and x, is obtained by integrating P(x, t) between x, and xp. 
When we do this, the continuity equation tells us that this probability varies with 
time as follows 


S fax P(x, t) = J (xa, t) — J (Xp, t). (3.22) 


Xa 
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So, if the current entering at x, is not balanced by the current exiting at xp, the 
probability changes over time. Note that if the wave function is purely real, the 
current density is zero. 


3.2 Piecewise Constant Potential 


An important class of potentials for which it is possible to find all eigenfunctions 
analytically is the so-called piecewise constant potentials. They are characterized by 
a certain number of points x; < x2 <--- < xy where they are discontinuous and 
are otherwise constant between two consecutive discontinuity points. So, 


Vo x < xı 
V@a)= V; Xj <X <Xj4+1, j=1,...,N—1 (3.23) 
Vy x > XN 


An example of a piecewise constant potential is illustrated in Fig.3.1 where there 
are only two discontinuity points. We denote the region of the real axis where 
V(x) = V; as Rj, where j = 0,..., N. Thus, Ro = (~œ, x1), Rj = (xj, Xj41) if 
j=1,...,N—1, and Ry = (xy, 00). The set of all regions Rj is obviously the 
real axis itself. 

In the case of a piecewise constant potential, the eigenvalue equation, see 
Eq. (3.11), can be decomposed into N + 1 equations, one for each region. 


R o 
Cii g v) pex) = Epe), xe Rj. (3.24) 


V(x) 


V2 


Vo 


T2 


Fig. 3.1 An example of piecewice constant potential 
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We observe that the eigenvalue E is the same in all regions. At this moment, we 
omit the index k in the eigenfunction since we do not yet know the degeneracy of 
the eigenvalue E. We reintroduce it later if the degeneracy turns out to be greater 
than one. Since V; is constant, i.e., independent of x, the most general solution of 
Eq. (3.24) is 


7 Ajeiui* + Bye i4ix E pa V; 
TO 4 B=V,* 


2m 
qj =y yE — Vj). (3.26) 


We observe that if E > V}, then qj is real, and therefore, in region Rj, the function 
(e(x) is a linear combination of two purely imaginary exponentials. Conversely, if 


E < V;,theng; =1,/ nV; — E) = ik; is imaginary, and in region Rj, the function 
(p(x) is a linear combination of two purely real exponentials if k; > 0, while it is 
a linear function of x if k; = 0. In this case, a distinction is necessary. Indeed, if the 
region in question is region Ro, then for x € Ro, Eq. (3.25) implies 


x eR; (3.25) 


where 


—kox kox 
yr(x) = eae Be Boe — xE Ro. (3.27) 
If the constant Ag (for E < Vo) or the constant Bo (for E = Vo) were nonzero, the 
eigenfunction could not satisfy the property in Eq. (3.15) because for x —> —oo, the 
function g(x) diverges exponentially in the first case and linearly in the second 
case. Therefore, for the solution to belong to the Hilbert space, it is necessary to set 
Ao =0ifE < Vo or Bo = 0if E = Vo: 


_ f Boe E< Vv 
pE(x) = P pa. x € Ro. (3.28) 


Similarly, for x € Ry, Eq. (3.25) implies 


_ | Ane ™* + Bye™"* E < Vy 
pex) = p + Byx Ray, 7€ Ry (3.29) 
and if the constant By were nonzero, the eigenfunction could not satisfy the property 
in Eq. (3.15) as it would diverge exponentially Gf E < Vy) or linearly Gf E = Vy) 
for x — oo. Therefore, for the solution to belong to the Hilbert space, it is necessary 
to set By = 0: 


_ Ane *x* E < Vy 
peg(x) = pe pay x€ Ry. (3.30) 
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The regions R; in which the energy is less than the potential are called classically 
forbidden regions because classically the particle cannot be found in these regions. 
In quantum mechanics, however, there is a non-zero probability, proportional to 
|\pE(x)|?, of finding the particle there. Once again, we notice that the classical limit 
is recovered when A — 0. In this case, indeed, k; — oo, and therefore, the condition 
in Eq. (3.15) imposes A; = Oifx < Oand B; = Oifx > 0. Furthermore, ifx < 0, we 
have Bjeki* — Oas k; — ov, while for x > 0, we have Aje "* —> Oas kj > œ. 
In these regions, therefore, the probability of finding the particle is zero in the A > 0 
limit. 

As mentioned in Sect.3.1, for g(x) to be a valid eigenfunction, in addition to 
satisfying the property in Eq. (3.15), it must also be a continuous function. The func- 
tion yg (x) in Eq. (3.25) is certainly continuous at all points except for the potential 
discontinuity points, namely, xı, . .., xy. To ensure that yg (x) is also continuous at 
those points, one must choose the constants A ; and B; in such a way that they satisfy 


lim p(x; + ©) = lim pz (xj — ©), Yx; (3.31) 


From the Schrödinger equation, we can also deduce a condition on the first derivative 
Pra) = Lpr (x). Integrating Eq. (3.11) between (x; — €) and (x; + €), we find 


xj+e 


ls fa [E —Vix)lve(x). (3.32) 


Pra +e- praj -95-7 


Xj—E 


In the limit e — 0, the integral tends to zero because the integrand is finite for every 
x, and the integration domain tends to zero. Therefore, not only must the function 
itself be continuous, but also its first derivative 


lim praj +e) = lim Pg; e), Vx;. (3.33) 


Using the explicit form of pg(x) in Eq. (3.25), the continuity conditions for the 
function and its derivative allow us to generate a linear and homogeneous system of 
2N equations for the N + 1 unknown constants Ao, ..., Ay and the N + 1 unknown 
constants Bo,..., By, for a total of 2N + 2 unknowns. The coefficients of this linear 
system depend on the energy E through the various qj, as seen in Eq. (3.26). 

Let’s recall that an eigenket, and therefore an eigenfunction, is defined up to a 
multiplicative constant. This simply means that if pg is an eigenfunction with energy 
E, then Cz is also an eigenfunction with energy E for any complex number C. Of 
course, in order to construct a basis, we should only consider linearly independent 
eigenfunctions. Therefore, without loss of generality, we can assign a certain value 
to one of the constants A; or B;. One possible choice could be Ay = 1, but any 
other choice at this level is equally valid. Fixing this constant uniquely determines 
the norm of the eigenfunction. For our purposes, we will refer to this “fixing” as 
the condition on the norm. The condition on the norm is equivalent to adding 
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an additional equation, thus transforming the original homogeneous system of 2N 
equations for 2N + 2 unknowns into a non-homogeneous system (the condition on 
the norm gives rise to a non-zero right-hand side) of 2N + 1 equations for 2N + 2 
unknowns. Let’s discuss the possible solutions. 

To be concrete, let’s consider the potential in Fig. 3.1. In this case, there are N = 2 
discontinuity points, and the value of the potential in region Ry = R3 is greater than 
the value of the potential in region Ro: Vy = V2 > Vo. 


(1) If the energy E > Vz, then E is also greater than Vp since V2 > Vo. In this case, 
we have no constraints on the unknown constants because neither the condition 
in Eq. (3.28) nor the condition in Eq. (3.30) is satisfied. We have a total of 
2N +2 = 6 unknowns: Ao, Bo, Ai, B1, A2, B2, and 2N = 4 equations for the 
continuity of the eigenfunction and its derivative, plus the condition on the norm, 
for a total of 2N + 1 = 5 equations. Therefore, the problem admits two linearly 
independent solutions that define two independent eigenfunctions with energy 
E: yg and g2. In this case, the eigenvalue E is doubly degenerate. One 
way to ensure that we find two orthonormal solutions, and therefore linearly 
independent ones, is to solve the problem by choosing, first, the condition on the 
norm to be Ag = 1 and imposing By = B2 = 0. Then, solve the problem again 
with the condition on the norm to be By = Bz = 1 and imposing Ag = 0. So, 
in the first case, the eigenfunction in regions Rọ and R; takes the form: 


_ in 4 Boe i4* x € Ro 
pea) = | a o (3.34) 


whereas in the second case it takes the form 


Boe 14% x € Ro 


pelt) = | Ace! cate p,* (3.35) 


Now let’s consider the continuity conditions for the function and its derivative. 
The continuity condition for the function at points x; and x2 yields 


Age + Boe 1"! = Aye! + Bye" 
Aye? 4 Bye? = Agel?” + Bye Ie (3.36) 


while the continuity condition for the derivative at points x; and x2 yields 


igo (Age's™! = Boe ‘4*') = iq (Ajin + Bye '*™) 
ig (Aye + Bye 4?) = ign (Azet + Bye”) (3.37) 


To find the eigenfunction yz,1, we simply need to set Ag = 1 and By = 0 and 
use the four equations (3.36) and (3.37) to solve for Bo, A1, B1, A2. To find the 
eigenfunction yg,2, we just need to set Ag = 0 and B2 = 1 and once again use 
the four equations (3.36) and (3.37) to solve for Bo, A1, By, A2. 


3.2 


(2) 
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If the potential had a generic number N of discontinuity points, the procedure 
would be exactly the same. To find two mutually orthonormal solutions, we 
would need to set Ag = | and By = 0 for the eigenfunction yg, ; and Ap = 0 
and By = 1 for the eigenfunction yg... This way, the number of unknowns 
reduces from 2N + 2 to 2N, and we can use the 2N equations for the continuity 
of the function and its derivative to determine them. 

If the value of the potential in region Ro were greater than the value of the poten- 
tial in region Ry,i.e., Vo > Vy, the discussion remains entirely valid, but in that 
case, the energy E must be greater than Vo. 


If the energy is such that Vy = V2 > E > Vo, then, as discussed under Eq. (3.29), 
we must add the additional equation By = B2 = 0 to the system of equations; 
otherwise, the corresponding eigenfunction does not satisfy Eq. (3.15). In this 
case, the condition on the norm is chosen to be Ag = 1, and thus, the eigenfunc- 
tion in regions Ro and R3 takes the form 


eigox + Boe 4% x € Ro 

= 3.38 

pe) eee x €R, ( ) 

We then have only 4 unknowns to determine, namely, Bo, A1, B1, A2. To do 

this, we simply need to use the continuity conditions for the function and its 
derivative, which in this case provide: 


e'40*1 + Boe 1"! = Aye! + Bye 2" 


Aje'@ + Bye 1 = Aree” (3.39) 
and 


igo (e'i _ Bye") = ig (Ae Ba Re) 
iq (Aye? + Bye?) = =k Ape?” (3.40) 


This system of equations admits only one solution, and therefore, there exists 
only one eigenfunction yg with energy E; in other words, the eigenvalue E is 
degenerate only once. 

If the potential had a generic number N of discontinuity points, the procedure 
would be exactly the same. Simply impose the condition on the norm Ap = 1 
and the condition By = 0, which ensures that the eigenfunction belongs to the 
Hilbert space of physical solutions, see again Eq. (3.30). This way, the number 
of unknowns reduces from 2N + 2 to 2N, and we can use the 2N equations for 
the continuity of the function and its derivative to determine them. 

If the value of the potential in region Ro were greater than the value of the 
potential in region Ry, i.e., Vo > Vy, the discussion we just had remains valid 
provided that we exchange region Ro with region Ry. So, if the energy E satisfies 
Vo => E > Vy, the condition on the norm becomes By = 1, while the property 
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in Eq. (3.15) implies that either Ag = Oif E < Vo or Bo = Oif E = Vo, as seen 
again in Eq. (3.28). In any case, the number of unknowns reduces from 2N + 2 
to 2N, and we can use the 2N equations for the continuity of the function and 
its derivative to determine them. 

If the energy E < Vo, as seen in Eq. (3.13), there are no solutions with energy 
E < Vo when Vo = Vmin. However, we could have solutions with energy between 
Vmin and Vo if Vo > Vmin. This is precisely the case for the potential in Fig. 3.1 
because Vp > Vi = Vmin. AS discussed under Eqs. (3.27) and (3.29), for these 
energies, the physical eigenfunctions are characterized by the condition Ag = Oif 
E < Voor Bo = Oif E = Vo for the region Ro and by the condition By = Bz = 0 
in the region Ry = R2. We also need to choose a condition for the norm; for 
example, let’s choose Az = 1. So, in the case of E < Vo, we have Ap = By = 0 
and Az = 1. This leaves us with only 3 unknowns: Bo, A1, B; to satisfy the2N = 
4 equations for the continuity of the function and its derivative. Similarly, if we 
consider the case of E = Vo, we have Bọ = Bp = Oand A> = 1, and we still have 
only 3 unknowns: Ao, A1, Bı to satisfy the2N = 4 equations for the continuity of 
the function and its derivative. Since the number of equations exceeds the number 
of unknowns, there are generally no solutions at these energies unless... one of the 
equations in the system is a linear combination of the others. This could happen 
for some special values of the energy E. The set of special energies for which a 
solution still exists can be either empty (no eigenstates with energy E < Vo) or 
a set consisting of a finite number of energies or a set consisting of a countably 
infinite number of energies. The case of E < Vo represents the first example of 
energy quantization. Unlike the classical case, not all energies between Vinin 
and Vo are possible. Eigenfunctions with energies E < Vo are called bound 
states. The term “bound states” comes from the fact that the eigenfunctions tend 
to zero exponentially as x — oo, and therefore, the probability of finding the 
particle is maximum near the potential well. In other words, the potential well 
tends to bind the particle. 


Let’s see explicitly how to deal with the case of Fig.3.1. For E < Vo, the continuity 


conditions for the function and its derivative yield: 


Boe! = Aye! 4 Bye ia 


Aye? 4 Bye i912 — e-em (3.41) 


and 


ky Boe™! = iqı (Ajet = Bye") 
iqı (Aye — Bye") = =ke (3.42) 


We can represent this system in matrix form as follows: 
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Table 3.1 Mathematical form of the eigenfunctions (last three columns) for different possible ener- 
gies (first column) for a piecewise constant potential with Vy > Vo. The second column indicates 
the degeneracy 


Vy > Vo Degeneracy x € Ro xe Ry xeRj, j#0,N 

Aje4i* + Bye4i* if E > Vj 
Aj + Bjx if E= Vj 

Aje” + Bjekix if E < Vj 


E > Vn 2 eio 4 Ayedn* 
Boe iao 
Boe 19% | AyeiIN* + 
eT qnx 
Vo < E < Vn 1 eio 4 Aye kn* 
Boe '40* 
Vmin < E < Vo | 1 Boeko* eknx 
eko —ein% —e mn 0 
0 e112 emiti Bo e722 
koe™™! —iq in igje 0"! ‘ = 0 (3.43) 
0 iq eit? —igje i 1 —kze™*™ 


This system has a solution only if the determinant of the matrix, obtained by adding 
the coumn vector on the right-hand side of the equality, is zero. In other words: 


ekox ein enn 0 
0 eli eon e7% 
Det saci ao i =0. 3.44 
koe™™! —iq in igie igiX1 0 ( ) 


0 iqen —iq;e 1 —k,e 


The solutions to this equation provide the discrete energies at which bound states 
can exist. 

If the potential has a generic number of N discontinuity points, the procedure 
would be exactly the same. By imposing Ao = 0 for E < Vo or Bo = 0 for E = Vo 
in region Ro, By = 0 in region Ry, and choosing the condition on the norm to 
be, for example, Ay = 1, the number of unknowns reduces from 2N + 2 to2N — 1. 
Therefore, a solution to the system of 2N equations exists only if one of the equations 
can be written as a linear combination of the others. 

In Table 3.1, we summarize what has been discussed so far. This table shows the 


form of the eigenfunctions (last three columns) for different possible energies (first 
column) in various regions, for the case Vy > Vo. 
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3.3 Piecewise Constant Potential with Dirac Deltas 


It is possible to calculate exactly the eigenstates of the Hamiltonian even when we 
add, in some places, Dirac delta functions to a constant potential. The procedure is 
indeed identical to that discussed in the previous section, except for a very small 
difference. Let’s see it. 

We denote by x; < x2 < ---xy the points at which the potential V(x) is discon- 
tinuous or contains a Dirac delta, or both. This means that for x;_; < x < xj+1, the 
potential has the following form: 


Vj-1x% < Xj 
V x>Xxj; 


V(x) = ajde =x) + | (3.45) 


If a; = 0 and V;_; Æ Vj, then at xj, the potential is simply discontinuous, just as 
before. If a; 4 0 and V;_; = Vj, then the potential contains a Dirac delta at xj, and 
its value is the same on both sides of x;. Finally, if a; 4 0 and V;_; Æ Vj, then 
the potential contains a Dirac delta at x; and has different values on the left and 
right sides of xj. In any case, the potential is a constant equal to V; in the region 
R; = (xj, xj+1). Therefore, in the region Rj, the Schrödinger equation is once again 
given by Eq. (3.24), and the most general solution is exactly the same as before 


= Ajeiu* + Bye i4ix E x V; 
vate) =| n, B=V,* 


2m 
qj =y yE — Vj). (3.47) 


To calculate the constants A; and B;, we can proceed in the same way as before, 
except for the fact that we need to modify the continuity condition for the derivative. 
Let us reconsider Eq. (3.32). Regardless of the value of e, we have 


xeER; (3.46) 


where 


xXj+e 
ajo(x — xj) pe(x) = ajpe(xj) (3.48) 
and hence 


: , , 2maj 
imoka to- pea- O1= pee) Vay. B.A) 


If a; = 0, which means in the absence of the Dirac delta, we recover the continuity 
condition for the first derivative. Conversely, we should impose the condition for 
the discontinuity of the first derivative, as given by Eq. (3.49). Since we have N 
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points x;, Eq. (3.49) provides N equations, and we can proceed exactly as before to 
determine the eigenfunctions. 

One final observation. The value yz (x;) of the eigenfunction at x; is unique and 
well-defined because the eigenfunction is continuous. We can express this value using 
either the form of the eigenfunction in R;_; = (xj—1, xj) and then setting x = xj 
or the form of the eigenfunction in R; = (xj, xj+1) and then setting x = x;. The 
continuity condition at x; ensures that the result remains unchanged. 


3.4 Reflection and Transmission Coefficients 


Let us consider a piecewise constant potential with or without Dirac deltas. We have 
seen that for energies E greater than both Vo and Vy, there exist two eigenfunctions 
of energy E, and these eigenfunctions in the regions Ro and Ry take the form in 
Eqs. (3.34) and (3.35). Let us focus on Eq. (3.34), as the same considerations apply 
to the other equation. It is very common to denote the coefficient By with the letter 
R and the coefficient Ay with the letter 7, so: 


igox —igox 

nee ee 3.50) 
As we know, the plane wave e'%* is proportional to the scalar product between a 
position eigenket and a momentum eigenket with an eigenvalue of igo. Therefore, 
we can interpret the state of the electron in region Ro as an electron with momentum 
hqo > 0 moving from left to right and, with a probability proportional to |R|”, being 
reflected as an electron with momentum —/fgo moving from right to left. Similarly, 
we can interpret the state of the electron in region Ry as an electron that, with a prob- 
ability proportional to |T |”, is transmitted into this region with momentum hiqy > 0 
and thus moves from left to right. Due to this physical interpretation, the coeffi- 
cients R and 7 are called the reflection coefficient and transmission coefficient, 
respectively. 

We want to use the continuity equation to derive an exact relationship between 
the reflection and transmission coefficients. Since the eigenfunction does not depend 
on time, it follows that neither the probability density nor the probability current 
depends on time. Furthermore, from Eq. (3.21), we also deduce that J(x) must be 
independent of x. Calculating J in the region Ro, we find 


h 2 
J =—q(1-|RI°), (3.51) 
m 
whereas if J is calculated in region Ry we find 


h 
J= 


m 


qniT I’. (3.52) 
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Equating these two results we obtain the sought relation 


g — IRI) = qn IT? (3.53) 


It is interesting to note that if Vo = Vy, then gg = qy, as seen in Eq. (3.26), and the 
relationship above becomes: 


IR? + (TP? =1 (3.54) 


The physical interpretation of this result is transparent. The probability that an inci- 
dent electron may be reflected, when summed with the probability that it may be 
transmitted, equals 1. A similar reasoning can be applied to the eigenfunction yz 2 
by identifying the reflection coefficient with Ay and the transmission coefficient 
with Bo. 


3.5 Harmonic Potential 


Let us consider a quantum spring with spring constant k, one end attached to the 
origin of coordinates, and the other end connected to a particle of mass m free to 
move along the x-axis. Denoting the position of the particle as / and the rest length of 
the spring as lo, the particle experiences a force given by F(x) = — 4 V(x), where 
the distance x is defined as x = | — lọ, and 


1 
V(x) = ~kx? = gma a? (3.55) 


1 
2 
is the potential energy of the particle. In Eq. (3.55), we define the angular frequency 
w = ft . Therefore, the Hamiltonian of the system is: 


^2 ^2 

à p 1 Ja p MW x5 

H = — +- = ħw — 3.56 
"a Com i) oe 


This Hamiltonian is known as the Hamiltonian of the harmonic oscillator. Just like 
all quadratic forms of the type u? + v? can be written as (u +iv)(u — iv), let us 
try to rewrite the Hamiltonian of the harmonic oscillator using the non-Hermitian 


operators 
7 [mw, . P 
â= ,/—x+i F (3.57a) 
2h 2mhw 
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a;  fmw, . Ê 
fei (3.57b) 
2h 2mhw 


from which it follows that 


at 
p= V2mhw ——, (3.58) 


2 2h a+at 
x =,/— 3 (3.58b) 
mw 2 


Of course, unlike ordinary complex numbers, â and ât do not commute. Remember- 
ing that (sixth postulate) [x, p] = ih, we find 


ia! = Ue, p+ 1p A l 3.59 
[a,a'] ap p|+ ap LP. 1 (3.59) 
Therefore 
a + 8 =] (aa + a'a + aa’ + a‘a) = (a'a + aa’) = Fi, 4 5 
(3.60) 
We can then rewrite the Hamiltonian in the following compact form: 
A pase cid 
H = hw eats (3.61) 


3.5.1 Raising and Lowering Operators 


The operators â and a’ allow us to compute all the eigenstates of Hi from the knowl- 
edge of a single eigenstate. To demonstrate this, we notice that from the commutation 
rule in Eq. (3.59), it follows that 

[âtâ, â] = a"[a, a] + [a", âlâ = —4, (3.62) 


(ata, ât] = a'[4, ât] + (a, ata = ât. (3.63) 


Let |A) be the normalized eigenstates, meaning (A|\) = 1, of a‘ a with an eigenvalue 
A and, therefore, of H with an eigenvalue hw (A + 5): 


a‘a|A) = AIA) => H|A) = hw(A+ DIN. (3.64) 
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Let us try to understand the possible values of À. It turns out that 
tâ âil) = [âtâ, a"]|A) + Aa") = (A + 14" )), (3.65) 


and 
âtââlà) = [âtâ, a]|\) + AGIA) = (à — 14d). (3.66) 


So, the ket @*|) and the ket @|A) are eigenstates of âtâ with eigenvalues À + 1 and 
A — 1, respectively. For this reason, the operator ât is called the raising operator, 
and the operator a is called the lowering operator. Not yet knowing if these kets 


are normalized to unity, we can write: 
a" |) = alà + 1) âlà) = Blà — 1). (3.67) 


Calculating the proportionality coefficients is quickly done 


lay |? = (Alaa A) = (Ala, a4] + at a|A) = 41 (3.68) 
[By = (Ala*a|A) = A (3.69) 

Therefore 
ât) = vVA LA + 1) âlà) = VAJA — 1) (3.70) 


The second of these last two relationships is particularly important. Equation (3.69) 
holds for all eigenvalues A; therefore, all eigenvalues must be non-negative because 
the squared modulus of a complex number, such as |/3\|?, is greater than or equal 
to zero. Let Amin => 0 be the smallest eigenvalue. The second relation in Eq. (3.70) 
tells us that @|Amin) is an eigenket with an eigenvalue of Amin — 1, which is absurd, 
considering that Amin is the smallest eigenvalue. The only way out from this contra- 
diction is for Amin = 0. In this case, indeed, 4|0) = /0| — 1) = |Ø), which means 
the action of â on the ket |0) produces the null ket |Ø), which is not a physical state 
as it has zero norm (the representation of the null ket is, regardless of the basis, a 
vector with all components equal to zero). 

We conclude that the lowest eigenvalue of ât â is zero, and in accordance with the 
introduced notation, we denote the corresponding eigenket as |0). All other eigenkets 
and eigenvalues of aa can be obtained using the raising operator. From the first of 
Eq. (3.70), we have: 


at 
1) = —|0 
It) = 10) 
at (at)? 
2) = —I|1) = 0 
2) = IN) = 10 
at aty3 
3) = “Lj2) = 42 0) (3.71) 
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and more generally 


|0) (3.72) 


where n = 0, 1, 2,3,.... 
The kets |n) are also eigenkets of the Hamiltonian, as it follows from Eq. (3.64), 


A|n) = ħw(n + Dln) (3.73) 


The possible eigenvalues of the Hamiltonian represent the possible measurements 
of energy, and from Eq. (3.73), we see that they do not form a continuous spectrum. 
The harmonic oscillator is the second example of a system where the energy is 
quantized. The ground state of the harmonic oscillator is the ket |0}. It is indeed the 
eigenket with the lowest eigenvalue, which is hw/2 > 0. Classically, the minimum 
energy is obtained when the particle is at rest (zero momentum) at the potential 
minimum (x = 0). As we have seen in Sect. 1.8, such a state is not compatible with 
Heisenberg’s uncertainty principle, as both the position and momentum values would 
be simultaneously known without any uncertainty. The classical result is recovered 
if Planck’s constant were zero, i.e., h = 0. 

We can easily verify that Heisenberg’s uncertainty principle is satisfied for any 
eigenket of Å. Since eigenkets with different energies are orthogonal to each other, 
the mean values of £ and p are zero. Indeed: 


R |2ħ a+at 
(n|x|n) =| — (n| |n) = (3.74) 
mw 2 


— pt 
(n|p|n) = V2mhw (n2 5 ln) = (3.75) 


since G|n) generates a ket proportional to |n — 1) and G@‘|n) generates a ket propor- 
tional to |n + 1). For the squares, we have 


. 2h åp at 2h aat+ata h 1 
(n|¥?|n) = —(n| |n) = (n| |n} = n+ 
mw 2 4 


mw mw 2 
(3.76) 
: â- ât? âât + âtâ 1 
(n|p?|n) = 2mhw(n| | —— ) |n) = 2mhw(n| In) = mhw(n+— 
2i 4 2 
(3.77) 


where it has been taken into account that â? |n) generates a ket proportional to |n — 2), 
and (a@*)?|n) generates a ket proportional to |n + 2). In conclusion, the product of 
the position and momentum variances is given by 
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a 3 1 h? 
(nl&In) (lop In) = Wat sy = T (3.78) 


in accordance with Eq. (1.173). In particular, Heisenberg’s uncertainty principle is 
saturated (i.e., the equality sign holds) only for the ground state n = 0. 


3.5.2 Eigenfunctions and Hermite Polynomials 


In this section, we want to explicitly calculate the form of the eigenfunctions Y, (x) = 
(x|n) of the Hamiltonian, which is the inner product between a position bra and 
an eigenket of the Hamiltonian. This allows us to know the probability density of 
finding the particle at x when it is prepared in an eigenket of the Hamiltonian. From 
a\|0) = |Ø), it follows that 


a mw 
(x|a|O) = (x| oR +i 


= i 


= | ai K W(x) =0 3.79 
= zR” o(x) + a (xX) = 3. ) 


where we use Eq. (3.3). Therefore, the eigenfunction of the ground state satisfies the 
first-order homogeneous differential equation 


; mw 
Wo(x) + z7r =0, (3.80) 

whose solution is a Gaussian Vo(x) = Ce7 wX with width 
xo =,/—. (3.81) 


We can determine the constant C from the normalization (n|n) = 1. We have 


1 = (010) = J axiomo = fanor = A a (3.82) 
MW 


a 


Wo(x) = en E? — eae e (3.83) 


Hence 
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To obtain all the other eigenfunctions of the Hamiltonian, we can use Eq. (3.72). We 


rewrite the operator â* in Eq. (3.57) in terms of the width xo: 


Taking the inner product with the bra (x|, we have 


1 Xop 


Wi (x) = (x|1) = (2/4710) = z$ =a O) 


1 /x d 
= WA (= = ni) Wo(x). 


It is convenient to define the dimensionless variable x = x/xo. Then 


1 smw\!/4 (_ d 2 
WO == (FF) (8-4) 2 


1 (=) a _ 2 
= — | — 2 
J2 \ rh oa 


Knowing ;(x) we can then obtain W(x): 


1 1 x xop 


AA o h 


1 1 B d 
-zzl g)“ 


W(x) = (x|2) = — (xlâ|1) = 


S 
V2 


~ Ja (a) ue 


(3.84) 


(3.85) 


(3.86) 


It is easy to convince oneself that the general structure of the eigenfunctions is 


nw = (H) mne 
ac Jaenal ah ORs 


(3.88) 


where H,,(x) is a polynomial of degree n in x. In particular, H, contains only even 
powers if n is even and only odd powers if n is odd. These polynomials are called 
Hermite polynomials. In addition to the ones we have already found, here are some 


others: 
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Fig. 3.2 The first three eigenfunctions of the harmonic oscillator 


Ho(x) = 1 
Hy, (x) = 2% 

Hy(x) = 4x* —2 

H3(x) = 8x° — 12x 

H4(x) = 16x* — 48x? + 12 

Hs(x) = 32x° — 160x° + 120x 

H(X) = 64x° — 480x* + 720x? — 120. (3.89) 


In Fig. 3.2, we show the behavior of the first three eigenfunctions of the harmonic 
oscillator. It can be observed that if the particle is in the ground state Wo, the prob- 
ability density is maximum at the origin and then decreases as we move away from 
it. The particle in the first excited state has zero probability of being at the origin, 
consistent with the fact that the Hermite polynomial H, is an odd function. More 
generally, the wavefunction of the nth excited state exhibits n nodes, meaning n 
values of x where the probability density is zero. 


3.5.3 Coherent States 


We have shown that the average value of position and momentum is zero if the particle 
is in an eigenstate of the Hamiltonian, see Eqs. (3.74) and (3.75). Furthermore, as 
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discussed below Eq. (1.153), the average value of an operator is time-independent if 
the initial state is an eigenstate of the Hamiltonian. Therefore, the average values of 
position and momentum continue to be zero if the initial state is one of the kets |n). 
However, classically, a particle attached to a spring is described by an oscillatory 
trajectory x(t) = A cos(wt — @) and thus by an oscillating momentum p = mx(t). 
This means that to recover the classical result, the initial state cannot be an eigenstate 
of H. In this section, we find out how the initial state should be prepared so that the 
average values of position and momentum behave as in the classical case. 

Consider the lowering operator â and denote by |®,) one of its eigenkets with 
eigenvalue y, normalized to one: 


âl) =7|®,), (Pb) =1. (3.90) 


Since â is not Hermitian, the eigenvalue y can also be complex. We want to show 
that 7 
|©) = Ce” |0) (3.91) 


where C is a normalization constant that we determine later, and |0) is the eigenket 
with the lowest energy of the harmonic oscillator. The proof is quite simple. We 
define the commutator 


Ôn = (4, (ât)"] (3.92) 


Using the identity [A, BC] = [A, B]C + BA, C] with A = â, Ê = ât, and C = 
(a*)"—!, we can proceed as we did in Eq. (1.119) and find 


A 


Ôn = (D! + ât Ôn = nâ. (3.93) 


So, keeping in mind that â|0) = |Ø), 


alo,) = Cae") = c $` Maatyro) = CY Côn) = oa a‘y""0) 
n=0 n! n=0 k n=O i 
7 yl ood 
= oe py AO) = y2). (3.94) 


To find the normalization constant, we need to impose (®.,|®.,) = 1. Bearing in mind 
Eq. (3.72), we have 


acy = “(a ‘yo =c >> Ja) (3.95) 


n= o” n=0 


Hence 
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Fig. 3.3 Poisson distribution for various values of y 
yyy" nl” 2 by 
(®,|®,) = ICI? D mr (nin’) = ICP D a =|cPeh" (3.96) 
n,n'=0 nin - n=0 ` 


We conclude that |C| = e7 oie , and thus the state |®,) is given by 


he 


|b) =e = e |0) (3.97) 


Varying y in the domain of complex numbers, these states are called coherent states. 
If the particle is in the coherent state |®.), the probability of measuring energy 

En = hu(n + 4) is 

£, 


P(En) = |(n|®,)? = ene OI 


(3.98) 
This probability distribution is known as the Poisson distribution. In Fig. 3.3, the 
values of P(E,,), with n = 0, ..., 30, are shown for three different values of y, and 
as can be seen, it is highest for n ~ y. 


Let us now consider the average value of the position operator. We rewrite 
Eq. (3.58) using the definition of xo in Eq. (3.81) 


R= —(G4+4'). (3.99) 


We have 
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Xo 


Ta (lâle) + (®,14"1@,)) = Z 2Rel(,|4/®,)] 


2 
= V2 xo Re[7] (3.100) 


(@,|x|®,) = 


So, the average value of the position operator is not zero if the particle is described by 
a coherent state. Let us study how the coherent state evolves in time. Without loss of 
generality, assume that |P.) describes the particle at time t = 0, so |Y (0)) = |®,), 
and denote by |Y (t)) the ket describing the particle at time t. Since the Hamiltonian 
is time-independent, Eq. (1.152) holds, and therefore 


ent 3 ut In) 


= 
| 
(e 
>= 
iL 
& 
> 


7 hi oo Ce y . 
=e Te? dayne T |P eir). (3.101) 


n=0 


This result is extremely interesting. It tells us that if the initial state is a coherent state 
described by the complex number y, then the state at time ¢ is still a coherent state 
but it is described by the complex number ye~’. Using Eq. (3.100), we conclude 
that the average value of the position operator at time f is given by 


(W(A)F|VO) = (Pjur F|P eur) = V2 xo Refye™’] (3.102) 


Writing the complex number y in terms of its modulus and phase, y = |y\e!®, we 
find 


(VIIVE) = V2 xoly| cos(wt — $) (3.103) 


The average position behaves as a classical trajectory! The same applies to the average 
value of momentum. To demonstrate this, we can use Ehrenfest’s theorem 


d P Àn Êi i R A 
—(W(t)|X|W(t)) = — (Paler kea |O,) = ~(Y (NILA, HIVO). (3.104) 


dt dt h 
We have 
aa p? a | ae ih, 
Â, 2] = | E +v), i| = Ip, t1=-—p (3.105) 
2m 2m m 
and hence J i 
g LORIO) = zE OIIE E) (3.106) 


just as in the classical case. Note that to obtain Eq. (3.106), we have not assumed 
that the initial state was a coherent state, nor have we assumed that the potential V 
was the potential of the harmonic oscillator. In fact, regardless of the initial state |W) 
and the potential V, Ehrenfest’s theorem implies that 
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d 1 
a (YORIY) = — VOIPI E) (3.107) 
t m 


To complete the characterization of coherent states, we now calculate the wave- 
function ®,(x) = (x|®,) associated with the coherent state. Multiply Eq. (3.90) by 
the bra (x| and write the operator â as the dagger of Eq. (3.84), which means 


gj (< +i) (3.108) 
a = — — t——— E $ 
J/2 Xo h 


Introducing the dimensionless variable x = x /xo as before, we have 


A 1 /_ d 
(x|a|®,) = Va (+ + =) P(x) = y®,(x). (3.109) 


It’s easy to verify that this equation is solved by 
2 = 
P (x) = Ce tHE (3.110) 


with C the normalization constant. Let us split y into a real part yı and an imaginary 
part y2: y = yı + 172. Then, we can write ®,(x) as 


= V2, 2 
2 


P (x) = Cei Fte e (3.111) 


As usual, we fix the constant C by requiring that (®,|®,) = 1. We find 
1 = (@,|®,) = J ixw maio = faxa 
= (CPx f az e7 ËV 20 


= |C Pen rx, (3.112) 


from which it follows that C = e77? / (mxê) 3, In conclusion, 


Fs ī-vVh1)? 
b,x) = — r & ina p- 


i (3.113) 
(mx2)a 


e 


Therefore, the probability density P(x) = |@,(x)|? is a Gaussian with a width of 
xo centered at /2x97. The probability density at time ft is obtained by simply 
replacing y > ye ™ = yje ti? = |y| cos(wt — $) — ily| sin(wt — $), as seen 
in Eq. (3.101). So, at time t, we have qı = |y| cos(wt — @) and y2 = — |y] sin (wt — 
$). This means that the probability density at time ¢ remains a Gaussian with a 
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width of xo, but the center of the Gaussian shifts in time as V2x0l9| cos(wt — ġ). As 
expected, the center of the Gaussian coincides with the mean value of the position 
operator, as shown in Eq. (3.103). Since the probability density changes over time, we 
also expect a nonzero current density J (x, t). In fact, Y, (x) is a complex function, 
and it is easy to verify that J(x, t) is nonzero, and that the continuity equation is 
satisfied. 


3.6 Exercises 


1. Consider a quantum particle of mass m in one dimension subject to a step poten- 
tial V (x) = VO(x). 
i. Write the eigenfunctions yz(x) of energy 0 < E < V in regions x < 0 and 
x>0. 
ii. uppoa that at time t = 0 the particle is described by the wave function 
W(x) = alee (x) + ve, (x)] with energies E; = V and Ey = V/2 (so w(x) 
isa E. ‘conibinalion of two eigenfunctions of the previous point). Write the 
wave function 7(x, t) at time t in regions x < 0 and x > 0. 
iii. The probability current at the generic time ¢ is given by J (x, t) = h ~Im[y* 
(np I a(x, t)]. Calculate J (0, t) (i.e. the value of the current at x = 0). Express 
the result in terms of me V. 
Solution For energies E below V the generic wave function is given by 


eikx ae pik x<0 
pex) = | Tei“ x>0 
with k? = 2mE/h? and q? = 2m(V — E)/h?. By imposing that the wavefunc- 
tion is continuous and with continuous derivative is found R = -2i and 
2ik 
a Soe 


ii. For E = E; = V we find q; = 0 and k? = 2mV/h?, and hence R, = 1 and 
Tp= 2: eg E = E, = V /2 we find k? = q? =mV/R? so R, = -4t and 
Th = — <. The wavefunction at time t is therefore 


1 
V2 
. : Liv : iv 
ikıx + enn) en + + (cits E gtd aier) e` I x 


iii. For x = 0 we can use mie expression of w(x, t) valid for x > 0. We then have 
Lix, t) = q VŽ e ere , So 
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W 
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h iVt 2i iVt h V 
j(,t) = Pa 2e 7 h qa v2 -y = m — Im K pe Lert | 
l—i mV fe 
= 4 cos n sin y 
Vm 2h 2h 


Let the Hamiltonian for a particle in one dimension be given by H= Ë + V(x) 
with 


V(x) = —ad(x) + VA(x), 


with 0(x) the Heaviside step function which is equal to 1 if x > OandOifx < 0. 
i. What are the physical dimemsions of a and V? 

ii. Assuming a > 0 determine the number of bound states as V > 0 is varied. 
iii. Calculate the current density J(x) for the bound states (if they exist). 
Solution i. The physical dimensions of a are [Energy][Length] while those of V 
are [Energy]. 

ii. Since V > 0 the bound state must have energy E < 0. The wave function then 
has the form 


Ae* x <0 
vars P x>0 


withk = \/2m|E|/h? and p = yk? + 2mV /h2. By imposing the continuity con- 
dition we find A = B and by imposing the discontinuity condition of the first 
derivative is found p + k = 2ma/h*. Expressing p in terms of k and solving 
for k we find 


ma V 


Ko 2a’ 


So we have one bound state for V < 2ma*/h? and zero bound states for V > 
2ma? / R. 
Since w(x) is real the current is zero. 


; F „particle of mass m in one dimension is described by the Hamiltonian H= 


+ V(x) where 


Sa 


smu x? x<a 


VOS e x>a 


It is observed that the ground state o oa of the harmonic oscillator 
mux y 

Wo(x) = (22) e" satisfies -È -£ + Vix) Wo(x) = Woa) for x < 

a. 

i. If Vo > e what is the most general function Y(x) that satisfies -Ë Ti + 


VYE) = y(x) for x a? 


ii. For oe value of Vo > = does an energy eigenstate exist at energy hw/2? 
iii. If Vo < fe what is the aot general function w(x) that satisfies [— E x + 


VÆ) = ya) for x > a? 
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iv. In the case r < fe determine the eigenfunction y(x) such that [— ae ia t 
Volp) = # big) Vx. 


Solution i. The required function is w(x) = ce with k = ,/ = 2m (Vy — t) 


ii. For there to be a bound state of energy ™ the functions YWo(x), W(x) and 
their derivatives Y (x), Y (x) must coincide 7 x =a. From Vo(a) = (a) we 


find Ae™ = (muy, e ae while from Yi(a) = w'(a) we find —kAe™ = 


Th 
1/4 ma? 
= (22) i mete mn , Obtaining A from the first and substituting in second we 
find the condition ™* = k = se (Vo — w) from which the required value is 


evident Vo = te + smua’. 


iti. The required function is w(x) = Be + Ce~'® with q = US — Vo) 
iv. Now having two constants B and C there always exists a lanian p(x) of 
energy e, In fact, it is enough to impose the Yo(a) = (a) and Yi (a) = (a) 
and the solution is p(x) = po(x) for x < a and y(x) = W(x) for x > a. For 
the constants B and C we easily find 


1 mwa MWNL/4 _ mu _; 
B=C*=(|--— (=) em e 4 
2 č 2ihq wh 


4. Consider a particle of mass m in one dimension subject to the potential 


œ x <0 
Ot e's x>0 


with a > 0 and b > 0. Once the value of a is fixed, we ask 

i. Determine for which values of b there is at least one bound state. 

ii. There can be two or more bound states? 

Solution The value of the potential for x — œ is zero while for x > —œ is 
oo; therefore we must look for eigenfunctions of energy less than zero. Given the 
structure of the potential, the generic eigenfunction of energy E less than zero 
can be written as 


0 x <0 
w(x) = § Ae + Be’ 0 <x <b 
Ce x>b 


where k = ome | 


> 0. By imposing the continuity condition at x = 0 we find 
immediately a = —B. By imposing the continuity condition in x = b we find 
A(e?*> — 1) = C. Finally, by imposing the condition on the discontinuity of the 
first derivative in x = b is found —Ck — Ak(e7*? + 1) = ee a= C. Substituting 


in this last equation the value of C obtained previously we obtain 
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= tanh(kb) 


2ma _ 


h 


tanh(kb) 


As can be seen from the graph, for there to exist a k such that the two functions 
can be equal, the first derivative at k = 0 of the function on the left must be less 
than the first derivative at k = 0 of the function on the right side of the equation. 
This brings us to the condition sought 


d ek Wd 
= < tanh(kb)|,_9 = b 


dk mma —k a 2ma dk 


So if the delta is too close to the barrier there are no bound states. Furthermore, 
from the graphical solution it is clear that there cannot be more than one bound 
State. 

. Consider a particle of mass m ara by the Hamiltonian of the har- 


monic oscillator H = & + smu %°. The particle is in the coherent state 


ia 


„j2 At 
pa =e Te 14'\0), where |0) is the ground state of Ĥ and the operator 


=3(¢ — iB) with x9 = ree In the case where y = e° with real a 
w 

i. The average value (,|£?|®,) and establish for which values of æ it is maxi- 
mum 

ii. The average value (®, | p’|®,) and establish for which values of a it is max- 
imum 

iii. The product of the variances (57) (7) and establish for which values of a it 
is minimum. Then check the Heisenberg uncertainty principle. 
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Solution Recall that a|®,) = y|) and that (®,|®,) = 1. The result of 
x= 3G +a"), is therefore 


F x2 7 ai Sar a a 3 
(®,|£7|®,) = 5 (lâ? + (at)? + aai + a'a|®,) = x9 aE +-cos(20)| 


Therefore the average value (®, |2? P, .) is maximum for œ = nr with n integer. 
It turns out then p = Wan 4 — "aD. So 


F R aee = Seas E Sain, W273 
(®,|p"|®,) = ——5(®,|a’ + (a) — aa’ — a*a|%,) = = E E cos(20) 
2X9 xô L2 


Therefore the average value (®,| p?|®,) is maximum for a = nT + 7/2 withn 
integer. Being then (®,|£|®,) = 2x cos(a) and (®,|p|®,) = V2Ë sin(a) 
we have 


(62) = GE + cos(20)| — 2x cos 2(a) = =x JE 


5 + cos 2a) — sin? (a) — 2 cos? (| 


2 
20: 


ame) 


a2, R3 > AR EN A 
(p) = => z col a)| — = sin (Q) = = 


3 
-— cos? (a) + sin? (a) —2 sin?(o)| 
xO xó xo L2 


The requested product (ô2) (62) = we is independent of a and saturates the 
Heisenberg uncertainty principle. 

6. Consider a particle of mass m in one dimension subject to the potential 
V(x) = ad(x) witha > 0. 
i. Determine the two degenerate eigenfunctions ~)(x) and w(x) of energy 


E = 05 > 0. 


ii. Consider the wave function y(x) = Flv) + eya (x)]. Calculate the 
phase 8 so that the current J (x) = 2Im[ g(t p(x)] is equal to 55 


Solution i. The degenerate eigenfunctions of energy E = Ik g > 0 are given by 
ekx —ikx —ikx 
+D x<0 Te x<0 
i= (i Te x>0 Pale) = [i +D x >0 
with R = re ZD T= nin and y = pa k It’s easy to verify that |R|? + |T|? = 


ma? 
Qh 


Having the energy to be E = gives k = 75 and so y= 1. 
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ii. Since (p(x) is a linear combination of degenerate eigenfunctions the probabil- 


ity density is independent of time and therefore the current must be independent 
of position. Let’s calculate then the current for x > 0: 


h r A tees : s - : y 
J (x) = —_Im [ix (ner +e 18 (elk + a) (Te Eerie +4 p))] 
2m 
hk -4 
= Speer Ry = sing (3.114) 
m 2h 


Therefore 3 = 1/2 so that J(x) = x. 


. Consider a particle of mass m in one dimension subject to the potential 


Vix) = oe) se |x| > L/2 
C= 2m §(x) if |x| < L/2 


Since the potential is even, the eigenfunctions are either even or odd and in the 
range (—L/2, L/2) they have the form 


. 2 sink(x + L/2), x<0 

ODD ONS! | sink(x —L/2), x>0 
. 2: sink(x + L/2) , x <0 

EVENS; WUE A | —sink(x —L/2), x>0 
Determine the possible values of k in the even and odd cases. 
Solution Jn the case of odd parity, the continuity condition at x = 0 is satis- 
fied for k = 2nr/L, and for such values of k, the discontinuity condition of 
the first derivative is automatically satisfied. A possible choice for n to obtain 
independent eigenfunctions isn = 1,2,3,... 
In the case of even parity, the continuity condition at x = 0 is always satisfied. 
However, the condition of discontinuity of the first derivative leads to 


In this case, independent eigenfunctions are obtained, for example, by taking all 
positive solutions of the above equation for k. 


. Consider a particle of mass m in one dimension described by the wave function 


W(x). Knowing that 
(1) at x = 0 the wave function is real and positive 
(2) the probability density P(x) and the probability current J (x) are given by 


hol e7 lx*/Ll 
mL J1+&/L} 


Pœ) =e H1 4 (x/L)2, Jœ) = 
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i. Determine the wave function. (Hint: Write Y (x) = p(xjei® with p and 0 real 
functions. Remember also that “atan(x) = a) 

ii. For which values of x is the wave function purely imaginary? 

Solution i. Writing the wavefunction as in the hint is found P(x) = p(x)? 
and J(x) = È a(x yoo. We therefore have p(x) = +e7zx/L (1 + G/L. 
To determine the sign of p we observe that at x = 0 the wave function is real 
and positive. Choosing 0(0) = 0 the sign of p must be +. The function 0(x) 
satisfies 


dix) mJ(x) 1l 1 
dx  hP(x) L1+(/L)? 


Integrating both members and remembering that we chose 0(0) = 0 we find 
O(x) = atan(x/L). 
ii. Using the previously determined (x) function the wavefunction is purely 
imaginary only for x — +00. 

9. Consider a particle of mass m in one dimension subject to the potential of two 
infinite wells of the same width a and distant from each other 2b, therefore 


0 if b< |x|<b+a 
oo otherwise 


V(ix)= | 


i. Determine the normalized eigenfunctions and eigenvalues of the Hamiltonian 
ii. Determine the degeneracy of the eigenvalues 

n T is possible to construct an eigenfunction of the Hamiltonian with eigenvalue 
ir > such that the probability of finding the particle in the right well is 1/3? If 
so, determine the eigenfunction, otherwise motivate why it’s not possible. 
Solution i. The eigenvalues E,, of the Hamiltonian are the same as those of a 
single well with infinite walls since the eigenfunctions are those of the single 
well on the right, let’s denote them by 2: o or of the ees well on the left, 
let’s indicate them with eo \(x). So En = „> --. and 


po (ye b<x<b+a 
i = 
0 


otherwise 


2 os, na(x+b) 
= £ sin == -b>x>-b-a 
y£ (x) = hi a 


otherwise 


ii. From point i. it follows that the degeneracy of each eigenvalue E, is equal to 
2. 

iii. The answer is yes. In fact, ony. linear combination of eie ainen with 
n = l, ie. w(x) = ay? (x) + be (x) has energy E, = If the particle 


E. 
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is described by the wavefunction (x) the probability of finding it in the right 
well is equal to 


b+a b+a 
p= f axe = lar f aso oor = a. 
b b 


It is then enough to choose a such that |a| = 1/3. 

A particle of mass m in one dimension is subject to the potential V(x) = ad(x). 
i. Determine the two orthonormal eigenfunctions y; (x) e y2(x) of energy E > 0 
ii. Suppose the particle is described by the wave function w(x) = Ne (Y (x) + 


eo» (x)) where 1 (x) e Y2(x) both have energy E = me Calculate the current 
J(x) = 2 Im[yY* Epa) and express it in terms of a and 0. 
Solution i. The two normalized eigenfunctions of energy E are 


elk 4 Re y =< 0 Te tke x <0 


pix) = ae x>0 (p2(x) = {oi a Rök x > 0 


with k = ./2mE/h* and 


_ hk _ —ima 
~ hk +ima’ ~ Rk +ima 
ii. If the energy E = ma then h?k = ma. The current is independent of x being 


the wavefunctiony (x) an eigenfunction of the Hamiltonian. Evaluating the cur- 
rent for x > 0 we find 


J= E imf (ree 4 ei eiks 4 on Reh Vin (Tels — deik 4 el Reik*) 
m 


ħk : iy 1 —i 
= — Re(e? T* R) = Re ( ei? > = = sind 
m h 1-il+i 2h 


A particle of mass m in one dimension is subject to the potential 


_ jo se |x| > L 
VC oe se |x| < L 
with a > 0. As a varies, find the number of eigenstates of negative energy. 
Solution Jn the interval (—L, L) the negative energy eigenfunctions have the 
form 
Alekath) = e kath)] sex <0 
V(x) = aa Sg OD se x > 0 
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with k real and positive. This form can be easily deduced imposing that V(—L) = 
W(L) = 0. From the continuity condition in x = 0 follows that B = —A; then 
imposing the discontinuity condition of the first derivative it follows that 


h2 
—k = tanh(kL) 
ma 


; ; ; f ; 2 
This equation admits zero solutions (and therefore zero bound states) if a < pas 
h2 


and one solution (and therefore only one bound state) if a > —7. 


A particle is initially in the ground state of the quantum harmonic oscillator 
P? 
described by the Hamiltonian Ĥ = Sm t mi? $? At time t = 0 the Hamiltonian 


suddenly changes and becomes i- að (x) with a > 0. Indicating with 


Sn 
P the probability that at time t > 0 a measurement of Ay gives a negative result 
i. Write P as an integral in which only the ratio À = a appears, being xo = 


R. the typical length associated with the harmonic oscillator. 
mw 


ii. Assuming that À is small calculate P to the third order in À. 
Solution i. The initial wavefunction is 


1 ji h 
Wo(x) = a 7e S, o xo = — 
T Xo mw 


The Hamiltonian H has only one eigenvalue negative Ey = 
the unique bound state that has a wavefunction 


2 ; 
— 5z. relative to 


The required probability is therefore given by P = |co|? with 


CO 
jl |1 n 
o= fax D5 (x) Wo(x) = FAY eA ifer e a 


=00 


= -lel 1222 
= avi j a 


ii. Expanding the integral to second order in X we find 


WR la age e S 
ea OOS a ag 
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Therefore the sought probability to third order in X is to be 
4 
2 3 
= = AA 
Ico| Ta ) 


A quantum particle of mass m in one spatial dimension is subject to potential 


_ JO per L/2<x<L/2 
V&) = l otherwise 


Determine the wavefunction ~(x) that describes the particle knowing that: 

1. An energy measurement will always give a result less than Soh 

2. The probability that the particle is in the ground state is 1/3 

3. The average of the particle’s momentum is (p) = a 

4. The square modulus of the wavefunction at the point x = L/4 is |y(L/4)|? = 
542/3. 

Solution From information 1 we know that the state is a linear combination 


of ġı(x) and ¢2(x), which we can write as W(x) = aġı (x) + bei (x). The 
unknowns a and b are real and positive, while 0 < a < 2r. From information 


2 we immediately find that a = ji while b = T . To determine a we use 
information 3 and 4. In particular it is found that 


ra 
ahw -320| (- ih— L) [wee] 


: T/2 i T/2 
= meal dzcos(z) cos(2z) — e-a f dz sin(z) sin(2z) 
L —r/2 2 


—T/ 


(p) 


from which it can be deduced that sina = 2 Using information 4 we find that 


2 
1 , 2 
IW(L/4)? = pau + Pont 


from which it can be deduced that cosa = 2 Putting together the last two 
pieces of information we conclude that a = 7/4. 


5+4cosa 54272 


3L 3L 


The Hamiltonian of a particle of mass m in one dimension is given by H= a + 
V(x), where V(x) = —aô(£)+aô(£ — L) and where a and L are positive. 
Determine the number of bound states of the system. 


Solution The particle is described by the unknown wavefunction as: 
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Ae, x <0 
w(x) = { Be + Ce, O<x<L (3.115) 
De, x>L 


where A, B, C, D and k are constants to be determined. The positive constant 
k is linked to the energy E < 0 of the bound states through the relation k = 
J 2m|E|/h. By imposing the continuity of the wave function in x = O and x = L 
and the discontinuity of its derivative at the same points in virtue of the potentials 
6(x) and 6(x — L) we obtain the system of equations 


A-B-C=0 
Bee — De a0 


2ma 
—-k)A-kB+kC=0 
-kL kL -kL ( 2ma 
kBe “~ — kCe™ — De = +k)=0 
The value of k that determines the energy of the bound states is found requiring 
that the system admits a solution. The equation thus obtained is: 


4,2 
(l-e*") = a (3.116) 


maz’ 


which admits a unique solution other than k = 0 for every a > 0 ed L >Q. 
Therefore there is a unique bound state. 

Consider a one-dimensional quantum harmonic oscillator of mass m e frequency 
w described by the Hamiltonian A with autokets |n). At time t = 0 the system 
is in the unknown state | 7). 


Determine |Y) knowing that: 


(a) An energy measurement will always give a result less than 3w, 
(b) At time t = = we have Blât lyt) = AES 


wW 


(c) (ylââlp) = 1. 


Solution From information 1 we know that the state is a combination linear of 


10), |1), |2). Without losing generality we can write it as 


10) + alt) + a2|2) 


v1 + lail? + la2l? 


Ip) = 


with a1, a2 complex constants to determine. 


From information 2 we obtain that 
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(31a* (Oje E/P + ayy | 1je™i Et + a 2)e iE) 
V1 + lai + lao? 

OO Baha Aio 7 T 

-Sitala VIlao V2 


(3|4"|b@)) = 


from which it follows 
a2 1 


VI+ lalt la 2 


Finally, from information 3 we deduce that 


2 2 
Sanie a EAE 
a'a = 

wie aly) 1+ la|? + la2|? 


From these last two results we can conclude that it must be a, = 0 and az = i. The 
sought state is therefore 


|0) + il2) 
J2 


16. Consider a particle of mass m in one dimension subject to the harmonic potential 
Vx)= smw?x?. At time t = 0 the particle is described by the ket 


IY) = 


|W) = C(|®,) + |,)) 


where |) and |®.) are two coherent states with y = i and y’ = —i. 

i. Determine the normalization constant C 

ii. Calculate the average value of the position operator at time t e comment the 
result in terms of the wavefunction V(x) = (x|W) 

Solution i. A generic coherent state can be written as |®,) = e hh/2 Sar 
Jln). Since y = i and y' = —i we have 


sy iK 
|®,) =e 2 al Joy) =e? >> Tay 


Therefore 


(WW) = cP (2+ (®,|®,) + (®1®,)) = ICP (2+ 2 2 = ) 


1+ e? 


e2 


= |C|?2 


e 


VAFA 


> C= 
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ii. The ket evolved at time t is |Y (t)) = Cot? Byen) + (Pye) ). There- 
fore set as always xo = Jh/(mw) 
22 
(WA)|Z|W(D) = za rw V Relie ~ion] 4 V2xoRef—ie *"] 
+ (Dye-tr|$|® eur) + kem] 

The first two terms in the curly bracket cancel each other out. The third term is 
the complex conjugate of the fourth term. It turns out 

Xo 


v2 


Xo no a4 xo/2 
= ( ie ie”) = —i— cos wt 
/2e2 e 


(Prezio |X| Pye) = ((Pre-ior (âl Pyre) + (Dyer (Â| Prezi) *) 


which is purely imaginary. We conclude that (W(t)|x|W(t)) = 0. This result is 
a consequence of the fact that the wave function at time t, i.e 


W(x) = (xY) = = aif G 2 sin wt ,—(K—-V2 cos wt)? /2 e EaR EN) 
TXA 


is even for every t. 
Consider a particle of mass m constrained to move along the z axis. The particle 
is attached to one end of a spring with elastic constant k and zero rest length, the 
other end of the spring is instead fixed. Furthermore, the particle is subject to the 
force of gravity F = —mg directed along the z axis. Choosing z = 0 to be the 
point of the fixed end of the spring we can write the potral energy of the pan 
cle as V (z) = mgz + $kz?. So the Lagrangian is £ (z, z) = mz? — mgz — $kz?. 
i. Calculate the conjugate momentum p = 0L/ðz. 

ii. Write the Hamiltonian H(z, p) = pz — L(z, Z). 

iii. Using the postulates of quantum mechanics to quantize the problem, find 
eigenkets and eigenvalues of the Hamiltonian. 

iv. How much does the spring constant k have to be for the energy of the ground 
state be zero? 

Solution i. The moment conjugated to z is p = 


ii. The Hamiltonian is H(z, p) = pz — L(z, Zz) = i +mgz+ $kz 

iii. Using the postulates of eal mechanics ie. Hamiltonian becomes the 
P? 

operator H= x +mgz+ ae with [Z, p] = iħ. It is convenient to define 


w= 4/ = Łe rewrite H as H = ae smu (2 + Sy E ne . Introducing oper- 
ators â = JFR ++ 4S) oe and ât = = /#@+ 4) iz we can 
rewrite H = hw(at a +3 — ui, where we exploited [a, â y= = |. Therefore 
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if we define the ket |0) to be the eigenket of a with zero eigenvalue we have 


that the eigenkets of the Hamiltonian are |n) = ay. 2 Jar l0) and their energy is 


En =ħw(n+})- 2S. 

iv. For the ground state energy to be zero it must be Ey = Q and therefore 
— omg y1/3 . — a ( ME)2/3 

w = (=-)'° from which k = m(=-)". 

A system is at time ¢t = 0 in a state |W) which is a linear combination of the 

ground state |0) and of the first excited state |1) of a one-dimensional quantum 

harmonic oscillator of Hamiltonian H, with frequency w and mass m. 

i. Knowing that the average of energy, a and momentum on this state are 


respectively (E) = thw, (x) = 1/2 and (p = —i/2m hw, determine |) in 
terms of |0) and |1). 

ii. For t > 0 the state evolves according to the Hamiltonian H. Determine the 
ee that at the generic time ¢ the state is found in the coherent state 
|) = T rea |0) with real y. 

iii. Explain why this probability can never be 1. 

Solution i. The generic state |W) can be written as |) = a\0) + bet? |1) where 
a and b are real and positive, e —n < 0 < 7. Normalization forces a” + b? = 
1. From the condition (E) = Z ħw follows immediately a? + 3b? = 7/3, which 


together with the normalization condition gives a = WE eb = T To determine 


the phase we must use the other two pieces of information. In parauio from 
that on the position we find ab cos 0 = $ and therefore cos 0 = Fi The solution 


gives 0 = +r /4. To determine the sign of the phase we must use the information 
about the momentum, which gives ab sin 0 = — $ and therefore 0 = —1/4. 
ii. The state evolved at time t is |W(t)) = Wie e13"|0) + 3 eWin/4 et 21) . The 


probability P,(t) that the state |y)(t)) is in the coherent ae |) is given by 
P,(t) = (YID), where 


l v RENER poe zn 
WOI) = (er + fern) (= 5 Zm) 


Therefore the probability is 


Derly 2242 | 
Py(t) =e 3 +37 hig ACOs hi + sin wt) 


iti. The probability P(t) can never be I since the state |y(t)) contains only the 
states |0) and |1), while the coherent state contains all states |n) with amplitudes 
other than zero. 
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More Exercises 


19. 


20. 


21. 


22. 


Consider a particle of mass m in one dimension subject to the potential 


0 O0<x<L 
iGO | oo otherwise 
(potential well with infinite walls). 
i. Determine the eigenfunctions normalized to | and the eigenvalues of the Hamil- 
tonian Ê. 
ii. Denoting with |y,) the orthonormal eigenkets of the Hamiltonian H and 
with E, the respective eigenvalues consider the new Hamiltonian H=H+ 
Alvi) (el + Alp) (yil with i A j. Compute eigenkets and eigenvalues of Hl. 
Consider a particle of mass m in a potential well with infinitely high walls placed 
at x = 0 and x = L. We denote by v(x) and p2(x) the eigenfunctions of the 
Hamiltonian corresponding to the ground state and the first state excited. The 
particle comes initially prepared in the state w(x) = C[y1(x) + iv2(x)] where 
C is a positive real constant. 
i. Determine C so that (x) is normalized to 1 
ii. Determine the wavefunction 7(x, t) at time t 
iii. Indicating with P(x, t) = |~)(x, t)|? the probability density at time ¢ and with 
J(x,th= 2 Imfy* (x, Ave, t)] the current density at time ¢ verify that the 
(x, t) calculated in point ii. satisfies the continuity equation ap + g =0. 
iv. Calculate the probability at time ż of finding the particle between 0 and L /2. 
A particle of mass m is constrained to move in a potential well with jummutely 
high walls in x = 0 and x = L. The particle has an energy less than È 2m ee and at 
a certain instant it is in a state for which the probability of finding it in the right 
half of the well is maximum. 
i. Write the normalized wavefunction of that state and calculate the aforemen- 
tioned probability. 
ii. After how long has the probability of the particle being in the right half 
changed from its maximum to its minimum? 
A particle of mass m is constrained to move in a potential well with infinitely 
high walls placed in x = —L/2 and x = L/2, therefore 


0 |x| < L/2 
oo otherwise 


V(x)= | 


i. Determine the eigenfunctions normalized to 1 and the eigenvalues of the Hamil- 
tonian H. 
ii. At instant t = 0 the particle is described by the wavefunction 


voz | iere Ch ,0) 
0 


otherwise 


106 


23. 


24. 


25. 


26. 


27. 


28. 
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Which energies have non-zero probabilities of being measured? 

iii. Determine the wavefunction at time t. 

A particle of mass m in one dimension is subject to the potential V(x) = 
—Vo9(L — |x|) with Vo > 0 (well with walls of finite hight). Determine the 
number of bound states as a function of Vo and L. 

A particle of mass m in one dimension is subject to the potential 


V(x) = —ad(x + xo) — ad(x — xo) 


with a > 0. Determine the number of bound states as a function of xo, their 
energies and their eigenfunctions. 

A particle in one dimension is subject to the potential V(x) = ad(x) witha > 0. 
i. Determine the reflection coefficient R and transmission coefficient 7 for all 
eigenfunctions and verify that |R|? + |7|? = 1. 

ii. For which energies |R| > |7|? 

A particle of mass m in one dimension is subject to the potential 


oe) x <0 
VO=| Brgy ay eed 


2m 
with À and d positive constants 
i. Determine eigenfunctions (not necessarily normalized to unity) and eigenval- 
ues of the Hamiltonian 
ii. For which eigenvalues of the Hamiltonian do the eigenfunctions not depend 
on À? 
A particle of mass m is constrained to move on a circle of radius R and is not 
subject to any active force. 
i. Using the angle 0 as the degree of freedom, write the Hamiltonian of the sys- 
tem. 
ii. Using Dirac’s postulate calculate the scalar product (6| pg) between an auto- 
bra of the osservable Ô and an autoket | po) of its conjugate moment pg with 
eigenvalue pọ. Owing any wavefunction (|Y) be continuous in 6 determine the 
possible eigenvalues of po. 
iii. Determine the eigenvalues of the Hamiltonian and their degeneracy 
Let |n) be the eigenket of eigenvalue iw(n + 5) of the Hamiltonian of a har- 
monic oscillator. Indicating as usual with £ and p the position operator and the 
momentum operator calculate the following average values 


| pp 


(n£ ĝln), — (n|pX|n), (n£ pln), — (n| pX pln), 


(n|Xpln+1),  (nlp&ln+ 1), (nlkpkln+1), — (n|pxp|n + 1). 
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30. 


31. 


32. 


33. 
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Consider a particle of mass m subjected to the harmonic potential V(x) = 
smux?. Called |n) the eigenkets of the Hamiltonian and å the lowering operator 
Find the constant C so that it is the ket 


C 
W= rra 


is normalized to 1 for each A. 

ii. Calculate the average value of the £ operator on the state |Y). 

Consider a particle of mass m subjected to the potential V(x) = bx? + cx +d 
withb > Oandc, d arbitrary constants. Calculate eigenfunctions and eigenvalues 
of Hamiltonian. 

Let |®,) be the coherent state of a harmonic oscillator, then â|®,) = y| $7). 
Calculate the variances of position and momentum on this state, i.e. (|ô? |®.) 
and (®,,| a, |®,), and verify that the Heisenberg uncertainty principle is satisfied. 
Consider a particle of mass m subjected to the potential V(x) = 5mux? and 
described by the coherent state |®.,) at time t = 0. Indicating with |(r)) the 
state of the particle at time f calculate 

i. The wave function V(x, t) = (x|W(t)) at time t. 

ii. The probability density and the probability current al time t. 

iii. Verify the continuity equation. 

Let |®,) and |y) be two coherent states of the same harmonic oscillator. Com- 
pute (®,|®.,) for y = 1//2 and Y = -1/¥2. 


Chapter 4 A) 
Quantum Particle in Three Dimensions ga 


In this chapter, we address the quantum description of a particle with mass m in three 
dimensions. 


4.1 Momentum Operator and Hamiltonian 


In three dimensions, the ket describing the particle at the pointr = (x, y, z) is denoted 
as |r) = |x yz), while the ket describing the particle with momentum p = (px, Py, Pz) 
is denoted as |p) = |p, pyp-). Sometimes, for notational simplicity, the position 
coordinates (x, y, z) are also denoted as (r1, r2, 73), and the momentum coordinates 
(Px, Py, Pz) are also denoted as (pj, p2, p3). Similarly, we denote by f; the i-th 
component of the position operator and by p; the i-th component of the momentum 
operator. Therefore 


Flr) =rilr), PilP) = PilP)- (4.1) 


As we have already seen in Eqs. (1.130) and (1.134), the scalar product between two 
position eigenkets and two momentum eigenkets is 


(lr) = 6@ — x)6(y — yz — z) = (1 — ri) — 5)6 (73 — r3) (4.2) 


(PIP) = CPx — p)0(Py — P,P: — PL) = lpi — Pi)5(p2 — P)d(p3 — p3) 
(4.3) 
Meanwhile, according to Eq. (1.141), the scalar product between a position eigenket 
and a momentum eigenket is the three-dimensional plane wave. 


1 ype 1 j2 jP22 įp3r3 


"P= Gaye’ pa e e (4.4) 
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From this last equation, it is evident that 


o 
— ihe (CIP) = p: (rip). (4.5) 
Fi 


Let us consider a generic ket |Y) that describes our particle in three dimensions, and 
let us learn how to calculate (r| p;|). By inserting the resolution of the identity in 
the momentum basis, as seen in Eq. (1.135), and setting d*p = dp;dp2dp3, we have 


0 
(rl pil) = f d*p (r|p;|p)(pl¥) = f d°p pi (rlp)(p|¥) = -iiz f d?p (rip) (plY) 


= RT; (4.6) 
Or; 


or in vector form 


(ril Y) ga (el) 
(riplY) = | wlt) | = -iñ | Zar) | =-iavely). 47 
(r| 3| Y) a (rlW) 


The scalar product V(r) = (r|W) is the wave function, already encountered in 
Sect. 1.4, whose square modulus provides the probability density of finding the 
electron at r. 

The steps just taken can be easily repeated for an arbitrary product P; pj Px .... In 
fact, it is straightforward to verify that 


(—ih) Z in) ma ih) = <- (£IP) = Pi Pj Px --- (TIP) (4.8) 
and hence 
(rifi Pj Pe... |) = ( im n im ... V(r). (4.9) 
In particular we have i 
(Iĝ IY) = -r We. (4.10) 
For conservative forces F(r) = —V V (r), the Lagrangian of the system is given 


by 
_m .2 +2 <9 _m +2 
Last +9 PEM T (4.11) 
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and therefore the cojugate momenta are 


a aes (4.12) 
Pi = gp T m . 


Fi 


It follows that the Hamiltonian has the following form 
Pi pP 
H = inj —-L= —+V(r) = —+V(r), 4.13 
d pit 2 am VO = g T VO (4.13) 


where we have defined p? = 2 p The knowledge of the Hamiltonian allows us 
to write the Schrödinger equation for a particle of mass m in three dimensions 


wot a P’ i 
ha YO) = A|W(t)) = ( + v@) |W(r)) (4.14) 
t 2m 


where 


P= bs p. (4.15) 


Note that the potential energy is a function of the position operators 7;: V(t) = 
V (f1, fo, F3) = V (£, ¥, 2). Therefore, any eigenket |r) of the three components of the 
position operator is also an eigenket of V (fF) with eigenvalue V(r) = V (r1, r2, r3) = 
V(x, y, z). We can easily transform the Schrödinger equation into an equation for the 
wave function Y (r, t) = (r|W(t)) by multiplying on the left by the bra (r|. Keeping 
in mind that (r| V (f) = (r|V(r) and using Eq. (4.10) we find 


in ew = ia a V y 4.16 
ha Wr, t) = roe (r)} Y, 0). (4.16) 


The differential operator 


er Z Z æ 
V= = 4.17 
2 OF w Op Oe ooh? 


i 


is known as the Laplacian, and, in fact, it is the scalar product of two gradients, that 
is, V? = V - V, with V = (2, a 2). 

As seen several times before, the knowledge of the eigenfunctions pg (r) = 
(r|E,k) of the Hamiltonian allows us to determine the temporal evolution. These 


satisfy 


p h2 
(FE +e) |E, k) =E\|E,k) => (-v+ ve) PER) = EE, k), 


2m 
(4.18) 
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where, as usual, k is the index used to distinguish eigenfunctions corresponding to 
the same eigenvalue in case the latter is degenerate. The set of eigenfunctions forms 
a basis, so we can expand | (f)) in this basis. In Sect. 1.7, we have shown that the 
solution is given by 


WO) =DocerMet* Ek) => Wt) = Do cexOe** ver) 
E,k E,k 


(4.19) 
where 
cg (0) = (E, k|W(0)). (4.20) 


Note that, similarly to the case of one-dimensional systems, not all functions that 
satisfy Eq. (4.18) belong to the Hilbert space generated by the physical kets. The 
Hilbert space for the eigenfunctions of the Hamiltonian operator is the space of 
continuous functions such that 


L 

: 1 2 

jim Ff axdyas ioc) <a. (4.21) 
LÈ 


So, if for a certain energy E we find a function y(r) that satisfies Eq. (4.18) but y(r) is 
not continuous or does not satisfy the condition in Eq. (4.21), then this function does 
not belong to the Hilbert space and, therefore, cannot be considered an eigenfunction. 


4.2 Virial Theorem 


We want to demonstrate an important result that relates the mean value of the kinetic 
energy T= a and the mean value of the potential energy V = VÊ) fora generic 


eigenket of the Hamiltonian H = Î + V. Consider a generic eigenket |E, k} of Å. 
It follows 


0 = (E — E) (E, k|îi P; |E, k) = (E, k\[Fipj, Â]IE, k) 
a2 


P |iie. (4.22) 


In the last step, we use the fact that the momentum operator commutes with the 
kinetic energy, and the position operator commutes with the potential energy. The 
second commutator is straightforward to calculate and gives 


. ih, 
ri, -— | = —Pi- (4.23) 
2m 
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To calculate the first commutator, we can proceed as follows. Let us consider the 
bracket between two generic kets |y1) and |92): 


teil; Vle = far (Werte) (eI V@le2) = Vlr) yla) 


o o 
= -ih far e ee - i a 


= -ih far giw us ext) = -ih far (our H p2) 
ver 
= inte |e Ign) (4.24) 
ti 
Since this equation is satisfied for any pair of kets |p1) e |p2) we infer that 
PAA 
Jv 4.25 
[Pj ê)] = ðr; ( ) 
Inserting Eqs. (4.23) and (4.25) in Eq. (4.22) we find 
ve 1 PEEN 
(E, k|î; IE, k) = m E KP: PLE, k). (4.26) 


It’s important to emphasize that this identity between average values is satisfied only 
when the average value is taken over one of the eigenkets of H.Ifwe replaced | E, k) 
with a generic ket |W), the identity above would not be satisfied. 

Alright, now z us canna the case where i = j and sum over all three compo- 
nents. We obtain + = Li Pi = = 2T where T is the kinetic energy operator. From this, 
we conclude that | 


(E, k|- VV (®|E, k) = 2(E, KIT IE, k). (4.27) 
This result is known as the virial theorem. The proof presented here in three dimen- 


sions is clearly entirely general, and therefore, the virial theorem can also be applied 
in one or two dimensions. In one dimension, the virial theorem is written as. 


(E, k3 VOLE, k) = 2(E,k|T|E, k). (4.28) 
X 


Let us examine in detail some simple cases. For the one-dimensional harmonic 


oscillator, we have V (x) = smuXx?, and therefore, xWO = = 2V (x). It follows that 


(V) = (fT), (4.29) 


where the average is taken over a generic eigenket of the harmonic oscillator. 


114 4 Quantum Particle in Three Dimensions 


In one dimension, if the particle is subjected to the potential V(x) = Ax”, then 
xO = nV (x), and thus the virial theorem tells us thar 


n(V) = 2(T), (4.30) 


where the average is taken over a generic eigenket of the Hamiltonian H=T +s". 
Now, let us consider an anisotropic harmonic oscillator in three dimensions with 
the potential V(r) = $m (wx? + wy? + wz), We have 


r-VV(r) =x 


EVD pa OVD y (4.31) 


Ox Oy z Oz 


Therefore the relation 
Vat, (4.32) 


is valid in three dimensions as well. As before, the average is taken over a generic 
eigenket of the three-dimensional harmonic oscillator. 

Finally, let’s consider the case of a Coulomb potential V (r) = —Ze?/r where Ze 
is the charge of the nucleus, e is the charge of the electron, and r = yx? + y? + z? 
is the distance of the electron from the nucleus. We have 


OV(r) _ Ze . 
Or, r z 


> r-VV(r) = -V(), (4.33) 


and therefore the virial theorem reads 
a XÔ), (4.34) 


where the average is taken over a generic eigenket of the Hamiltonian H=T-— 
Zef’. 


4.3 Separable Hamiltonians 


Consider the case in which the potential V (r) can be expressed as the sum of three 
functions, one depending solely on x, one depending solely on y, and one depending 
solely on z: 

VE) = Vix) + VO) + Vve). (4.35) 


Solving the eigenvalue problem in three dimensions, namely Eq. (4.18), reduces 
to solving three one-dimensional problems. Let us see how it works. Consider the 
following three one-dimensional eigenvalue problems: 
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Bx a w a a) a) 
zm + VIG) lEn ka) = ElEk) > (zp ga + Vile) Pr ©) = Eg 0 
A 2 42 
Py E h d 
(= + vo) |E2, k2) = E2|E2, k2) > (-= me v0) 92 0) = E p0) 
Pe ‘ Wd 3 E) 
am + O |E3, k3) = E3|E3,k3) = maa F V3 (2) | PF; r Z) = E39 k 2) 
(4.36) 
where , 
pË p = lEn ki)  i=1,2,3 (4.37) 


denotes the eigenfunction of the ith problem with eigenvalue E; and degeneracy 
index k;. The total Hamiltonian can be written as 


` pr p A A a a. 
H=(—4+V8))+(— +00) )+ |= Ha ) = A + A + As. 
2m 2m 2m 
(4.38) 


The operator Â; acts only on the ith degree of freedom. Let us then consider the ket 
|E1, ki; E2, k2; E3, k3) = faerie k E2, kz; E3, k3) 
= f drie) (En, ki) lE», o) (el Es, ko) 


= f PrE u ORORO 439) 


In the first equality, we simply use the completeness relation f d*r|r)(r| = 1. The 
second line “defines” the scalar product between a position eigenket and the ket in the 
left hand side, thus defining the ket itself. In the third line, we simply use Eq. (4.37). 
From the definition, it follows that the ket | E1, k1; E2, k2; E3, k3) describes a particle 
that, along the x direction, is neither in a position eigenstate nor in an eigenstate of 
the conjugate momentum, but is in the k; th eigenstate of A, with eigenvalue E,. The 
same considerations apply to the y and z directions. Therefore, we have 


2 2 
(|Z, ki; Ea, os Es ka) = ( -2L ve Pn een de®, 9) 
i l; 1; 42, K2, £3, 43 Fm dr? iNi PE,,kı VP Ek 2 PE3,ks 3 
L 
= E Oe n DPE ig DPE by (3) 
= E; (r|E1, ki; E2, k2; E3, ks) (4.40) 


Since this equation must hold for all r, we obtain 


Ay | Ey, kı; Eo, ko; E3, ks) = Eil E1, ki; Ex, kz; Es, ks), (4.41) 
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from which it follows that 
ANE, ky; Eo, ko; E3, k3) = (Ey + E2 + E3)|E1, ki; E2, ko; E3, k3). (4.42) 


Thus, the ket in Eq. (4.39) is an eigenket of the total Hamiltonian with an eigenvalue 
of E 1+ Ez +E k 

We observe that regardless of the choice of values for kı, k2, k3, the energy of 
the eigenket is always the same. This implies that the energy E = E; + E2 + E3 
is at least as degenerate as the product of the degeneracies of E1, E2, and E3. The 
reason why the degeneracy of E could be even greater is that there might be different 
values of E1, E2, and E3 with the same sum. For example, let us suppose that 
the eigenvalues E; are all non-degenerate and given by E = nE with nı as a 
non-negative integer. The same holds for Ey = nE and E3 = n3€. Despite the non- 
degenerate eigenvalues E1, E2, and E3} in their respective one-dimensional problems, 
the eigenvalue E = E; + E2 + E3 = (nı + m + n3)E is, in general, degenerate. For 
example, the eigenvalue E = € is three times degenerate because we can obtain it 
by choosing the triplet of integers (71, n2, n3) = (1, 0, 0) or (0, 1, 0) or (0, 0, 1). 

The discussion made so far is not limited to three-dimensional problems. Consider 
a system with M degrees of freedom q),...,qy, and let pı, ..., py denote the 
corresponding conjugate momenta. The Hamiltonian of the system is said to be 
separable if it can be written as 


M 
= 224 (Gi. Bi). (4.43) 


In this case, we can obtain its eigenstates by separately solving M eigenvalue prob- 
lems 
A; (ĝi, Pi)\Ei, ki) = EilEi,ki), i=1,...,M. (4.44) 


Using the same reasoning as before, we have 


A\E,, ki; ...; Em, km) = AiG, PEt, ki; --.; Em, km) 
+ kia 
+ Hu (Gm, Pm)|E1, ki; ...; Em, km) 
= (Ei +---+ Ey)|E1, ki; ...; Em, ku). (4.45) 


To summarize, we have found that if the Hamiltonian is separable, then its eigen- 
functions are the product of the eigenfunctions of the individual subproblems, and 
the eigenvalues are the sum of the eigenvalues of the individual subproblems. 
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4.4 Quantum Particle in an Electromagnetic Field 


In the case of a particle with mass m and charge Q in three dimensions immersed 
in an electromagnetic field, the forces are non-conservative, and the Lagrangian is 
given by Eq. (1.87). We rewrite £ below for convenience 


Lig). 4.) = > Da? — 20+ £ > aA: (4.46) 


If the vector potential A = 0, then we recover the case of the previous section, 
with V = Q¢ being the potential energy associated with the scalar potential ¢. The 
conjugate momenta of the degrees of freedom (q1, q2, g3) = (x, y, z) are 


OL 1 
Pi = pr = mG, + £4, > Gi (v = 2a) f (4.47) 
Ogi c c 


m 


and therefore the Hamiltonian of the particle is 
H=} piġi-£ 


1 Q 1 o Ny 1 Q,\a 
ag ae oe 2 ai) + Od JÈ (e 2a) 2a, 


1 e y 
= zD (r 2 ai) + Of 


i 


: (p? 2a). (p 2a) + Od. (4.48) 


~ 2m c 


Knowing the Hamiltonian we can write the Schrödinger equation 


ine woo) = H|W(t)) = = (®- Lie n) : G Lig, n) + 006o] |W(t)). 
t 2m c c 

(4.49) 
Similarly to the case in the previous section, both the scalar and vector potentials are 
functions of the operators 7;. Therefore, any eigenket |r) of the three components 
of the position operator is also an eigenket of ¢(f, t) with eigenvalue ¢(r, t) = 
O(r1, r2, 73, t) = Ox, y, z, t) and of each component of the vector potential A; (F, t) 
with eigenvalue A;(r, t) = A; (r1, r2, r3, t) = A; (x, y, Z, t). 

As usual, we can transform the Schrödinger equation into an equation for the 
wave function Y (r, t) = (r|¥ (t)) by bracketing on the left by the bra (r|. Keeping 
in mind that (r|ọ(f) = (r|ġ(r) and that (r| A; (f) = (r|A; (r), and always keeping in 
mind Eq. (4.9), we have 
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ih 2 Wr, t) | l ( iiV 2 a, n) : ( iiV 2 vcr, n) + OO(r, n| Wr, t). 
Ot 2m c c 
(4.50) 
Let us manipulate the quantity in square brackets. To avoid overly burdening the 
notation, the dependence on r and ¢ will be understood. This yields. 


( ihV 2a) ( ihV ok ( ihv 2a) ( ih(VW) Lav) 
Cc Cc C Cc 


: : 2 
=Í ney? 4 2 oy ay 4g PRAV = a| v, 
C E C 
(4.51) 
and therefore Eq. (4.50) becomes 
_ oO K 9, ihQ l _, ihQ 2 oa 
i ea ee ave [ov Eao V AtA |v. (4.52) 


4.4.1 Continuity Equation 


From the Schrédinger equation in Eq. (4.52), we can generalize the continuity equa- 
tion of one-dimensional systems derived in Sect. 3.1.1. The idea to obtain this gener- 
alization is very similar to the one-dimensional case. Multiplying Eq. (4.52) by Y*, 
we find 


aw h2 
inw* — ap = Sp — wy 4 —= 


h 2 
WA. VU +] 0+ sew. Ay + 2A? | wl, 
2mc? 


(4.53) 


me 


Taking the complex conjugate of this equation we obtain 


Ow* h2 ih ih 2 
ihw = wrt — yy vy* + Oo- Seiwa A)+ +2 Iw. 
mc 2mc? 


Ot 2m 
(4.54) 


Subtracting this equation to Eq. (4.53) 


Owl? 
ih Ot 


h2 ih 
=-= [vvv E vv? + — $ we < [y*A -VY+ YA- VY* + (V AY? | 
m 


h2 “ 
=- V- [V*VY - VVY ny ty (A|W/?). 


—ihV - uae — UVw*)— 2 awe] j (4.55) 
2mi mc 
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The quantity P(r, t) = |Y (r, t)|? is the probability density of finding an electron in 
r at time ft. The continuity equation 


“Pen +¥ Sr.) =0 (4.56) 


imposes the identification of the probability current with (reintroducing the depen- 
dence on position and time) 


Ja, = wer, HVY, t) — U(r, NVW*(r, 1] — 2 Aq, NIVE, HI. 
(4.57) 


4.4.2 Static Electromagnetic Field 


Among all possible electric and magnetic fields, those independent of time certainly 
play a special role given the experimental feasibility of realizing them. A possible 
choice for the vector potential A (r) to generate a spatially uniform magnetic field B 
is 
es > a TmB (4.58) 
— 2, I —= 2 imn’! m 7n 7 


mn 


with €jmn being the Levi-Civita tensor. In fact, B = V x A(r), and therefore, see 
also Appendix B, 


OA, (Fr) 1 or 1 
Bk = X erji = = -7 > ExjiEimn 5 Bn = T3 X Exji€ijnBn = Yo kn Bn = Bx. 
Fi j j 


i i (4.59) 
Since the vector potential is independent of time, the electric field E is simply given 
by E(r) = —V¢(r). Let us discover what the Schrödinger equation becomes in this 
particular case. Substituting the function A(r) from Eq. (4.58) into the general Hamil- 
tonian of Eq. (4.49) and performing the products, we find! 


' In the derivation of the second line we use, see also Appendix B, 
p-(F x B)= > eijk Pif j Be = — J exjifj Pi Be = —(f x p)-B, 
ijk ijk 
(ê x B) = D0 ekijfiBj Px = — Doe jiki PkBj = -Ô x )-B 
ijk ijk 
ty x B). ê x B) = ye EimnEipghm Bri p Bg = bD (Smp Ong a Sing Onp Fm Bn? p Bg = 7? B? E È i B)? 


imnpq mnpq 
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> Ë Qopa 7 A Q N f 
A = — + — (p-(# x B) + (ê x B)-b) + -— Ê x B): @ x B) + OÔ) 
2m 4mc a 
^2 
-2 -£e f x P)-B+ oa 4 a — Ĉĉ - B)’) + QÔ). (4.60) 


In this equation, a very important operator in quantum mechanics has appeared, 
namely the angular momentum operator f x p. In the next sections, we introduce 
the physical and mathematical framework necessary to deal with this operator. 


4.5 Angular Momentum 


The angular momentum operator is a vector of operators and is defined as in 
classical mechanics 
L=rfxp=-pxrf. (4.61) 


Note that despite the non-commutation of the position operator and the momentum 
operator, the second identity in Eq. (4.61) holds because the vector product only 
contains combinations 7;p; with i # j, and we know that, according to the sixth 
postulate, [7;, p;] = ihd;;. We indeed have 


A A 
AA 


Ly, = YP: - ZPy; Ly = Eps E î Pz; È, = EPpy = Py Px. (4.62) 


It is easy to verify that all three components are Hermitian operators, i.e., Îi = Îi. 
Equations (4.62) can be rewritten in a compact form using the Levi-Civita tensor 


Li = J cijn? Pr (4.63) 
jk 


where, as for the position and momentum operators, we use double notation 
Èx, Ly È, z2) = = (Li, Lo, L3). 

From the commutation rules [7;, p w= ihd; j» it is easy to calculate the commu- 
tation rules between the components of angular momentum. These, unlike the com- 
mutation rules between the components of the position operator, [7;,7;] = 0, and 
between the components of the momentum operator, [);, Pj] = 0, yield a non-zero 
result. In particular 


A A 


[Êx Ls iha; [Ê Ês ihis (Ly, Ês ihi. (4.64) 


Let us prove the first one as an example. The proof for the other two is entirely 
analogous. We have 
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iL Ly] = [$ ô: = 2Py, 2 Px = X pz] 
[9 Dz, ZPx] = [$ pz, x Àz] = [È Py, 2px] + [È Py, 2p] 
= JLP: 2] py + X[Z, Pz\Py 


—ihy py + ihk py 
inL.. (4.65) 


Even the commutation rules in Eq. (4.64) can be rewritten in a compact form using 
the Levi-Civita tensor. In fact 


(Êi, Ll = ih > eib. (4.66) 
k 


Equation (4.66) is telling us that it is not possible to find simultaneous eigenkets of 
the three operators (Ly, L ys Ey) since they do not commute. However, starting from 
them, it is possible to construct an operator that commutes with all three. This is the 
operator angular momentum squared 


=L L= REE =Y E. (4.67) 


We have 


= ih Y eijx(Lile + Ê,Êi). (4.68) 
ik 


Since, under the interchange of i and k, the Levi-Civita tensor is antisymmetric 
while the quantity in parentheses is symmetric, the result of the sum is zero, see 
Appendix B. In conclusion 

[Ê?, Ê] = 0. (4.69) 


Therefore, it is possible to find simultaneous eigenkets of L? and one of the three 
components L;. We follow the convention adopted by many and choose this com- 
ponent to be L,. 


4.6 Simultaneous Eigenkets of L? and Ê z 


Since L? and Ee commute and are Hermitian, they have real eigenvalues and admit 
a common basis of eigenvectors. We write the eigenvalues of L? as h7/(/ + 1) and 
those of L; as fim. Note that the Planck constant has the dimensions of angular 
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momentum, so the unknown quantities /(/ + 1) and m are dimensionless. Currently, 
we cannot say anything about / and m except that they are real numbers. Writing 
the eigenvalue of Ê? as h1(1 + 1) is a convenient choice for the presentation that 
follows. We could have written it as h? ./g, and nothing would have changed, except 
that we would have found less elegant conditions for g than for l. The possible values 
of #7/(1 + 1) and RI would still be the same. 

We can obtain a first condition on / by noting that the eigenvalues of L? cannot be 
negative. Suppose, for the sake of contradiction, that L? has an eigenvalue h?w with 
w < 0, and let |w) be the corresponding normalized eigenket: L?|w) =h?wlw). 
Multiplying this equation by the bra (w| gives 


(w|L?/h?|w) = X (wÊ /R lw) =w <0. (4.70) 


L 


If we now define the kets |v;) = (L i/h)|w), since the operators L ; are Hermitian, we 
have (v;| = (w|(L;/h). Therefore, the inequality in Eq. (4.70) can be rewritten as 


X ulu) = w <0 (4.71) 


i 


which is absurd, as the inner product between a bra and its ket cannot be negative. 
We conclude that w > 0. Any number greater than or equal to zero can be uniquely 
written as /(J + 1) by choosing / > 0. Therefore, from now on, we consider / as a 
non-negative real number. 

Let us also give a name to the simultaneous eigenket of Ê? and L, with eigenvalues 
RIC + 1) and hm, respectively. Since / and m uniquely identify the eigenvalues, we 
call |Z, m) the corresponding normalized eigenket. Therefore 


L|l, m) = PI + DIL, m), L,\l,m) = ħm|l, m), (4.72) 


and 
(lL, m|l, m) = 1. (4.73) 


Now we demonstrate that, for a fixed /, if fim is a possible eigenvalue of Logs then 
him + 1) and A(m — 1) are also eigenvalues of Tee To do this, we construct the 
operators 

£,=1, + if, _ = Ê,- if, =(£,)' (4.74) 


Using the commutation rules in Eq. (4.64) we find 


(L., La] = [Ê L, iby] = ib, iihi = Al ily) = Ala, 
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and 
[£., L] = [Ê +if,, Ê, -if,)=-i[f,,2,])+i£,,£,)=2hL, (4.76 


Very well, let us now define the following ket 


|W) = Lal, m). (4.77) 


Is this ket an eigenket of 177 If so, what is its eigenvalue? Let’s find out. 


P?|Ws) = Ê? Êl, m) = LL, ibp), m) = (Ly ip LI, m) 
= RIU + 1)Lall,m) 
= PIU + 1)| Ws). 


~~ 


(4.78) 


So, |W) is an eigenket of Ê? with the same eigenvalue as the ket |/, m). What about 
Lz? Is |Y+}) also an eigenket of L}? If so, what is its eigenvalue? Let us find out. 
Taking into account the commutation rule in Eq. (4.75), we have 


L.V) = LLsll, m) = (tê, Ê ]+ È i.) ll, m) = (+h E ħmĈÊ ) |L, m) 
= ħ(m + 1)|W4). (4.79) 


Therefore |Y+} is an eigenket of E; with eigenvalue A(m 1). 

Since |W) is a simultaneous eigenket of L? and Ê, with eigenvalues A°I(I + 1) 
and A(m + 1), respectively, we must conclude that this ket is proportional to the ket 
[l,m + 1) 


|W) = Êa ll, m) = Ca|l,m+1). (4.80) 


To determine the normalization constant, we can use the normalization condition in 
Eq. (4.73), which holds for every / and m. We have 


CaP? = (l, m (Êa Êa, m) = (1, mÊ Êa], m). (4.81) 


We now observe that 


Bba = (Èr Fily)L, tily) = ÈZ + ÈZ ilr, Èy] = È- e? Ab, (4.82) 


where, in the last step, we rewrite i? + L as Ê? — Ê and use the first commutation 
rule in Eq. (4.64). Substituting this result into Eq. (4.81), we find 


ICa? = (l, m|L? — £2 F hÈ, m) = [IC + 1) -m Fm] 
=R [I(l +1)—-m(m + 1)]. (4.83) 
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Using this result in Eq. (4.80) we obtain the following important identity 


Lull, m) = AVIC +1)-m(m1)|l,m 1). (4.84) 


Equation (4.83) imposes constraints on the possible values of m and J. Indeed, if 
m > I, the quantity 


l2+1)—m(m +1) <0, (4.85) 
which is impossible since |C,|? > 0. Similarly, if m = —|m| < —l, the quantity 
I+ 1) — mm — 1) =10 + 1) — |m|(m| + 1) < 0, (4.86) 


which is impossible since |C_|* > 0. Therefore, for a fixed /, m must be between —/ 
and l. For m = l, Eq. (4.84) implies that 


Lal) =A/IC+ DIC DIL1+ 1) =|). (4.87) 


So, the action of ÊL, on |L, 1) does not generate another eigenket, which is consistent 
with the fact that m cannot exceed /. Similarly, for m = —/, Eq. (4.84) implies that 


ÊL,- = hVIG +) +11 — Dl, -1-— 1) = |Ø). (4.88) 


So, the action of Z_ on |L, —/) does not generate another eigenket, which is consistent 
with the fact that m cannot be less than —/. Now, if m = —1 is a possible eigenvalue, 
then applying Ê to |Z, —l) generates a ket proportional to |/, —/ + 1), see Eq. (4.84). 
Applying Lis to |, —l + 1) generates a ket proportional to |/, —/ + 2). Continuing 
to apply on we must necessarily arrive at the ket |/, /). Indeed, only in this way can 
the action of Ê, stop, see Eq. (4.88), and thus only in this way can m not exceed l. 
This implies that the difference between / and —/ must necessarily be an integer k: 


k 
I-(-)=U=k > l=5. (4.89) 


We conclude that the possible simultaneous eigenkets of Ê? and Ls are the kets 
|1,m) where / is a half-integer, and m = —1, -1+ 1,...,/ — 1, l. It is important to 
note that to reach this conclusion, we have exclusively used the commutation rules in 
Eq. (4.64) and not the explicit form of the angular momentum operators in Eq. (4.62). 
As we see in the next sections, in the case of the angular momentum operators in 
Eq. (4.62), we are forced to discard some of the possible eigenvalues found. However, 
the reader should keep in mind that there could be other operators that satisfy the 
same commutation rules in Eq. (4.64) but are not related to the angular momentum. 
If these operators exist (and they do exist) we already know the possible form of their 
eigenvalues and eigenkets. 
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4.7 Angular Momentum in Polar Coordinates 


The angular momentum operator is an observable, and like all observables, it acts 
on the Hilbert space H to which the kets describing our particle in three dimensions 
belong. Given a generic ket |Y) € H, we want to learn how to calculate Li|W). 
As done previously with the momentum operator, one possible way to perform this 
calculation is to work in the basis of the position eigenkets. Using Eq. (4.6) and the 
definition of the angular momentum operator Ĉi in Eq. (4.63), we have 


` f) a 
(r|Li IW) = $ egju (rl? Pel W) = “ind eiri g rY) = -ih eiri 5 Wr), 


ik jk jk 
(4.90) 
or, in vector form, 
ð 
: OF — 25 )¥O) 
. (r|L, |) 
ILIY) = | clê, Y) | = -ih | eË -xY | = -ihr x VU. 
(r|L,|¥) : 
c= ¥5,) V(r) 
(4.91) 


The calculation of the quantity on the right-hand side is particularly simple if we 
work in polar coordinates. These coordinates are particularly convenient when the 
potential energy V depends only on the magnitude of the vector r. In such cases, the 
Hamiltonian is invariant under rotations, meaning that H is written in the same way 
whether we use the coordinates x, y, z of our system S or the coordinates x’, y’, z’ 
of a system S’ arbitrarily rotated with respect to S, as |r| = |r’| and V? = V’- V’. 
These types of potentials are called central potentials, and we delve into them later. 

In polar coordinates, every point in space is represented by a vector whose coor- 
dinates are not the dot product of the vector with the Cartesian unit vector triad 
ex, €y, €; but with the polar unit vector triad e,, eg, and ey. The polar unit vectors are 
mutually orthogonal, just like e,, ey, ez, but their direction depends on the chosen 
origin, see Fig.4.1. The radial unit vector e, has the following components in the 
Cartesian coordinate system x, y, Z: 


sin 0 cos 
e = | sinsin | = sin@cos de, + sin 0 sin dey + cos fez. (4.92) 
cos 0 


The unit vector eg can be obtained from the unit vector e, by increasing the angle 0 by 
90°: 6 —> @+ 5. The unit vector eg can be obtained from the unit vector e, by setting 
0 = 5 (the unit vector eç is independent of 0) and then increasing the angle ¢ by 90°: 
b > ọ + 5. Taking into account that sin (0 + 5) = cos 0 and cos (0 + 3) = — sind, 
we have 
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cos 0 cos @ —sing 
eo = | cosdsingd eg = | coso (4.93) 
— sin 0 0 


The convenience of this reference system is that a generic vector r with magnitude 
r can simply be expressed as 
r=re, (4.94) 


Now, let us consider the gradient. In Cartesian coordinates, it is 


V=e,—+e—+e,—. 4.95 
e ey dy €z Oz ( ) 


In polar coordinates, we simply need to replace the unit vectors ex, ey, e; with 
e, €9, €g and then replace the infinitesimal increments Ox, Oy, Oz along the direc- 
tions €x, €y, €; with the infinitesimal increments, which we determine shortly, along 
the directions e,, eg, eg. Let r = re, represent a generic point in space. Following a 
change Or in the magnitude r, a change 00 in the angle 0, and a change O¢ in the 
angle @, the new point, see Fig. 4.1, is located at 


r=r+e,0r+e9r06 + epr sind0¢. (4.96) 


So, the infinitesimal increment along e, is Or, the infinitesimal increment along eg 
is rð, and the infinitesimal increment along eg is r sin 60¢. Therefore, the gradient 
in polar coordinates is written as follows: 


Fig. 4.1 Polar unit vectors 
er, e0, and eg and their 
projections onto the 
Cartesian axes 
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fo) pl ð 4 eg fe) 
Or rô rsin ôg 


V =e, (4.97) 


We are now ready to express the differential operator r x V in polar coordinates. 


We have: 
va o P ep O a es ô 
ee Oa © OF r 00 rsindd¢/)° 


(4.98) 


Using the right-hand rule to evaluate the vector products, we have e, x e, = 0, 
e, X eg = ey and e, x ey = —eg. Hence 


— si 0 cos @ 
a e. ð sin ġ a cos a) 
V =e,— —- ——-— = Eon Osi — —. (4. 
rx Y 8656 — sind OG ss ag \ “°° ser ma 


From this equation, we can easily extract the x, y, and z components to be inserted 
into the vector equation Eq. (4.91). We have 


a . 0 o 

(r|L,|W) = in( sin Pap cotg@ cos 655) Wr), (4.100) 
z : o . ,O 

(r|Ly|W) = —ih (cos ET — cotgô sin 65.) Wr), (4.101) 
A Oo 

(r|L.|W) = -ihg O (4.102) 


The other operator whose action we are interested in evaluating is the operator 
L?. In this case as well, its action on a general ket in Hilbert space simplifies when 
working in polar coordinates. Taking Eq. (4.91) into account, we have: 


(r/£2|W) = (r|L- LIY) = -R° (r x V) - mx V) Yr) 


ð eg O ð eg O 
2 6 . i 0 
an (e 30 sind =) («. 00 sind =) ae) 


=R le, deg O | o? deg 1 O 
= 2: 30 06° 002 °°" 00 sind Od 
eg Jey O ey Oey ð 1 & ) 
wir). (4.103 
ind 06 00 ant Op ap amoag) 109) 


Note that the derivatives of the polar unit vectors are not zero, as they depend on the 
chosen origin point, as observed earlier. Using Eq. (4.93), we can easily calculate 
these derivatives. We obtain: 


0 
— = — | cos? |] =| 0], (4.104) 
0 


128 4 Quantum Particle in Three Dimensions 


de, a [7 sin d — cos @ 
— = — | coso = | —sing |, (4.105) 
Op ð 0 0 
cos 0 cos @ — sin 0 cos 
2e = < cosOsing | = | —sindsing |, (4.106) 
— sin 0 — cos 0 
a a (8 0 cos ġ — cos @ sin ġ 
ah a cosĝsino | = | cosécos@d |, (4.107) 
dd 06 — sin 0 0 
from which we can evaluate the scalar products that appear in Eq. (4.103): 
Oe, Oe deg Oe 
es: ay =0 es: 5 =0 es 5G = — 0088 e- = 
(4.108) 


The majority of the scalar products are therefore zero. Substituting these results into 
Eq. (4.103), we arrive at the final formula 


(r|L2|W) = —h? = + ese + a Wir). (4.109) 
302 30 sin? 6 0¢? 


The results in Eqs. (4.100)—(4.102) and Eq. (4.109) allow us to evaluate the action 
of the angular momentum operator in the basis of position eigenkets. 


4.7.1 Spherical Harmonics 


The purpose of this section is to calculate the eigenfunctions of the angular momen- 
tum, i.e., the bracket (r|/, m). Multiplying Eqs. (4.72) on the left by the bra (r| and 
taking into account the previous results, we have 


IÊ’, m) = —h? (a + cot 2 + ao (rll, m) = RIL + 1)(e|L, m) 
Ma oe oo” apogee ik 
(4.110) 
(r|L,|1,m) = “in l,m) = hm(r|l, m). (4.111) 


Similarly, multiplying Eqs. (4.84) on the left by the bra (r| and taking into account 
the previous results, we have 
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(r|L4|l,m) = (r|Lx +iÊyll, m) 


= —ih [e sin d + i cos or — cotg@(cos ¢ + isin ġ) =| (ril, m) 


= thet? È + cote S| rll, m) = A/IC + 1) —m(m £ 1) (rll, m + 1). 
(4.112) 
From all these equations, we immediately see that the radial coordinate r is a spectator 


variable since only the angles 0 e ¢ appear in the differential operators. Let us look 
for a solution of the form: 


(rll, m) = R)Y¥im(@, $). (4.113) 
Substituting this form of (r|/, m) into Eqs. (4.110), (4.111), and (4.112), the radial 


function R(r) simplifies, and we obtain equations for the functions Y; m(0, @) that 
depend only on the angles: 


A E oy (6,6) =I +. 1)¥im(0,¢), (4.114) 
802 cotg 30 sin? 0 0¢2 I,m\U, = Im, > : 


o 
= igg" @, Q) = MYI m(0, >), (4.115) 


+ etit E ð + + icotg0 z | Yi m(0, ¢) = VIL + 1) — m(m 1) Y; m+1 (0, Q). 


30 
(4.116) 
We observe that if Y; m(0, 9) satisfies these equations, then the function (r|/,m) in 
Eq. (4.113) satisfies Eqs. (4.110), (4.111), and (4.112) for any radial function R. 
This means that there exist infinitely many eigenstates with the same eigenvalues of 
L? and L. in the Hilbert space H of our particle in three dimensions. To distinguish 
them, we can add an additional index R to the ket |/, m), specifying the form of the 
radial function: 
|l, m) — |R,1,m). (4.117) 


The bracket 
(r|R,/,m) = R(r)Yi m(0, $) (4.118) 


yields a radial function characterized by the index R. The most suitable choice of 
radial functions to form an orthonormal basis on which to expand any wave function 
Y (r) depends on the specific problem at hand, and at the moment, it is not of concern 
to us. Therefore, let us assume that we have fixed the radial part of all the brackets 
(r|/, m) and focus on the angular part. In the following we want to find the explicit 
form of the functions Y;,,(@, @), also known as spherical harmonics. 
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The solution to Eq. (4.115) is straightforward since the differential operator does 
not depend on 0, making 0 a spectator variable. Therefore, we seek a solution, as 
already done in Eq. (4.113), that is the product of a function depending on 6 and a 
function depending on ¢: 


Yim, P) = O1,m() fm (Q). (4.119) 


Substituting into Eq. (4.115), we see that the function ©,,,,(0) simplifies, and we 
obtain a differential equation for fmn: 


ð 
-= ig O = Mfm ($), (4.120) 


the most general solution of which is 
Fal) = Bme’, (4.121) 


where B,, is an arbirary complex constant. Note that for f,,(@) to satisfy fm() = 
Jm ($ + 27), a necessary condition for the continuity of the wave function, the index 
m cannot be a half-integer. Therefore, among all the possible eigenvalues of L? and 
L: discussed in Eq. (4.89), we must keep only those for which / is an integer, ensuring 
that m is automatically an integer. The integer m of the spherical harmonics is called 
the azimuthal quantum number. 

Now that we have determined the form of fm, let us move on to determining the 
form of ©; m. For m = l, Eq. (4.116) with the plus sign tells us that: 


él IE + icotg0 — 3 Y, (0, $) = 0. (4.122) 


do 


Substituting the form of Y; ; from Eq. (4.119), taking the derivative with respect to 
@, and simplifying, we obtain a differential equation for the function ©, /(6). 


ð 
E = corgo | ©; (0) = 0. (4.123) 


This equation too can be easily solved. Dividing everything by (sin 0)’, we get 


1 00;,1(0) 10088 @11(8) _ ð (22) =0 (4 124) 


(sin) 06 (sin 0) +! (sin 0)! 
the most general solution of which is 


©; (0) = Aı(sin 6)’, (4.125) 
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where A; is an arbitrary complex constant. In conclusion, the sperical harmonics 
Yı ı(0, p) can be written as 


Y; (0, p) = Ci (sin 0)'e", (4.126) 


where we have defined C; = A; Bı. The constant C; is typically fixed by imposing 
that the integral over solid angle of the square modulus of the spherical harmonic 


equals 1: 
2T T 


fofa sin 0|Y; (0, H? = 1. (4.127) 
0 


0 


From now on, we denote the integral over solid angle in the following way 


2r T 
fag = [ a6 f a0sino. (4.128) 
0 0 


For instance, for l = 0 we find 


fag [¥o,0(8, $)? = Col? 47, (4.129) 
and hence i 
C= (4.130) 
0 JAn 
while for / = 1 we find 
f 8 
fag V1.1, I? = |C}? 2r f a6(sin6y = lor (4.131) 


0 


and hence 


| 3 
Ci =,/—. (4.132) 
8a 


Once Y;; is known, we can generate all the other spherical harmonics using 
Eq. (4.116) with the minus sign. For example, we can generate Y; 9 starting from 
Y,,,. Indeed, by setting m = l = 1 in Eq. (4.116), we find 


ei? E iota | Yı ı(0, 6) = V2 Y1 o(0, 9), (4.133) 


and using the explicit form just obtained for Y; 
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1/3 _. M |3 
= —— — 1 Ki = — Fi SU. 7 
Yi o(0, d) = Va ae (cos 0 + cos Oe ae cos 0 (4.134) 


Once Y; o is known, we can then generate Y} _; using again Eq. (4.116) with the 
minus sign and setting m = 0: 


: ð fa) 
ei E icorgo 5 Yı o(0, ~) = V2 Yı 10, d), (4.135) 


from which it follows that 


1 3 3 
Yı (0, ¢) = Z ae sin 0) = 7a sin 0 e~}? (4.136) 

A final important observation. The normalization to unity of the spherical har- 
monics Y; ; allows us to derive a relationship of orthonormality among all spherical 
harmonics. Indeed, since the kets |/, m) are all orthonormal, we have 


Ôi Ôm mw = (l, m|l', m) = J Prt, mitir, m’) 
[e6] 


= J dr r?°|R(r)|? / dQ Y?n (0, P)Yr m (0, $), (4.137) 


0 


where in the second equality, we use the resolution of the identity in the coordinate 
space. For / = /' and m = m’ = l, the integral over the solid angle is equal to 1, 
and therefore, the radial integral must also be equal to 1: i dr, r*|R(r)?? = 1. 
Substituting this result into Eq. (4.137), we find the sought orthonormality relation 


fag Yia (9, Q)Yr m (0, o) = Ôl t Ôm, m- (4.138) 


4.7.2 Laplacian in Polar Coordinates 


As seen in Eq. (4.16), the Schrödinger equation for a particle in three dimensions 
contains the Laplacian operator. Here, we want to derive the expression of the Lapla- 
cian V? in polar coordinates and demonstrate an important relationship between V? 
and the differential operator representing L?, see Eq. (4.110). From the expression 
of the gradient in polar coordinates, see Eq. (4.97), we have: 


ð 1f 8 ey ð ð 1f ð & ð 
V=V.V=]|e ? $ 
E ae (e055 ET =) lens a (e055 ase: xs) 


(4.139) 
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The calculation we need to perform is very similar to the calculation we have already 
carried out to evaluate the action of Ê? in Eq. (4.103). Since the polar unit vectors 
do not depend on r, their derivative with respect to r is zero. Therefore, using the 
orthogonality between the unit vectors, we obtain a first simplification: 


P 17,9, % 8 ob lfe? 2 8 
arz | Lr 830 sind ð$ rar + 6" sind Od 


a2 iya A 2) (af “ 2). (4.140) 


y2 


aðr? r 00° sind 06) dr r " sind ð¢ sinô ð 


Now let us calculate the derivatives of the radial unit vector with respect to the angles. 
From Eq. (4.92), we have: 


3e. a sin 0 cos @ cos 0 cos @ 
“= —| sinsin | = | cos@sing |, (4.141) 
30 30 cos 6 — sin 0 
de, a sin 0 cos ġ — sin é sing 
= — | sindsind | = | sinécosd |, (4.142) 
db 00 cos 0 0 


from which we can deduce the value of the following scalar products, see Eq. (4.93), 


Oe, de, . 
e ay = l, eg: pon (4.143) 


Again, exploiting the orthogonality of the unit vectors, Eq. (4.140) becomes: 


ee a lg E 
ðr? rör r2\% 00 " sind ad "00 | sind Od 


Z 20 1 Oey O o? des 1 O 
= + eg - e- — —— — 
ðr? rðr r? 00 06 30? 30 sin ðQ 
eg eg 0 ey deg ð 1 o ) 
' f 4.144 
sin? 0¢00 sin?@ O¢ ð¢ i sin? 0 0d? ( ) 


Now, using Eqs. (4.104), (4.105), (4.106), and (4.107) for the angular unit vectors, 
we can easily calculate all other scalar products 
deg 


a 
0, es: =cosd, ey: 3% =0, (4.145) 


aes Be _ 
Od Od 


Rep ag 


and eventually obtain 


ee 28 1/8 a 1 ®& 
2 Za aa 
Wi 9 a (2 + cots) a5 + Ginzo sa) ere 


134 4 Quantum Particle in Three Dimensions 


The differential operator in parentheses coincides precisely with the operator repre- 
senting L?, compare with Eq. (4.110), apart from a factor of —h?. We can then define 
the angular part of the Laplacian as 


v= (5 + cote + an) ; (4.147) 
and rewrite Eq. (4.114) according to 
— Ve Vim, 9) = PII ++ DY m (O, $). (4.148) 
Finally we observe that 
2 20 o1 o? 


= 4.14 
ðr? rðr rør? £ ( a 


and thus, we can rewrite the Laplacian in polar coordinates in a more compact form: 


—r+—vV2. 4.150 
r+ r2 Q ( ) 


4.8 Central Potential 


We consider the Schrödinger equation (4.18), in the case of a central potential V (r) = 
V (r). Taking into account the result in Eq. (4.150), we have 


hr 10? re 
—- vee” 55 Vint) + Vel) = Epl). (4.151) 


This is differential equation for an unknown function that depends on r. We can 
simplify the problem by working in polar coordinates. Let us look for a solution of 
the form 

g(r) = (r|R,1,m) = R)¥im@, $). (4.152) 


Taking into account Eq. (4.148), the equation reduces to a differential equation for 
the sole function R(r): 


R 10°CR WIL +1 

ROY (ENED oyp h RO = ERO). (4.153) 
2mr ðr? 2mr? 

It is interesting to note that we have generated an effective potential 


KIU +1 
van = D Lv) (4.154) 
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given by the sum of the central potential V(r) and the centrifugal potential. This 
result is not surprising at all. In fact, the wavefunction in Eq. (4.152) is an eigenfunc- 
tion of the angular momentum and therefore describes a particle with a well-defined 
angular momentum. Classically, a particle with angular momentum ñl at a distance 
r from the origin has a velocity v = ue and thus a kinetic energy T = my? = cae 
Also classically, the centrifugal potential arises from the kinetic energy. The only dif- 
ference compared to the classical case is that / 2 —> I(l + 1). However, this difference 
is negligible for very large values of /, such as those of macroscopic objects. 

The solutions of Eq. (4.153) provide the eigenfunctions of the initial problem once 
the radial function is multiplied by the spherical harmonic Y; m. Let us then work on 
this equation. Multiplying it by r and defining 


xr) =r RY) (4.155) 


we obtain 


K Ox(r) RI 1) 
2m Or? 2mr2 


+ vin) x(r) = Ex(r). (4.156) 


This equation needs to be solved for all integer values of l, and for each / we find 
a series of eigenvalues E,,; and corresponding eigenfunctions Xn.. Both the eigen- 
values and eigenfunctions depend, of course, on the nature of the central potential 
V (r). In the next section, we consider the case of the Coulomb potential 


4.9 Hydrogen Atom 


Let us consider an electron with charge —e immersed in the potential generated by 
a positive charge Ze located at the origin of the coordinates. The potential energy is 
then the Coulombic one and is given by 


Ze 
V(r) = -—. (4.157) 
r 


Finding the eigenfunctions of Eq. (4.156) with the central potential in Eq. (4.157) 
means finding the eigenfunctions of an electron in a Hydrogen atom when Z = 1, in 
a helium ion when Z = 2, in a lithium dication when Z = 3, etc. We are therefore 
about to solve a problem of utmost importance since atoms are the building blocks 
of matter, and the Hydrogen atom is the simplest among them. 

In the case of the Coulomb potential energy, the effective potential in Eq. (4.154) 
is given by 
Wid +1) Ze 


Vee) = 2mer? r 


(4.158) 
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where we denote the electron’s mass as me. This potential starts from +00 at r = 0, 


Z?etme 
2°I(1+1) < Oat 


r= Wze t+) then begins to increase again while remaining negative, and tends to 
zero asr —> oo. Classically, the electron remains bound if its energy is less than zero. 
Quantum mechanically, if the energy is less than zero, we can have bound states, as 
discussed in Sect. 3.2. We are particularly interested in this occurrence because if the 
theory did not predict bound states, then we would not be able to explain the stability 
of the simplest atom that exists in nature, and all the effort made so far would be in 
vain. We therefore study whether there are solutions with energy E = —|E| < 0. 
We divide Eq. (4.156) by |E]: 


decreases as r increases until it reaches a minimum value Vmin = — 


i? Oyx(r) (ee Ze? 


2m,|E| Or2 2m,|E|r2 2) xr) = =x. (4.159) 


To avoid carrying too many constants with us, we define 


2 2m,|E| = 


k = 72 0 (4.160) 
and the dimensionless coordinate 
p= kr. (4.161) 
Then Eq. (4.159) becomes 
Ox ( 1d +1) zer) 
+ 1 + x = 0. (4.162) 
Op? P |E|p 


For convenience we also define the constant 


Zek 2m Ze? 


= = ; 4.163 
= TE] Rk ee 
and rewrite Eq. (4.162) in terms of a 
o? 1d+1 
x+( 1 P a) yo. (4.164) 
Op? pP p 


We have thus reduced the problem to finding the values of a (and therefore of the 
energy) for which Eq. (4.164) admits a solution x different from zero. Let us begin by 
getting acquainted with this differential equation, studying how the solution behaves 
in the two limiting cases p —> O and p — oo. For p —> 0, the dominant contribution in 
parentheses is that of the centrifugal potential, and we can approximate the equation 
as 

x (+1) 

ae? P 


x=0. (4.165) 
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This is a Euler’s differential equation since if p —> Ap, the equation remains 
unchanged. The solutions to the Euler’s equation are functions of the form x = p°. 
It is straightforward to verify that if 


q(q—1)-1d +1) =0, (4.166) 


and thus if q =l + 1 or q = —l, then x = pf is a solution. Therefore, the most 
general solution as p > 0 is 


x=" + ap", (4.167) 


with a; and az arbitrary constants. Remembering that the radial function is R(r) = 
x/r, see Eq. (4.155), if a) were nonzero, then for small r we would have R(r) = 
ayx~'r—'—|, which diverges at the origin for every / > 0. Divergent functions are not 
continuous; therefore, they do not belong to the Hilbert space and must be discarded. 
We conclude that for small p 


x=apt!. (4.168) 


Now let us consider the other limiting case p —> oo. In this case, the last two terms 
in the parentheses of Eq. (4.164) tend to zero, and the equation can be approximated 
as 


ay 
op —-x=0. (4.169) 
whose most general solution is 
x = bie? + he’. (4.170) 


Again, it is necessary to restrict the generality of this solution because if b; were 
nonzero, the wave function would diverge exponentially, and the condition in 
Eq. (4.21) could not be satisfied. We conclude that for large p 


x= he’. (4.171) 
In light of the asymptotic behaviors just discussed, we look for solutions valid for 
all p having the form 


[0,0] 


[o0] [o0] 
x =e” pt! > Capt =e? >, a = 5 cge P pt, (4.172) 
q=0 q=0 q=0 


where the coefficients c, must be chosen in such a way that x satisfies Eq. (4.164). 
We then substitute the expression from Eq. (4.172) into Eq. (4.164). The calculation 
of the second derivative of x is easily done 
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2 00 2 
ox O” -o a++ 


Cone P 
q p? 
[o0] 
= a (eP ptt! — 2g +1 + Dep + (q +1 Iq + Dept!) 
= eY cp (1 = 2(q + l + 1)p! + q + l + 1)(q +1)p~’) ; (4.173) 


q=0 


As for the second term, we find 


(+1) a z 

( Ti 5 ) ) x=e? Y at (-1-10 + Dp? + ap) 
P P J0 

(4.174) 

Equation (4.164) tells us that the sum of these last two equations must be zero, which 


implies that 


foe) 
cP Drege (1-2 41+ Dp! + @ +l 4 DAD- 1-10 + Dp + ap") 
q=0 


=e X eget [a — 2q tit Dl 
q=0 

+e?) capt! 1g +14 DG@+)-1d +h] =0 (4.175) 
q=0 


In the second sum on the right hand side, the term with g = 0 is zero. We can then 
start the sum from q = 1. Writing the index q of the second sum as q = q’ + 1 so 
that the sum over q’ starts from zero, we find 


> oe l¢g+l+D(qt+)—-ld+)] 

q=1 

= 5 cgp Y +142) HLH). (4.176) 
g'=0 


At this point, renaming the dummy index q’ to q, we see that Eq. (4.175) can be 
rewritten as 


foe) 
eP X ptt! [cegla 2g +14 DI + cgi lg +14 2 +141) IEH II} =O. 
q=0 
(4.177) 
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For this equation to be satisfied, the coefficients of all powers of p must be zero. 
Therefore 


cgl2(q +14+1)-al = caill +l +2)(¢+l+I)—-ld+ 1] 
H=cauild+¢q+DC+1l+¢+)—-ld+1)) 
= cgil¢ + Iq +21 +2)). (4.178) 


We find in this way a recursive relation 


2(q+1+1)-a 


Cgt1 = c 4.179 
a Gig ED) (SEA 
which allows for determining all coefficients in terms of co. Indeed 
20+/+1)-a 20+1)-a 
c1 = co = Co 
(0+ 1)(0 + 21 + 2) 2+ 1) 
201+/+1)-a 2¢+2)-a 2¢+1)-a 
= c= x Co 
A+DA++2+2) 2(21 + 3) 2 + 1) 
(4.180) 


and so on and so forth. Note that except for co, which we can fix later with an 
appropriate normalization, the other coefficients depend on a, which in turn depends 
on the energy E, see Eq. (4.163). So, for each energy E, Eq. (4.179) generates 
coefficients cg (E), which, when inserted into Eq. (4.172), give rise to a function xg 
and therefore to the radial eigenfunction Rg = xg/r. It remains to be seen whether 
we can accept all these solutions or if some of them should be discarded because 
they do not belong to the Hilbert space. One of the conditions for belonging to the 
Hilbert space is that Eq. (4.21) holds. Let us study the behavior of the function x in 
the limit of large p. Let Q > 1 and separate the expansion in Eq. (4.172) into a sum 
from q = 0 tog = Q and another sum from q = Q + 1 tog = œ 


Q o0 
x= S cp Hep Y capt (4.181) 
q=0 q=Q+1 
— m 
P(p) 


where P(p) is a polynomial of degree / + Q + 1. In the limit of large p, the term 
with P(p) is suppressed by the exponential, and therefore 


CO 
lim x = lim etot Y capt. (4.182) 
q=0+1 
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For very large q, the recursive system of Eq. (4.179) can be approximated as cy.) = 


ee We then have 


lim x=c¢ lim e Ppt! = ' 2? pot? ' 23 p2t3 ' =) 
p>% © pro Q  (0+bOQ (0+2(0+DO 
= lim 7? po (Se , oL » (2p) 2+? =) 
29-1 p00 Q *(0+1Q0' (0+2(0410 ` 
co(Q—1)! ge (2p)4 
= -So in e Ppl DD J! 
q=Q 
Q-1 
col- D! gy 2p)?\ coD, , 
= at ini o ale 2 - )- e= Jim, erp t? 
q= 


(4.183) 


So, x diverges exponentially. This means that the radial function R = x/r does not 
belong to the Hilbert space! The only way for x to belong to the Hilbert space is 
that for some q the coefficient cq is zero. In that case, all coefficients c,, with m > q 
would also be zero, and the sum in Eq. (4.172) would terminate at the power p?*!. 
But what conditions must be satisfied for this to happen? From Eq. (4.179), this can 
only occur if æ is an even integer. Let us analyze this fact in detail. Suppose that 


a= 2hn. (4.184) 
In this case, the recursive system for the coefficients c, becomes 


%q+i4+1- 
Gp Ce (4.185) 
(q+ Da +21 +2) 


If the angula moment satisfies 
l+1<n, (4.186) 


we could generate a function y whose last coefficient is the one with q = n — l — 1. 
Conversely, if œ were not an even integer or if/ + 1 were greater than n, the recursive 
system would not terminate, and the function x would diverge exponentially. The 
integer n is called the principal quantum number. 

In summary, the only radial eigenfunctions that belong to the Hilbert space have 


the form 


Xn (r) 
r 


Ra ır) = (4.187) 
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where 


e the principal quantum number n can take all positive integer values: 
MH 1 OO 

e Ata fixed n, the quantum number / of the angular momentum can take values 
1=0,1,...,n-1 

e Xn, is the function in Eq. (4.172) whose coefficients satisfy the recursive system 
of Eq. (4.179) with a = 2n (and therefore all coefficients c, with q > n —1—1 
are Zero). 


The condition on o is, in fact, a condition on the possible energies of the Hamiltonian. 
Indeed, imposing that a = 2n implies, from Eq. (4.163), that only for energies E = 
E,, where 


2mZe —-. 2m. Ze” Ze" 
pya Ae a NAE y A (4.188) 
Rr AVIE, 2n? h? 


the Schrödinger equation admits physical solutions Xn,. The E, are precisely the 
energies of the bound states and are also called the energies of the atomic levels. 
The energy of the ground state is obtained by setting n = 1 and is given by 


meZ’ et 
2h? 


i= 


= =Z? x 13.6eV. (4.189) 


The energies of the bound states E, = E;/n? are all correctly negative and tend to 
accumulate as n increases. Furthermore, as in the case of one-dimensional problems, 
they are quantized. In Fig.4.2, we show the position of the quantized energies (blue 
lines) with respect to the Coulomb potential — Ze/r (orange line). The eigenfunctions 
of the Hamiltonian with eigenvalue E, are, see Eq. (4.152), 


PnJm(0) = Rni(r) Yim, $). (4.190) 
These functions are also called orbitals. Since the integer m can take 2/ + 1 values, 
and/ = 0, 1,...,n — 1, the degeneracy D, of the eigenvalue E, is 
= n(n — 1) 5 
ae E (4.191) 


A note on nomenclature. For small values of the angular momentum /, itis common 
to alternatively refer to orbitals as s if] = 0, p if l = 1, d if l = 2, and f if l =3. 
Therefore, the ground state of the Hydrogen atom is also called the Is state, the 
bound states of the second level are called 2s and 2p states, those of the third level 
are called 3s, 3p, and 3d states, and so on. 

The results obtained in this section are of extraordinary importance. They demon- 
strate that quantum mechanics is capable of explaining one of the greatest myster- 
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Fig. 4.2 Potential energy of T 
a nucleus with charge Ze = z 3 
and position of discrete : 
energy levels (eigenvalues) 
-0.54 Es 
Es 
-1.0 Ł 
Ez 
-1.5b 
—Ze/r 
-2.04 
-2.5 E 1 
=3:6% 


ies of the universe, namely the stability of matter. Before the advent of quantum 
mechanics, it was not possible to explain even the stability of a simple system like 
the Hydrogen atom. Classically, the electron could not orbit indefinitely around the 
nucleus. Being a charged particle, it would radiate light due to its accelerated motion. 
Radiating light, it would lose energy until collapsing onto the nucleus. The quantum 
view of the universe does not use position and momentum to describe particles but 
wavefunctions. And if the electron is in an eigenfunction of the Hamiltonian, then 
the mean values of all observables are independent of time, see the discussion under 
Eq. (1.153). Therefore, everything is stationary, and there can be no radiation. 


4.9.1 Semiclassical Derivation of Hydrogenoid Levels 


Classically, an electron located at a distance r from a nucleus with charge Ze and 
having a speed with a magnitude of v possesses an energy 


1 2 Z e 
E =T +V = -mv — —. (4.192) 
2 r 
In order for the electron to orbit around the nucleus, the Coulomb attractive force 
F, = Ze/r? must be equal to the centrifugal force Fz = mev? /r. From this equality, 
it is immediately deduced that 


m = L, (4.193) 
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which inserted in Eq. (4.192) yields 


E = —-—-—. (4.194) 


Now, let us assume that the angular momentum is quantized, meaning that mevr = 
nh. It follows from Eq. (4.193) that 


Ze 2h22 1 Le 
oe eee 3 baon (4.195) 


mMer m2r? r n2h2 


Substitution in Eq. (4.194) gives 


(4.196) 


which is identical to Eq. (4.188). 


4.9.2 Radial Functions 


We now want to take a closer look at the radial functions of the first atomic levels. 


We have 
n—l—1 


Rair) = Xni (r) =e > ey KITH pat, (4.197) 
r 
q=0 


Note that the coefficients cg depend on n and / since they are determined by the 
recursive system in Eq. (4.185), where both / and n appear. Similarly, the coefficient 
k depends on n as it is expressed in terms of E = E,, thus 


/2m,|En| 2m2Z2?et1  m.Ze Z 
k= = = a (4.198) 
h 2n2h? hh nh? nap 


where we introduce the Bohr radius 


h 
ap = = 0.5 x 10710m. (4.199) 


mee? 


Since « appears in the exponential of the radial function, the Bohr radius gives 
us an estimate of how extended the radial function is. It is also observed that as 
n increases, and consequently, as the energy increases, the quantity « decreases. 
This means that with increasing energy, the radial functions become more and more 
extended. Particularly transparent is the expression of atomic levels’ energy in terms 
of the Bohr radius 
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Ze 
E, =— Ian (4.200) 


This is indeed the classical energy of an electron orbiting around a nucleus with 
charge Ze at the distance n?ag /Z, compared with Eq. (4.194). 
For n = | the Eq. (4.197) yields 


Zr 


Z = 
Rio") = co (2) e 3, (4.201) 


We can determine the coefficient cy by imposing that the total wavefunction Yp,1,m 
is normalized to one. Since we have normalized the spherical harmonics to one, the 
normalization condition is 


2 CO CO 
Z 22 a 
1 = |co|? ( = forre 2a = jl? E f dx ste 
aB Z 
0 


0 


_ IoP a pg) _ lÊ æ 


— —, (4.202) 
8 Z 4 Z 


where we have recognized the Euler Gamma function, see Appendix C. Therefore 


Z\3/2 z 
Rio) = 2 (=) e ®, (4.203) 
aB 


So, the radial function of the ground state is a simple exponential, see Fig. 4.3. 
We now consider the principal quantum number n = 2. In this case, we can have 
l = Oor l = 1. For l = 0, the recursive system provides 


2—4 
c = 5 co = —Co, (4.204) 
and therefore 
Z zr Zr 
Roo(r) = co | — |e 8 | 1-—-——  ]. (4.205) 
2ap 2ag 


As usual, the coefficient co needs to be determined through normalization, and it is 
easy to demonstrate that cp = y2 Z /ag. We can then write 


gy L2 Zr 
Roo") = aa e æ |2- — ]. (4.206) 
4AB aB 


Note that this radial function has a zero at r = 2ag/Z. This means that there is a 
special distance from the origin where the probability of finding the electron is zero, 
see Fig. 4.3. For l = 1, the only nonzero coefficient is the first one, and therefore 
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Fig. 4.3 Radial part of the 
eigenfunctions of an electron 
subjected to the potential of a 
charge Ze 


zy? 
R2,11 (r) = co (=) e ær, (4.207) 
2ag 


and from the normalization condition, it is easily found that co = /2Z/(3ag). We 
can then write 


Ra (r) ( i oo (4.208) 
r) = < e -“B R 5 
= 2ag J/3 ap 


Similarly, it is possible to proceed to determine all the other radial functions. In 
Fig. 4.3, we show all the radial functions that we have just derived. 


4.10 Exercises 


1. Consider a particle of mass m and charge q bound to the x — y plane in the 
presence of an electric field E = (— ma y, 0, 0) directed along the x axis and of 
a magnetic field B = (0, 0, B) directed along the z axis. 
i. Verify that the scalar potential V = man x? and the vector potential A = 
B(- y, x, 0) provide the electromagnetic fields mentioned above. 
ii. Write the Lagrangian of the problem and derive the Euler-Lagrange equations 
iii. Solve the Euler-Lagrange equations with initial conditions x(0) = r, y(0) = 
0 and x(0) = 0, y(O) = —wegr with wg = 12 cyclotron frequency. What is the 
curve which describes the trajectory of the particle? 
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Solution i. For the electric field we have Ey = —5-V = ~My, Ey. == 
0, E; = -2V = 0, while for the magnetic field we have B, = ŽA = ZA, = 
0, By = — ŻA; + ZA, =0, B, = ÈA; — ŽA, =B. 

ii. The Lagrangian of the system is L = za? +59 + Sw_(—xy + yx) - 


smu x? and therefore the Euler-Lagrange equations are 


¥ —wpy+u’x =0, ytwpx =0. 


iii. By differentiating the first equation and substituting Y for the value obtain- 
able from the second equation we obtain an equation for v, = x Al the form 
of a harmonic oscillator, that is Ù, + Ov, =0, with Q? = w +w*. The 
most general solution is v,(t) = acos Qt + sin Qt and taking account that 
v,(0) = 0 it must be a = 0. To natoa b it is necessary to determine ù, (0) = 
¥(0) = wg y (0) — w *x(0) = —uwir— w?r = —7r and therefore B = Qr. It 
follows that x(t) =r + Je vy (t')dt’ = r cos Qt while y(t) = 9(0) — wg (x(t) — 
x(0)) = —wer — wpgr (cos Qt — 1) = —wegr cos Qt from which it follows that 
y(t) = —r cos Qt. The trajectory is therefore an ellipse. 


; Deanne. the wavefunction of a particle of mass m e charge q constrained to 


move along the x axis knowing that at a distance R from the x axis the electric 
field is zero and the magnetic field is B. Also determine the average kinetic 
energy of the particle as B grows. 


Hint: Use Ampere’s law 
An 
$B -dl= —J 
c 


where J is the current density associated with the particle. 
Solution From Ampere’s law we find J = 5 RB. On the other hand the current 
density associated with a generic wavefunction w(x) = p(x) exp[id(x)] is J = 


22 028,0. It follows that p = 1//L (with L the wire length) and 6 = (2322) x. 


The wave function is therefore a plane wave and the average value of the kinetic 


2 
energy is (T) = 5 (222) : 


. A particle of mass m in two dimensions is described by the Hamiltonian 


Â = + (p2 + P2) + Vi(&) + V28) where V(x) = —,/ ©#6(x) and Vo(y) = 
smu y* y^. 

i. Calculate the energy Eo and the wavefunction po(x, y) normalized to 1 of the 
ground state. 

ii. Calculate the average value of the operators £7, £25 and £73? on ground 
state. 

Solution i. Since the Hamiltonian is separable the eigenvalues are the sum of the 
eigenvalues of the Hamiltonians along the x and y directions. As the ground state 
i ee we look for the ground states of A, = x P? + Vi(&) and Ay = 


z Ê? + V2(). The ground state of Ê, is the bound state pi o(x) = Vk Fl 
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with k = \/"* and has energy E10 = — shw. The Hamiltonian along the direc- 
tion y is that of aharmonic oscillator of frequency w for which the ground state is 
Po) = (E4 gor and has energy E2 0 = thw. We conclude that energy 
of the ground state of H is Ey = E1, + E2, = 0 and that the wavefunction 
normalized to 1 of the ground state of Ê is 


k k 24,2 
= —k|x|—k*y“/2 
X; = e 
Wo(x, y) 1/4 


ii. The ground state wavefunction is even along x and y, therefore the average 
value of the operators £9? and £75 is null. The average value of £? 9? is given 
by 


OO [00] 
2 2 2 
(5252) = k f dx x26 72k f ay yee kolvr_ 1 _ ĦA 
VT Vm 2k? 2k3 AKA m2?” 
—cC =09 


4. Consider a quantum harmonic oscillator in two dimensions with Hamiltonian 


Knowing that a measurement of energy always provides the value 2ñw, determine 
the normalized state |W) of the particle from the knowledge of the following 
average values: 


h 
2/2 mw 


(WIR |W) = ——, (IES) = 


Solution From the energy information we can write that |Y) = a|10) + 6101) 
where |n,ny) are the eigenkets of H with eigenvalue hw(n, + ny + 1). The 
normalization tells us that |a|? + |6|? = 1. From the first average value we 


deduce that : er i 
= 2 2. 
mw mw (Fiat TA ) 


hence 3|a|? + |8|? = 2. Using the condition on the norm we get |a|? = |8|? = 
1/2. Since the state is defined up to an overall phase we can choose real a and 


write |W) = F ({10) + e |01)). To obtain the 0 phase we use the last informa- 


tion: 


Dee ee ((10| + e (01) £$ (110) + e””|01)) = 


Sees ee 6 
2W2mw 2 mw 


from which it follows that 0 = —1/4. 
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Indicating with p, and p, the momentum operators along the x and y directions 
and with L, = <p yoy Be the angular momentum operator along the z direction 
i. Calculate the commutators Cı = [p? + Py, L z] and Cy = [%? + 9’, Ê] 

ii. Consider an isotropic harmonic oscillator in two dimensions of Hamiltonian 
H = hw (Gla, + âtâ, + 1) with a, = yF + i-pm and â, = y9 + 


i Py 
sqrt2mhw 


find simultaneous eigenkets of H and Ê z? 

iii. In the case of an affirmative answer to the previous point, if a simultaneous 
autoket has eigenvalue 2hw for H which eigenvalue can have for ba 

Solution i. We have 


the lowering operators along the x and y directions. Is it possible to 


= [PF + By. Py — $Pxl = LPZ, F1Py — LPZ, Sx = 2Prl Px. Rly — 2ylBy, F1Bx 
= ~2ih(Px Py — py Bx) = 0 


Co = [87 + $7, ê py — Spx] = SIRP, Pe] + 8197, Pyl = —29RLR, Pe] +2250, Pyl 
= —2iA(HX — 2) =0 


ii. The Hamiltonian can be rewritten as H = a (P? + BS) + smu (â? + $7); 


Since both the kinetic and potential parts commute with Ê, , we have (A, Ê z} = 0. 


It follows that H and Le admit simultaneous eigen © 
ay G) 
vax! a/n! 
hw(n, + ny + 1). So the autokets of H with eigenvalue 2hw are |10) and |01). 
From the previous point we know that starting from these two kets it must be 
possible to construct two eigenkets of Lz. The required eigenvalues are therefore 
given by the eigenvalues of the matrix 


iii. The eigenkets of Hare given by |n,ny) = =|00) and have eigenvalue 


Expressing the operators £, ¥ and Py, Py in terms of the lowering operators e ele- 
vation is found L, = Eâ + âi (â, — a) — (â, + â) (Â — â})] from which 
immediately follows that L, = hay with c, the Pauli matrix along the y direction. 


So the simultaneous eigenkets that have eigenvalue 2ħw for H have eigenvalues 
+h for L,. 


. The Hamiltonian for a particle of mass m in three dimensions is that of the 


isotropic harmonic oscillator 


R 1 
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Denoting with |nx, ny, nz) the eigenkets of H the particle is found in the state 
|W) = wlll, 0, 0) + e!|0, 1, 0)) with a € (0, 27). Calculate a knowing that 
the average value of the angular momentum along the z axis is equal to h. 
Solution The wavefunction is given by 


1 
Wr) = (r|¥) = FMW) Yl) + el Yox) Yi O) Qo) 


i Boe RO) 
z 1 ey GNU a We gece sa 
2\rh 


Xo 


In polar coordinates x = r sin 0 cos ¢, y = r sin 0 sind and r? = x? + y? + 2°. 
Then set r = r/xo we can rewrite the wave function as 


3/4 ; E 
Wr) = (=) [ cos @ + e'® sin ġ] sin 0 x Fe? /? 
T 
3/4. 1—=i ia 1 + 1a a 7 
= (=) [( = Jel? + ( Le Je] sin x pet /2 


mwy3/4 [8m 1 ie 1+ iei@ - 72 
= (FR) Vall z) Yi O, 4) + (Z—)¥1,-16, #)] x Fe /2 


The required expectation value is therefore 


(wié.|v) = f amweka = -in f arw E ew 


Oo 
_ (mw 3/? 8T 1—ie'® 5 1+ ie! » 2-2 P 
=n(=) Fl 7 | | 5 Pf arrre | 
5 inte, | PH? Shane 


3T 


For the average value to be hit must be a = 1/2. 

7. A particle bound to a sphere of unit radius is described by the wavefunction 
Wd, 6) = C(1 +icos 0). Calculate 
i. The normalization constant C such that f dQ\|W (6, |? =1 
ii. The probability that a measure of angular momentum along the z axis provides 
0 
iii. The probability that a measure of the square of the angular momentum pro- 
vides 0 
iv. The probability that a measure of the angular momentum along the x axis 


provides h 

Solution The given wavefunction can be rewritten as Y = Cv 4n (Yo,o + 
3M 1.0) 

i. Taking into account that spherical harmonics are orthonormal the constant C 
must satisfy |C|?4r(1 + 4) = 1 hence C = ,/ ze. 


ii. The required probability is given by P(L; = 0) = X co | faQ Yo80, ) 
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wd, Hl = 1. Alternatively, this result can be deduced from the fact that Y 

is an eigenfunction of L, with zero eigenvalue. 

iii. The required probability is given by P(L? = 0) = | fda Yo o(9, $) 
2 

VO, ¢)| = 3/4. 

iv. Denoting with ‘Ae (9, ġ) the eigenfunctions of Lx the required probability is 

given by 


lo) 
P(L;=1)= Difa Yo“ CF HVO, H = 5 fargo, HYI 00, 0)”. 
l=1 


The matrix that represents L, in the space with l = 1 and given by Lx = 


010 
a : x ; and the eigenvector with eigenvalue h is G, T 5), from which 


YE) = Y1 + Yio + 3Y1,-1. It follows that P(Ly = 1) = 1/8. 


. For two generic Hermitian operators A and B the Heisenberg uncertainty prin- 


ciple establishes that (64 4) (ô3) > > 1A, ÊJ) |2. Check this principle in the case 
where A = L,, Ê = Ly and the system state is |w) = willl 1) + |1, —1)). 
Solution We have Ê, = 4(L,+L_) and Ly = 4(L,-L_ ). So LAW) 
ħ|1, 0) and Èy) = |Ø). From this last identity we infer that (L i) = 
and therefore (67 ) (ô? ) = 0. Furthermore (Ê, Ly]) = (Laks — Liba) = 
Being 0 > 0 the Heisenberg principle is satisfied. 


More Exercises 


9. 


10. 


11. 


Calculate the triple commutator 


A 


(pe Êy], Êx], $] 


A particle in three dimensions is described by the Hamiltonian H= al? +v, 
where 
A 2ah? 
GV = oe 
($ — 27) 
for any ket |Y). 
i. Find the dependence on ¢ of the eigenfunction of H with zero energy (Hint: 
Write this eigenfunction as a polynomial of degree 2 in ¢) 
ii. Normalize the eigenfunction of the previous point to 1 
iii. Calculate the average value of the angle œ. 
A particle in three dimensions is described by the Hamiltonian H= Ë + VÔ) 
where the potential V(r) depends only on the modulus r = |r| and holds 
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12. 


13. 


14. 


15. 


16. 


17. 


Or<R 
v) = | œor>R 
So the potential describes a potential well of spherical symmetry with infinitely 
high walls. Calculate eigenvalues and eigenfunctions of H in the subspace of 
wavefunctions with zero angular momentum. 


A ee in three dimensions is described by the Hamiltonian H= Ë + 


ima? f? a PE IUA oN agea and their degeneracy. (Hint: 
Write p? = p? + By + pre e f? = 2? + 3? + 2 and use raising and lowering 
operators for each direction). 

A particle in three dimensions is described by the Hamiltonian H= È + Vie) 


where the potential V(r) is given by 


0 |x| <a, <b,ze(0,c 
V) = Ix] <a, |y| z € (0, c) 

oo otherwise 
Determine eigenfunctions, eigenvalues and their degeneracy. 
A particle of mass m ang charge Q > 0 in three dimensions is subject to the 
scalar potential d(r) = ggn? 27, with w = gz , and vector potential A (r) = 
5 B (—y, x, 0). Calculate the eigenfunction and ri eigenvalue of the ground state. 
A particle of mass m in two dimensions is described by the Hamiltonian 


52 
A Px Bs ? 1 1 
H = — + — 
m mT T 

where p, and p, are the conjugate moments of x and y. Defining the raising 
and lowering operators for each direction determine eigenkets and eigenvalues 
of H. 
A particle of mass m in three dimensions is subject to the potential 


V(r) = —a[d(x) + 6(y) + ô(z)]. 


Determine the eigenfunction and eigenvalue of the ground state. 
A particle of mass m in three dimensions is subject to the spherically symmetric 
potential 

0 Ri <r<RkR, 

r)= ; 
vo) | oo otherwise 

Determine eigenfunctions and eigenvalues with orbital angular momentum / = 
0. 
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18. An electron of a Hydrogen atom is found in the ground state. Calculate the 


average value of the electron-proton force F = a and the potential energy V = 


an 


19. Consider a particle in three dimensions whose angular part is described by the 
ket |/, m). Calculate the variance of the angular momentum operators Ê, and È, 
along the x and y directions. 


Chapter 5 A) 
Spin and Addition of Angular Momenta serie 


5.1 Spin 


In this section, we discover that elementary particles, such as electrons or quarks, 
possess internal degrees of freedom. In other words, a wavefunction alone is no 
longer sufficient to describe them. 

Let us consider again the hydrogen atom (Z = 1) from the previous chapter and 
immerse it in a spatially uniform magnetic field B. As we know, due to the presence 
of the magnetic field, the Hamiltonian changes. In Eq. (4.60), we precisely derived 
the form of the Hamiltonian that suits our case, i.e., that of a particle exposed to a 
uniform magnetic field. We rewrite it here for convenience 

^2 2 
Ê = P Lex 2 


a PB? (¢ - B)*) + Od, t). (5.1) 
2m 


To calculate the new eigenvalues and eigenvectors, we need to solve H |E,k) = 
EJE, k) with (r) = e/r being the Coulomb (central) potential, Q = —e the charge 
of the electron, and m = m, the electron’s mass. For a sufficiently small magnetic 
field, we can neglect the quadratic terms in B. Remembering that L=fx p, the 
eigenvalue equation becomes 


( i BL) IE, k) = EJE, k), (5.2) 
2MeC 


where we have defined Ho as the Hamiltonian of the hydrogen atom without a 
magnetic field. 


Pp 
H = — ed(f). (5.3) 
A 
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Let us choose the magnetic field oriented along the z direction: B = (0, 0, B). In this 
case, the dot product L-B=BL z: Multiplying Eq. (5.2) by the bra (r| and expressing 
the Laplacian in polar coordinates, see Eq. (4.150), we obtain the eigenvalue equation 
for the wave function yg (r) = (r| E, k): 


( R 1 re 2 e? eB 


ð 
V ih =E : A 
2m. r ar. Im,r2 $ r amc 2) PEK) PER). 54 


In obtaining this equation, we also use Eq. (4.102). If the magnetic field were zero, 
this would be precisely the eigenvalue equation for the hydrogen atom, which, as 


we know from Sect. 4.9, has eigenvalues E,, = —e / (2apn7) and eigenfunctions 
Pnm (T): 
R12 K e? 
Ve n mr) = En n,l,m(T). 5.5 
( 2m, r Or? 2mer? |Ì =) nim Pn.lm (T) (5.5) 


Now, the point is that the functions y(t) = Rn 1(r)Yi,m(0, @) continue to be 
eigenfunctions even in the presence of the magnetic field, as, according to Eq. (4.115), 


ð oO 
= ih=—n,1,m (r) = Rn) (n Yin (0, 9) = mARn W)Yim (0,6) = mhgn tm (r). 


Oo og 
(5.6) 
Hence 
h 1 8 h2 2 e? eB ih 0 ie (ee ehB ©) 
Ima r ðr? Imer2 $ r Imac” Oo PALME \ Ah me Pnlim TI. 


(5.7) 
Therefore, a weak uniform magnetic field does not change the eigenfunctions Yn,1,m 
of the hydrogen atom but alters the associated eigenvalues. The new eigenvalues are, 
in fact, 


Erm = En + —m (5.8) 
2mec 


and depend not only on the principal quantum number n but also on the azimuthal 
quantum number m. This result can be derived in a couple of lines without resorting 
to the position representation. Let |n, lL, m) be the ket whose inner product with the 
bra (r| yields the eigenfunction of the hydrogen atom 


Pn.lm (T) = (rin, l, m). (5.9) 
The kets |n, l, m) are therefore the eigenkets of Ho in Eq. (5.3) 


Ho|n,1,m) = E,\n, L, m). (5.10) 
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The reader can easily verify that by multiplying this equation by the bra (r|, we 
recover Eq. (5.5). They are also eigenkets of L, with eigenvalue him. Therefore 


^ eB » ^ eB a 
Ho + L, | |n, l,m) = Ho|n,1,m) + L;|n, l, m) 
2meC 2me 
ehB 
= (| E, + m | |n, l, m). (5.11) 
2meC 


It is straightforward to verify that by multiplying this equation by the bra (r|, we 
recover Eq. (5.7). 


The quantity 
eh 


ip = 5 = 5.788 x 10-5 eV/T (5.12) 


Me 
is called the Bohr magneton and has the physical dimensions of a magnetic moment. 
The correction to the energies of the hydrogen atom is, therefore, very transparent. 
Classically, a magnetic moment jz in a magnetic field B has an energy equal to 
—p-B. If the magnetic moment is generated by a loop of radius r located in the xy 
plane and carrying a current 7, then yz = (0, 0, u) is directed along the z axis and, 
along this axis, has a projection 
Inr? 
u= 3 


(5.13) 
c 


If there is only one electron moving at a speed v in the loop, then the current it 
generates is 


a (5.14) 


Substituting this expression into Eq. (5.13), we find the magnetic moment associated 
with an electron moving in a circular trajectory 


(5.15) 


where L; = merv is the angular momentum of the electron. If the value of this 
angular momentum is L, = hm, then the magnetic moment of the loop becomes 


= — ugm (5.16) 


and the classical energy — uB precisely coincides with the second term of Eq. (5.8). 

The energy of the electron in the hydrogen atom can be experimentally measured. 
By conducting the experiment in the presence of a uniform magnetic field, we can 
verify whether the theoretical prediction is in agreement with the experiment. What 
happens is that there is a discrepancy. In particular, the theory predicts that if the 
electron is in the ground state |1, 0, 0) in the absence of a magnetic field, then as 


156 5 Spin and Addition of Angular Momenta 


Fig. 5.1 The measurement z 
of the energy of an electron 
subjected to a magnetic field change 5 
directed along x yields the orientation 

x 


B y 
value E+. Following a 

sudden change in the f 
direction of the magnetic 

field from x to z, the energy Energy 
measurement yields either measure Energy 


E, or E_ with equal measure 


probabilities J \ 
z 
ae ©& @ 


B increases, its energy remains the same since, according to Eq. (5.8), E 1,0 = Fj 
is independent of B. Experimentally, however, it is found that as B increases, the 
energy level splits into two energy levels 


E, = E; + upB, E_ = E; — ppB (5.17) 


What is happening? It is happening that the quantum numbers (n, lL, m) = (1, 0, 0) 
are not sufficient to uniquely determine the state in which the electron can be found. 
Indeed, let us recall that according to the second postulate, if we measured EF, then 
the electron would collapse into a state which, according to the third postulate, is 
orthogonal to the state in which it would collapse if we measured E_ (the eigenkets 
of an observable, such as the Hamiltonian, are mutually orthogonal if the associated 
eigenvalues are distinct). As often happens in the quantum world, the strangeness 
does not end here. Suppose we orient the magnetic field along x. Obviously, the 
z direction is nothing special, so if we repeated the same experiment, we would 
still measure the energies E, and E_. However, this time, the states into which the 
electron collapses are not the same as before! In fact, what is experimentally found 
is that if we measure, for example, E, and then suddenly change the orientation of 
the magnetic field from the x axis to the z axis, see Fig. 5.1, then a subsequent energy 
measurement would yield the value E with a probability of 1/2 and the value E_ 
with a probability of 1/2. From other experiments of this kind, it has been realized 
that the electron possesses, in addition to the “spatial” degrees of freedom, also an 
internal degree of freedom. Furthermore, it has been understood that all experimental 
results can be explained by adding, “by hand”, to the Hamiltonian Ho an operator 
that acts exclusively on the internal degree of freedom.! 
The operator to be added “by hand” is the following 


' The term that we will add"by hand" actually comes from an even more fundamental equation than 
Schrédinger’s, which we do not have the opportunity to address in this book. 
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B-S, (5.18) 


where the vector of operators = (S,, Sy, 5.) = ($ ts S, $3) satisfies the same com- 
mutation rules as the angular momentum operators, namely, 


[S:, Sj] = ih Y eies (5.19) 
k 


compare with Eq. (4. eA Moreover, the only possible eigenvalue of the square opera- 
tor §? is h23 /4=7} iG + 1). Therefore, the internal degree of freedom is quantized 
and exists in a two- dimiensanal phe space. In fact, for eigenvalues of §2 equal to 
h?3/4, we have denoted with l4, 5) and Iż, 5:— 5) the only two simultaneous eigenkets 


of $2 and S., see Sect. 4.6. However, since the electron also has spatial degrees of 
freedom, we necessarily need to complicate the notation. For example, we can denote 
with 

(5.20) 


1 
Ir; =, ms), Ms = 
2 


the state into which the electron collapses when a position measurement yields r and 
a measurement of S, yields Ams. Similarly, we can indicate with 


1 
|n, l, m; zsh (5.21) 


the state into which the electron collapses when an energy measurement yields E,,, 
a measurement of i? yields h71(1 + 1), a measurement of Ê; , yields hm, and a mea- 
surement of 5. yields hm,. The operators §,, called spin operators, act only on the 
index m,, while the “spatial” operators such as f, P, L act, as before, only on the 
indices n, l, m. Particles with internal degrees of freedom like the electron are called 
particles with spin s, where s ss to the half-integer eigenvalue h7s(s + 1) of §2. 
In the case of the electron, s = 5, and thus, the electron is a spin-1/2 particle. 

Let us see how adding the term in Eq. (5.18) allows us to explain the experimental 
results. The new Hamiltonian is the sum of the Hamiltonian in Eq. (5.2) and the new 
term in Eq. (5.18): 


Â= m+ — B+ B.S. (5.22) 
2MeC MeC 


The first two terms, as before, contain only operators that act on the spatial degrees 
of freedom, so 


A 1 
H|1, 0,0; 5; ms) = ms). (5.23) 


Now let us consider the magnetic field directed along the z axis. Then B - S= BS.. 
Since 
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A 1 1 
S,|1, 0, 0; zs) = hm,|1, 0, 0; zs) (5.24) 


we see that the ket |1, O, 0; 
value 


; h, ms) is an eigenket of the new Hamiltonian with eigen- 


h 
Ei + ——m,B = E, + 2upm,B. (5.25) 
MeC 


e 


So for m, = 5 we find the eigenvalue E} = FE, + ugB while for m, = -4 we 
find the eigenvalue E_ = E; — ug B, in accordance with the experimental result. 
Now, let’s orient the magnetic field along the x axis, so B - § = BS,. For notational 
simplicity, we omit writing the tapiet 1, 0, O since it plays no role in the Teong 
considerations. Therefore, we write I> ms) but understand the ket |1, 0, 0; } 5 ms). 


It is easy to verify that the eigenkets Sy are 


vr +) = fe TE 3 lv.) = ! e 5 e 3 
wee JAND oe O F’ PE SINDS F Fy 
. . . (5.26) 
Indeed, from Eq. (4.74), we obtain S, = (S$; + S_)/2, and using Eq. (4.84), we find 


z l a 
SrlQx,£) = Sy 


|Wx,+). (5.27) 


So, |¢,,+) is the eigenket of Sy with eigenvalue fh/2, while |~,,_) is the eigenket of 
Sx with eigenvalue —f/2. It follows that 
eh 
G = 2 B) wy, ) lx, ). 
MeC 


Bs.) [tx + 
(5.28) 


The only measurable energies are then E} and E_, again in accordance with the 
experiment. Suppose we have measured F£, and that the electron has collapsed into 
the state |V, +). If we suddenly change the orientation of the magnetic field from 
the x-axis to the z-axis, then, according to the fourth postulate, the probability of 
measuring energy E, is given by 


II 
II 
by 


Êx) = ( 


P(E) = K Tis, +I, (5.29) 
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In fact, for a magnetic field along the z-axis, the eigenket of energy E4 is 5, 5)s as 
discussed below Eq. (5.25). Taking into account Eq. (5.26), one finds immediately 


P(E,) = 1/2 (5.30) 


once again, in accordance with the experiment. We leave it to the reader to verify 
that the probability of measuring energy E_ is also the same as in the experiment. 


5.2 Matrix Representation of Spin Operators 


As mentioned in the previous section, elementary particles are characterized by 
degrees of freedom associated with spin. A basis for the Hilbert space for particles 
with spin s could be the set of kets |r; s, ms) or the set of kets |p; s, ms}. More 
generally, denoting |b;) as the ket of a generic orthonormal basis for the spatial part, 
the set of kets |bg; s, ms) forms a basis for our Hilbert space. The inner product 
between two kets in this basis is 


(bk; S, ms|bp; S, m\) = (bg |b) (s, mss, m) = Òk, k' Ôm, m, : (5.31) 


It is also useful to define a partial inner product between a ket from the spatial or 
spin part and a ket from the new Hilbert space: 


(byl burs s, mi) = (by lby) ls, mi) = Ox ls) => (bw; s, mi |e) = Oke (s,m) (5.32) 


(s, ms |g; s,m} = (s, ms|s, m) lbp) = Ong. Dir) = (bw;s, m’ |s, ms} = Sing mi, (b'l 
(5.33) 
So the partial scalar product does not return a complex number but a ket (or a bra) 
of the spatial or spin part. 

The spatial operators such as f or p or L, or even more exotic ones like f, p°L?, 
act only on by (with ms being mere spectators). On the other hand, the spin apeaion 
such as S; or 82, or even more exotic ones like S$ 92 $3, act only on m, (with b being 
mere spectators). Therefore, the action of a generic spatial operator Ô (Paco) ig given 
by 

Ô P bk; s, ms) = XO OREO bw; s, ms) (5.34) 


with . 
OEP) — (buss, ms|OP*) |b; s, ms) = (dy Ô by), (5.35) 
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while the action of a generic spin operator OPin) is given by 


OP |p: s, ms) = > OSRD by: S, m.) (5.36) 
with 7 
Onin, = (bi; 8, m,|O[Dg; s, ms) = (s, m4 |Ols, ms). (5.37) 


Since spatial operators and spin operators act on different degrees of freedom, they 
commute with each other o. 
(gea 08) 20, (5.38) 


We can easily verify this fact by taking the bracket between a generic bra (by; s, m's| 
and a generic ket |by; s, ms): 


a A (spi ) ) 
(be; s, mi,| [os Cla bk: s, ms) = 5 (Gao. — o“! (spin oga) 


mim mms 
ppl 
km 


x (bes S, mi) [bes s,m). (5.39) 


Since the matrix elements are simple complex numbers, the quantity in parentheses 
is zero. 

From Eq. (5.36), we see that to determine the action of a spin operator, we can 
ignore the spatial part of the ket since the matrix element Oa. is the same for all bx. 
In the following, for notational convenience, we simply write |s, ms), but we mean 
|bk; s, ms) with by fixed and m, varying between —s and s. Our goal is to determine 
the matrix representation of spin operators in the |s, ms) basis, see Sect. 2.1. Since 
this is an orthonormal basis, from Eq. (4.72), it is immediately verified that the 


matrices S? and S, are diagonal 
Sh Ms = Om! sm, hi’ s(s + 1), Sz m,m, = Om! m, hms (5.40) 
In particular, the matrix S? is proportional to the identity matrix witha proportionality 


coefficient of A?s (s + 1). To obtain the representation Sy and S y Of the operators Sy 
and § y, we begin by observing that from Eq. (4.74), it follows that 


5 ia z x l a i 
Sr = = (S4 + S_), Sy = = (S4 — S_). (5.41) 
2 2i 


Hence i 1 
S, = 3 (S+ + S_), S, = 5 B+ —S_). (5.42) 
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Using Eq. (4.84) we find 


Stamm, = Sn,.m,+ifiy/s(s + 1) — ms(ms + 1), (5.43) 
Sm! am; = Ôm! m anes § (s F 1) — Ms (ms = 1). (5.44) 
Hence 
h 
Sym! ms = (6m, mtivs( + 1)—ms(ms +1) 4 Öm, i She + 1) —ms(ms — D) , 
(5.45) 
h 
Sym! ms = 7 (öm, m1 V56 + 1) —ms(ms + 1) Sm! m,—1 8(S + 1) —ms(ms — D) : 
(5.46) 


The matrices S, and S, in the |s, m,) basis have non-zero elements only above and 
below the diagonal. Let us have a look at a couple of examples. 


5.2.1 Spin 1/2 and Spin 1 


In the case of spin s = 1/2, Eq. (5.40) yields 


3h? (10 h(10 
2_ ee 
S =a. (4) S, (08) (5.47) 
whereas Eqs. (5.45) and (5.46) yield 
h(01 h (0-i 
s=5 (10) 8, =3({ a (5.48) 


So, the spin matrices for s = 1/2 are proportional to the Pauli matrices introduced 
in Sect. 2.2: 


S; = -0i. (5.49) 


We can recycle some results. In particular, since the eigenvalues of n - o = nyo, + 
nydy +n,o, are +1, then the eigenvalues of n,S, + nySy +n,S; = cn +o) are 
+h/2 with eigenvectors given by Eq. (2.26). Setting y = 0 and 0 = 7/2, we find, 
see Eq. (2.22), nx = 1 and ny = n; = 0. Therefore, the eigenvectors of S, are 


— 1 io) kha 1 P (5.50) 
a 1)? eee 1 s ` 
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With y = 1/2 and 0 = 7/2, we find, see Eq. (2.22),ny = landn, = n; = 0. There- 
fore, the eigenvectors of S, are 


1 1 = 
mal) ee dG om 


Finally, with 0 = 0, we find, see Eq. (2.22),n, = landn, = ny = 0. Therefore, the 
eigenvectors of S; are 


1 /1 1 /0 
P+ = AO p,- = = (1). (5.52) 


The reader can easily verify that 


SiYi = taps, t= x,y, (5.53) 


From the knowledge of the eigenvectors, we can then write the eigenkets of the spin 
operators S; using Eq. (2.2): 


Wi) = >> Viseaal5 Ms), (5.54) 


ms 


where Yi +m, is the ms component of the vector a, +. The reader can easily verify 
that |Y: +) = l4, £4), as it should be, and that |Yx,+) coincides with Eq. (5.26). 
Now we consider the case of spin s = 1. Equation (5.40) provides 


100 10 0 
S? = 2h? | 010 S.=h|00 0 (5.55) 
001 00-1 


whereas Eqs. (5.45) and (5.46) yield 


010 0-1 0 


s,=-—-[101 s=% [io (5.56) 
v2 \o10 V2\0 i o 


We leave it to the reader to verify that the matrices S,,S,, and S, all have the same 
eigenvalues 1, 0, — 1 but, of course, different eigenvectors. 
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5.3 Spin-Orbit Interaction 


Now that we understand that the electron is a particle with spin s = 1/2, let us return 
once again to the hydrogen atom. Suppose the electron is at an average distance r 
from the proton with angular momentum directed along the z-axis. In the electron’s 
reference frame, we would see the proton orbiting around the electron at an average 
distance r with angular momentum directed along the z-axis. Since the proton is 
a particle with charge e, it generates a current and therefore a magnetic field that, 
according to what we have seen in Eq. (5.18), couples to the electron’s spin. Therefore, 
the Hamiltonian Ap in Eq. (5.3) is incomplete because it does not take into account the 
fact that, even in the absence of external magnetic fields, there is still the magnetic 
field generated by the proton. To correct this deficiency, we need to evaluate the 
protonic magnetic field. It coincides with the field found at the center of a loop of 
radius r lying in the xy plane with a current flowing through it: J = ev/(277r), see 
Eq. (5.14) and Fig. 5.2. From the law of Laplace,” 


B(r) =~ f duti (5.57) 


c r? 


with dl being the infinitesimal displacement vector running along the loop in the 
direction of the current. Since the loop is in the xy plane, the magnetic field at its 
center has only a z component, and this component is given by 


Fig. 5.2 In the electron’s 
reference frame, the proton 
follows a circular trajectory 
of radius r, generating a 
magnetic field B that is 
directed along the z-axis at 
the origin 


2 The law of Laplace represents the solution to the well-known Ampere’s law V x B = ary in the 
case where J is the current density flowing in an extremely thin wire with cross-sectional area S, 
such that the current in the wire is J = |J|S. 
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2r I ev e merv e L: 
B= =->= y= F (5.58) 
cr cr mec r mec r 


where L, is the angular momentum of the electron. 

The z direction in Eq. (5.58) has nothing special, so we could write this equation 
directly in vector form by replacing B with B and L, with the angular momentum 
vector, which, in quantum mechanics, is the operator Li Substituting the resulting 
magnetic field B into Eq. (5.18), we find the following correction to the Hamiltonian 
of the hydrogen atom 


TE: 
mE R ore 


where we take into account that even r becomes an operator. The heuristic derivation 
of Eq. (5.59) does not consider the fact that the reference frame of the electron is not 
an inertial reference frame. It is not the purpose of the course to rigorously derive 
the form of the interaction between the electron’s spin and its angular momentum. It 
is sufficient to say here that the result of the correct derivation differs from ours only 
by a factor of 1/2. The correct operator to add to the Hamiltonian Ay of Eq. (5.3) is 


therefore 
A e L.-S 


Hso = (5.60) 


2m2? P? 


and is called spin-orbit interaction. The spin-orbit interaction involves the dot prod- 
uct between the spatial operator L and the spin operator S. 
How to determine the eigenstates of the new Hamiltonian Ho + Hso? ae problem 


could easily reduce to a radial part problem only if the kets |R, L, m; 5, ms) were 
eigenstates of Ls $, that is, if 
A À 1 1 
SIR, l, mM, 2’ ms) = Aim, |R, L, mM, 2’ Ms), (5.61) 


where we denote by Az,m,m, the eigenvalue of Ê. $ associated with the eigenstate 
|R,1,m; $,m ms). Note that the eigenvalue A; m,m, cannot depend on the form of the 


radial part since the operator L - Ŝ does not contain any dependence on Ê. If Eq. (5.61) 
were valid, we could always find a radial part for which the eigenvalue equation 


R A 1 1 
(Ho + Hso)|R, l, m; 5, ms) = EIR, l, m; 5, ms) (5.62) 


is satisfied. From Eq. (5.61) we would have 
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a a . 1 tn e? Alis 3 1 
(Ho + Hso)|R, l, m; 57 ms) = Ho + 2m2c? p3 |R,1,m; 2’ ms) 
1 
= E|R,l,m; =, ms). (5.63) 


2 


The operator in parentheses contains only spatial operators. This means that if we 
were to take the partial scalar product with the bra (r|, we would obtain 


2 
A e Alam m 1 1 
(r| (40+ 5 73 ) IR, 1, m13, ms) = E(B, 1, mpl.) (5.64) 


Since the spin part ket is the same on both the right and left sides of the equation, 
this equation would be satisfied if and only if 


F e À m,m 
(r| (A+ a +) |R, l, m) = E(r|R, 1, m). (5.65) 
MgC F- 


Now, let us recall that the angular part of the scalar product between the bra (r| 
and any ket that is an eigenket of L? and Liss such as the ket |R, Z, m}, is the spher- 
ical harmonic Y; m(0, @). In other words, (r|R,/,m) = R(r)Yi,m(0, ¢), as seen in 
Eq. (4.152). Taking into account that (r|(1/??) = (r|(1/r3), we find 


R 12 KPI0+1) e eS Neri 
H H ©) RO)Yim(O, ER(r)Y; m(0, $). 
( tier BE Qmer? r 2m2c? 73 ) (r) 1,m( = (r) T.m ( o) 
(5.66) 


Simplifying the spherical harmonic Y; m(0, ¢), we obtain an eigenvalue equation for 
the radial part only, just like in the case analyzed in Sect. 4.9. Solving this equation 
would then be possible to obtain the eigenvalues F in Eq. (5.63). 

Unfortunately, this entire story is to be discarded. Indeed, Eq. (5.61) is incorrect. 
Convincing ourselves of this is quite straightforward. Let us express the dot product 
L - Sin the following way: 


EA EER aie 


1 a a a a 1 a a a a A A 
= Ct Ei LESS, 


A E A 
zÊ- +Ê $) + £,8,. (5.67) 


Acting on the ket |n, l, m; 5, ms) with Ê, S_ results in a ket with m increased by 


’ j ’ 
one and m, decreased by one. Conversely, acting with L_S, us in a ket with 
m decreased by one and m, increased by one. The kets |n, l, m; 5, ms) are only 
eigenkets of LS with eigenvalue h?mm, but not eigenkets of the dot product ÎL. S. 


So, who are the eigenkets of L - S? 
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5.4 Addition of Angular Momenta 


In this section, we address the question posed at the end of the previous section. To 
simplify notation, we omit writing the radial index n since it is a mere spectator, 
meaning it never changes under the action of angular momentum and spin operators. 
We write |/, m; s, ms) but understand it as |n, l, m; s, m,). Additionally, we solve the 
problem for a general s since the form of the spin-orbit interaction often appears in 
physics and is not limited to particles with s = 1/2. 

We begin by recalling that the ket |/, m; s, ms) is the state in which the electron 
collapses when a measurement of i? yields the value h7/(/ + 1), a measurement 
of Ê, yields the value Am, a measurement of Ke yields the value h7s(s + 1), and 
a measurement of $, yields the value Am,. The operators i. Te; $2, and 5. all 
commute with each other, and the set of kets |/, m; s, ms) forms their common basis 
of eigenvectors, as discussed in point (6) of Sect. 1.9. Now, let us consider the total 
angular momentum operator: 

J=L48, (5.68) 


whose square is (remember that a spatial operator always commutes with a spin 
operator) . E 
P= +82.. S (5.69) 


It is straightforward to show that the components of J satisfy the same commutation 
rules as the angular momentum: 


(ii, Fj] = (Li, Lj) + Si 8] = ih) cig (Le + Se) = ih Y eieh (5-70) 
k k 


Therefore, J? has eigenvalues A? j (j + 1) and i has eigenvalues hm; with mj = 
—j,..., J. Moreover, both L? and $? commute, not only with each other but also 
with Î, and J?. We leave this simple verification to the reader. Thus, in addition to the 
basis |/, m; s, ms), we could consider the basis consisting of the common eigenkets 
of the operators P, de L?, and $2. Let |j,mj)is denote the kets of this basis. We 


then have: 


Jj, mji = WIG + DI, mji 

re Mj)is = hmj|j,mj)is 

L?|j,mj)is = WIC + DIj,mj)is 

S?|j, mj)is = Ws(s + DIJ, mis (5.71) 


The advantage of working with this new basis is that the kets |j, m;);, are precisely 
the eigenkets of Ê. Ŝ. In fact, from Eq. (5.69), we have 
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r < 1 72 72 2 
bisa 50 — L* — S^), (5.72) 
and hence 
a OR he 
L-Sij,mjs = 5 OO + D= IC+ D—s + D) |j, mj) (5.73) 


The new kets |j, m;);; must be expressible as linear combinations of the old kets 
|l, m; s, ms) (forming the latter a basis). In the remainder of this section, we find the 
possible values of j and how to express the new kets in terms of the old ones. We 
then learn about the addition of angular momenta. Let us start by noting that all 
kets in the old basis are eigenkets of L? with the same eigenvalue h7/(/ + 1) and of 
$2 with the same eigenvalue A?s(s + 1). Therefore, any linear combination of them 
automatically satisfies the last two relations in Eq. (5.71). Furthermore, the old kets 
are also eigenkets of J since 


J,|l,m; s, ms) = (Ê: + 8,)|l, m; s, ms) = h(n +m,)|l,m;s,ms). (5.74) 


It follows that the kets of the new basis must be linear combinations of the kets of the 
old basis with the same value of the sum m + ms. Indeed, if we were to mix kets from 
the old basis with different values of m + ms, we could not generate an eigenket of 
Í. Having denoted fim; as the eigenvalues of Je, we can then write: 


pepe + CP l,m; s, ms). (5.75) 


m,ms:m+Ms =m j 


The reader can easily convince themselves that regardless of the coefficients CPs 
this is an eigenket of i with eigenvalue Am; (and obviously also of L? and $2 
with eigenvalues RIL + 1) and h?s(s + 1) respectively). It is necessary, therefore, 
to determine the coefficients Cs so that the ket in Eq. (5.75) is also an eigenket 
of J?. To this end, we observe that the maximum possible value of m; is the sum 
of the maximum possible values of m and mg, i.e., m = l and ms = s. Since there 
is only one ket in the old basis for which m + m, = l + s, the linear combination 
in Eq. (5.75) consists of the sole ket |}, Z; s, s). This must also be a ket in the new 
basis with m; = l + s. But to which value of j does it correspond? Since m; can 
vary between — j and j, and it is not possible to construct kets with m; greater than 
l + s, we deduce that j = l + s. This is also the maximum value that j can assume, 
as if it were not the case, it would be possible to construct states with mj; > L+ s, 
which is absurd. Thus, we have established that 


IlL +s, L+ s)is = |L, L; s, s}. (5.76) 
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We can immediately generate a second eigenket of the new basis by applying the 
operator 


2 ee ee (5.77) 


Indeed, using Eq. (4.84), we have 


Peto SB CCA D 
ied ee ee eae Serr Se 
j mj j j+ mj mj—1 j mj—-1 

= (Ê + Ŝ-)|L l; s,s) 

=h/ld +1) — I(l — 1) |l, l — 1; s,s) 


+ h/s(s+ 1) = s(s — 1) |L, L; s,s — 1) (5.78) 


from which it follows that 


O TOE JIFDI E 

PE EFs tF as 
; s(s +1) —s(s — 1) i 
= 0 ee Aaa 


Correctly, the ket |/ + s, l + s — 1);; in Eq. (5.79), which by construction is an eigen- 
ket of i with eigenvalue Ai(/ + s — 1), is a linear combination of the only two kets 
in the old basis for which m + m, =l + s — 1, see Eq. (5.75). By applying the 
operator J_ on the left and L_ + S_ on the right in Eq. (5.79), we obtain the ket 
Il +5,/-+ s — 2);; of the new basis written in terms of kets from the old basis. Contin- 
uing to apply the operator J_ onthe left and L_ + S_ onthe right generates kets of the 
new basis with decreasing values of m j, that is, with m; = l +s — 3, L + s — 4, etc., 
until reaching m; = —/ — s. At this point, as we know from the theory in Sect. 4.6, 
the application of J_ to the ket IL + s, —l — s);, produces the null ket, and thus the 
algorithm terminates. 

We have thus found a total of 2(/ + s) + 1 kets of the new basis with j = l + s 
and mj = —l —s,...,1 + s. We say that all these kets belong to the “chain” with 
j =I+5, see Fig.5.3. Obviously, there must be other kets in the new basis since 
the total number of kets in the old basis is (2/ + 1)(2s + 1) > 2(1 + s) + 1. To find 
them, let us make the following consideration. Using the only two kets of the old basis 
with m + ms = l + s — 1, we can only make an orthonormal linear combination to 
that in Eq. (5.79). It is obtained by exchanging the coefficients and changing the sign 
of one of the two coefficients. Indeed, if |W ,) and |W) are two orthonormal kets, 
which are the two kets of the linear combination in Eq. (5.79), and if we consider the 
linear combination a|W,) + 3|W>) with |a|? + ||? = 1, then the linear combination 
|W) — a| Y2) is orthogonal to the first one and normalized to one. The orthonormal 
linear combination to that of Eq. (5.79) must necessarily be a ket of the new basis 
because: 
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(1) The kets of the new basis are orthonormal to each other, and 
(2) The kets of the new basis must have the fixed sum m + ms. 


In general, these two conditions are necessary but not sufficient to ensure that a 
ket belongs to the new basis. However, in the case we are examining, they are also 
sufficient because there is only one linear combination of the kets of the old basis that 
is orthogonal to that of Eq. (5.79) and at the same time has m; = m +m, =1+5s—1. 

To which value of j does this new ket correspond? As we have said, j can at most 
be / + s, and since mj = l + s — 1, it could be either j =/ +s or j =l+s—1 
(remember once again that m; cannot be greater than j). If j were equal to l +s, 
it would be possible to generate, by applying Î, = Es. + Si; a second ket beyond 
the one in Eq. (5.76), with j = L + s and m; = l + s. However, this is absurd since 
there is only one ket with such quantum numbers. We conclude that j = l + s — 1. 
Inverting the coefficients of the linear combination in Eq. (5.79) and changing the 
sign of one of them, we can then write that 


Pipa iis- ipa ya De) IL l= 1;s, 5) 
; S /T+9T+s+)—-d+C+s—) uN 


FDI l 
VEDETE IDRED gerSsT ih (5-80) 


We can now proceed as before to recursively determine all the kets in the chain 
with j = l+ s — 1, see Fig. 5.3. It is sufficient to apply the operator J_ on the 
left and Z_ + S_ on the right to obtain all the kets | +s — 1, mj} with m; = 
I+s—2,l+s5—-—3,...,-l—s +1, for a total of 27 +s — 1) + 1 kets. 

Now let us consider the kets |/ + s, l + $s — 2), (the third ket in the chain with 
j=l+ s) and | +s -— 1,1 +s -—2);, (the second ket in the chain with j = l + 
s — 1), see Fig. 5.3. They have the same m; = l + s — 2, and therefore, they are 
linear combinations of the old kets with m + m, = l + s — 2. Of these old kets, 
there can be at most three, as we can have m = l and m, = s — 2 or m = l — 1 and 
ms = s — lorm = l — 2and m, = s. Therefore, the two new kets |/ + s, L + s — 2)j, 
and | +s — 1,1 +s — 2)ıs are linear combinations of these three old kets. With 
these three old kets, we can then construct a single orthonormal linear combination 
of the new kets |/ + s, L + s — 2);, and |l + s — 1,1 + s — 2}ıs. For the same reasons 
as before, this linear combination must be a ket of the new basis, and since there 
cannot be more than two kets with m; = L + s — 1, it must belong to the chain with 
j =!+ s — 2. Thus, we obtain the ket | + s — 2, l + s — 2}ıs from which we can 
generate all the kets in the chain with j = / + s — 2 by applying the operator Î on 
the right and L_ + ŝ_ on the left. 

Continuing with the algorithm just described, it is possible to construct the ket 
IL +s — 3,1 +s — 3)ıs, from which all the kets in the chain with j = l + s — 3 can 
be generated. Then, the ket |/ + s — 4,/ + s — 4)ıs can be constructed, from which 
all the kets in the chain with j = / + s — 4 can be generated, and so on. When does 
this procedure end? Finding the answer is rather straightforward. The chain with a 
certain j contains 2j + 1 kets, and the possible values of j are, as we have seen, 
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j=l+s 

mj=l+s 

j=l+s-1 
m;=l+s—-1 

j=l+s-2 

mj; =l+s-2 @ 
a eee 3 è 
m;=—l—st+l1 
m;=—l-s 


Fig. 5.3 Struttura degli autokets del momento angolare totale. Essi formano delle “catene” carat- 
terizzate da valori diversi di j. I valori di j vanno da un massimo di / + s a un minimo di |/ — s| 


l+s,l+s— 1,1 +s — 2, etc. Since the number of kets in the old basis and the new 
basis is the same, there must necessarily exist a minimum value of j, let us call it 
Jmin, that guarantees this. Remembering that the number of kets in the old basis is 
(21 + 1)(2s + 1) and that a chain with a given j consists of (27 + 1) kets, the value 


of jmin Must be such that 


I+s 
Y QF+D=A4+V0s4+D. (5.81) 
J=Jmin 
We have 
l+s l+s Jmin—1 


a Pe wares eer ee 


J=Jmin j=l j=l 


= (l +s+ Dd + s) = Jmin (Jmin = 


=(l+s5+1)- jūn- 


Inserting this result into Eq. (5.81) and isolating jmin 


1) +/+8— jmin + 1 
(5.82) 
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Jan = @+8 +1)? — 214+ Ds +1) 
= (I+s)? +20 +s) +1-—4ls —2¢ +5) -1 
= (I-s) (5.83) 


and since jmin Z 0, we conclude that 


Jmin = |! — sl. (5.84) 


In Fig. 5.3, we show the structure of the new basis. 

The result regarding the possible values of j is quite intuitive to remember. The 
total angular momentum is the sum of two vectors. Classically, if we denote ñl and 
hs as the lengths of these two vectors, then the maximum possible length of their sum 
is achieved when the two vectors are parallel, and it is A(/ + s), while the minimum 
possible length of the sum is achieved when the two vectors are antiparallel, and it 
is All — s|. 

Finally, itis worth noting that the theory of addition of angular momenta is entirely 
general and not limited to cases involving the angular momentum operators L and 
spin S. For example, in systems with two particles, there might be a convenience in 
working in the basis of the total angular momentum Dio = = Ê + Lp. All the previous 
results still apply; one just needs to identify j with Lio, L with Ly , and § with Ls, 


5.4.1 Hydrogen Atom with Spin-Orbit Interaction 


We can use what we have just learned to calculate eigenvalues and eigenfunctions 
of the Hamiltonian of the hydrogen atom with spin-orbit interaction. It is possible 
to reduce the general problem to an eigenvalue equation for the radial part only. If 
we reintroduce the principal quantum number into the eigenkets |j, m j)ıs, we have, 
according to Eq. (5.73), 


a A h? 
L Sin, j,mjis= > GU +D- I = sls +D) |n, jmiis. (5.85) 


Therefore, given a linear combination of eigenkets of the total angular momentum 
that mixes only kets with different principal quantum numbers 


IR, j,mj)is= È Raln, j, m;)is, (5.86) 


n 


we have 


os he 
L-S|R, jms = > UG +) —M+ D -= sls + D) |R, j, msde (5.87) 
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Let us show that it is possible to choose the kets |R, j, m j}ıs in such a way that they 
satisfy the eigenvalue equation 


(Hy + Aso)|R, j,mj)is = EIR, j, mj)is- (5.88) 


Taking into account Eq. (5.87), we have 


ae 5 e Wh iG+tY)—1d4+1)—s(s4+1) ; 
(Ho + Hso)|R, j, mj)is = Gi H mid 2 re JI imi 
= E|R, j,mj)is. (5.89) 


The operator in parentheses now contains only spatial operators. Keeping in mind 
that the ket |R, j, m j)ıs is a linear combination of kets with a fixed Z, if we take the 
partial inner product with the bra (r|, we find 


Rie Rit) è e RjG+D-IM+)-s6s+1) 
2m, r ðr? 2mer? r  2m2c? 2 r? 
(IR, j, mj)is 
= E(r|R, j,mj)is (5.90) 


Note that in parentheses, only the radial coordinate r appears. Using Eq. (5.75), we 
see that 


(IR, jms =R D> CY, ¥im(, dls, ms). (5.91) 


M,Ms:M+Ms=M j 


So, at fixed / and j, Eq. (5.90) is satisfied if and only if the radial part satisfies 


R 1 & RIC+1) e e BKBjG+D-I+1)-s(s+1) zoi 
r r 
2me r ðr? 2mer? r o 2m 2 r? 


= ER(r). 


We have therefore reduced the original problem to an eigenvalue problem for the 
radial part only, to be solved for every possible value of j, l, and s. In our case, 
s = 1/2 is the only possible value, as the electron is a spin-1/2 particle. So, for 
l = 0, we can only have j = 1/2, while for! > 0, we can have both j = l — 1/2 and 
j = l+ 1/2. The radial eigenfunctions and the corresponding eigenvalues depend 
on a principal quantum number, let us call it Q, as well as j and /. Once the radial 
function Rg, ;,)(r) with eigenvalue Eg; is known, we can construct the eigenkets 
of the entire Hamiltonian Ay + Hoo. It is sufficient to calculate the coefficients R, 
in Eq. (5.86). This means that we need to calculate 
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Rn =is(n, j,mj|Ro,j1,J,Mj)is = fa r?° Rai)Rọo, jal), (5.92) 


where R,,; are the radial wave functions of the hydrogen atom studied in Sect. 4.9.2. 


5.4.2 Heisenberg Hamiltonian for Magnetic Systems 


Crystals are physical structures characterized by a unit cell that repeats periodically 
in space, and within which there is a finite number of atoms positioned in the same 
way. Crystals can be characterized based on their electronic properties, such as con- 
ductivity, optical properties, such as their color, and magnetic properties. Regarding 
the latter, they emerge, for example, in crystals where the number of electrons in each 
cell is odd, and therefore, each cell has an effective spin different from zero. The 
magnetism in these materials is essentially due to the fact that the spin of one cell 
interacts with the spin of the neighboring cell, and the energy associated with this 
interaction is minimized when the spins are aligned. The Hamiltonian that governs 
the spins of the cells is called the Heisenberg Hamiltonian, and it has the following 
mathematical form: 

H=)° Jj $i- $; (5.93) 

ij 


where $; is the spin operator of the i-th cell, and J;; are coupling constants (they 
have nothing to do with the total angular momentum studied earlier). Let us see how 
the theory of addition of angular momenta helps us in understanding magnetism in 
materials. 

Suppose, for simplicity, that we have only two cells, and denote by S 1 and $, the 
spins of these cells. Then the Hamiltonian becomes: 


A 


H=JS8,-S8, (5.94) 


where we define the coupling constant J = J12. Introducing the operator of the total 
spin: 


A 


$=, +$, (5.95) 
we can rewrite the Hamiltonian using Eq. (5.72) as follows: 

a Ja z_ gz 

H = 78 — Sy; — Sz). (5.96) 


If the spins of both cells are 1/2, then the possible values of the total spin are s = 1 
or s = 0, and the eigenvalues of H are: 
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z= ( 1 >) 5.97 
s= S(s + )=3 : (5.97) 


In the case where J < 0, we see that the lowest energy is achieved for s = 1, and 
the corresponding eigenkets of the Hamiltonian are 


LETI 
Yair = |z; =n) 
ee 
ioe Ke he 
eke a a a Le 
|1, —1) =i ee > (5.98) 
’ 33 2’ 2’ 2’ 2" s 


These three states are called triplet states. The first and the third of them have the 
spins of the two cells aligned with each other. On the other hand, the state with higher 
energy with s = 0, also called the singlet state, 


niesi as 550) 
oe See 2 O P r2? ' 


has the spins of the cells anti-aligned. This simple example helps us understand 
how the Heisenberg interaction favors a certain alignment of spins and, therefore, 
magnetism. 

One last observation about notation. When dealing with spin operators for s = 
1/2, the corresponding eigenkets are often written more compactly as: 


11 1 
H =1555) I>) =| 


77 ). (5.100) 


This more compact notation can also be used for simultaneous eigenkets of two spin 
operators for s = 1/2. For example: 


1 1 
2° 2’ 
1 
2 


by FR=b=| ) 


’ 


1 1 
2 2 
: (5.101) 
2 2 


’ ’ 


I1, 1): = |+; +) 
1 
1,0)11 = — : : 
|1, 0)1; we + l=; +) 
I1, —I)11 =|=; =>). (5.102) 
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while the singlet state in Eq. (5.103) is written as: 


1 
1 (I+; == 1-3 +)) (5.103) 


0,0)11 = 
.0n= 


5.5 Exercises 


1. Consider a particle of spin 1/2 on a sphere and let |/, m; s, ms) be the simul- 
taneous eigenstates of the operators of orbital angular momentum ie Ê, with 
eigenvalues f7/(J + 1) and hm), and of the spin operators § 92 and $, With eigen- 
values A*s (s + 1) and hm, (for the hypothesis s = 1/2). Said J=L+S is the 
total angular momentum, a simultaneous measurement of J4, f2 Î, and L? pro- 
vides for the first two operators the values 1547/4 and h/2 with probability 1 
and for the third operator the value 2h? with probability 1/2. 

i. Write the ket of the system in terms of the eigenkets of the total angular 
momentum |j, m j)is- 

ii. Calculate the average value at time t of the operator Ê, 5. + Ê y S, if the 
Hamiltonian of the system is H= eL./ h. (Hint: Expand the states |j, m j)ı,s in 
the basis |/, mı; s, ms)). 


Solution We denote by | j, mj; L, 5) the simultaneous eigenstates of J*, J, L*, S? 
with eigenvalues h? j (j + 1), ħmj, RI + 1) and 3h? /4 respectively. From the 
problem data R? j (j + 1) = 15h?/4, then j = 3/2, andm; = 1/2. Fors = 1/2 
the value of j can be obtained both with | = 1 and with | = 2. So the most 
generic ket |Y} compatible with the measures of J? and J, is 


31 1 31,1 
Y) = ;1 2 
IM) = als, 531, 5) + Bl, 53 5) 


with |a|? + ||? = 1. It is convenient to express the two states as a linear com- 
bination of the kets |l, m;)| 5, ms) in order to determine the temporal evolution. 


We have 
l hi eh oI Dag j n 
FIAR TVI A B29! 
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So the state of the system at time t turns out to be 
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W(t) = PRS “a fn y : 
lY) =a ail: M5. 5) +e ail zT? 
[6 E a E i å 

+a 1577 5+ 5? e 152 Diz ») 


Let’s now observe that 


1 
WOES: + Ly SEO) = FOLS- + £54 (8) 
= Re[(W(1)|L+S_|¥())]. 


So 
(VOLS + Ly SVA) =? Ge - ia) cos(et) 


Since the probability of measuring l = 1 is 1/2 we have |a|? = |8|? = 1/2 and 
therefore 


(WOLS + LS YA) = -2 cos(et) 


. Two particles of spin 1/2 are in the following non-normalized state 


1 1 1 1 1 1 1 1 1 1 1 1 
— i z 2 i 2il— Ey eat, a 
I9) dailei WD unas 5) + V2il5, aaa 
yaga 1 1 t 
1 = aise a 
2 2. 2. 2 


i. Normalize the state 

ii. Calculate the probability that a measure of the total spin 2 provides 2h? 
and 0. 

iii. Are other values possible for a measure of S29 

iv. Calculate (y|?) 


Solution The norm of the state is 3. In the basis of the total spin |S, Ms) the 
normalized state is written as 


1 
lb) = 3 (Vill, 1) — A — i)|1, 0) — 1 + i)[0, 0) + 1 + 1){1, -1)) 


So the probability of measuring 2h? is 7/9 while that of measuring 0 is 2/9. 
Therefore the average value (y)|S?\) = 14/9h?. No other values for a measure 
of S? is possible. 


. Leta system of two particles be given, one with spin Sı = 1 and one of spin S2 = 


1/2. This system is investigated experimentally and the following information 
is extracted 
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(1) A measure of the square of the total spin S? = (S; + S2) - (S; + S2) provides 
the value (3/4)h? with probability 1/3 

(2) A measure of the total spin along the z axis, i.e S, = S,,, + S2,2, provides 
the value (3/2) with probability 2/3. 

(3) The average of the total spin along the z ne i equal to (5/6)h 

(4) The average of the operator Sj $2 is equal to wi 

Determine the normalized state of the system. 

Solution We denote by |j, m) the eigenstates of the total spin. The most general 


state is 
3/2 3 1/2 
Ww) = DY aml5.m)+ DO Bnl 
m=—3/2 ee 


From information (1) we obtain are |Gn|* = 1/3. We can conveniently 
write this constraint as pij = en sin? e -in = gi” cos 0 where the 
angles ġı, %2 and @ are yet to be determined. From information (2) we obtain 
|a3/2|? = 2/3 and since amen lam? =1— } = 3 we conclude that œi = 
Q_1/2 = a_3/2 = 0. So the state searched has the form |) = V3 l3, 3) + 
zle (e iði sin oli, $ 1y + e® cos Ol, —4)). From information (3) we obtain 
(|S: Iw) = AC + 1 sin? 0 — ł cos? 0) = ch from which it follows cos @ = 1 
and sin 0 = 0. We ended up having to determine ony the dz phase Tuking into 
account the factthat|}, 3) = |1, 1)14, 5 w —4) = zll, 0l}, —4) — 


/3lt —1)| 5, 5) eee aar —1)| 5.5 z) and therefore 
(w| 8? lv) = 2 c ir = — ae . Having this average to be equal 


ar iwe deduce that 62 = 1/2. In conclusion |Y) = (383 |5 ela. —3). 


4. A particle of spin 5 1 and orbital angular momentum / = 1 rotates ee around 
the z axis being subject to the Hamiltonian 


to 


eee 


where bs is the z component of the its orbital angular momentum and 7 is the 
moment of inertia of the particle. The particle is prepared at time t = 0 ina 
simultaneous eigenstate of J j? and of i. (where J =L+S is the total angular 
momentum) with eigenvalues he Ly respectively. 

Determine at what times ¢* the probability that a measurement of i give PR 
is maximum. 

Solution Based on the problem data the initial state is |o) = |j,mj)is = 
3, = $) with | = 1 and s = 1/2. To determine its temporal evolution we must 
write it as linear combination of the eigenkets of H, which are of the form 
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|1, m)|5, ms) (with m = —1,0,1 and m; = —4, 5) and which have energy 
eigenvalues Em = rem" . From the theory of addition of angular momenta we 
have 


Ip(t)) = 


iħt 
II, 015 +15 Digi gler 
5 


The probability P (t) that a measure of J? provides the value ie at time t equals 
the probability that the system is (up to a phase factor) in the state 


ie 3 Saji E L, l |1 ME L, 
2’ 2 ls = 3 ’ 2’ 2 3 ’ 22 $ 
1 1 /2 ° hi 
Spee des =e 2 t\ > 
PO = lists, 5 IYO) ($ ) |I- ex] = S Isin (FP. 


This probability is maximized (and equals P = 3) at the times t* for which 


» Mrf(1l 
AET 


So 


sin(Ż% = +1. Therefore 


with n = 0, 1,2... 


. The electron of a Hydrogen atom is found in the state 


1 1 i 
WV) = — |1, 0, 0; = |2, 1, 1; —) + = |2, 1,0; 
(Y) Ta +) +5 | )+5 | =) 


where we use the shorthand notation |n, l, m; +) = |n, l,m; TE + ES) for the 
autokets of principal quantum number n, angular momentum l, quantum 
azimuthal number m and spin projection along the zeta axis +ñ/2. 

i. What is the probability that a measure of the square of the total angular momen- 
tum J? gives value 3h7/4? 

ii. Calculate the average value of the Hamiltonian H= ba — $, i.e., (Y|H |Y) 
iii. Calculate the average value of the radial coordinate, : e (W|r|W). 
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Solution We denote by |n, j, mj) the eigenkets with principal number n which 
are eigenkets of the square of the total angular momentum with eigenvalue 
h? jj + 1) and of the z component of the total angular momentum with eigen- 
value hm j. From the theory of addition of angular momenta we have 


(1, 4, 4) = |1,0, 0; +) 1,0, 0; +) = |1, 5,5) 
I2, 3.) = l2 1, 1s - )+/312, 10:4) = 12.1.0; 4) = 312, 3.9) — ql2, 5. 9) 
|2, 5.5) = fn, Eks )— z512, 1, 0; +) 2,1, 1; -) = J, 12, 5 5) +4/ $12, 3 5) 
Therefore the state |W) can also be written as 
1 1 1 1 3 1 1 1 1 
IX) = ell, =, =) + —(1 + iv'2)12, =, =) + — (V2 - 12, =, =) 
We Ie ISI ID Ds 2°2 
i. The Pear probability is given by the sum a probabilities of finding the 
particle in the state |1, 4 z 5) or in the state |2, } 27 5). So P = 3/4. 
ii. The ee of the Hamiltonian are E, = -s . We then have (W|A|W) 
5e? 
-G+ ee ee T6ag ` 


iii. iii, Using the orthonormal of spherical harmonics we have 


i 1 
(YY) = | ar PS (Rio) 4 R30) 


ll 
e~e 


[o0] 
2 
= 5 fa (fea + EN Seri) 
2 a 24a; až 
0 
3 5 


ag x x = dp (3! 5! 13 
ee ee le z) = ) = 5.104 
7 (F+ Hye as qe OM) 


6. The ket |) describing a spin 1/2 particle in three dimensions has radial part fixed 
while the angular and spin part are described by the Hamiltonian H= 21 228 


where Ê and Ŝ are the angular momentum and spin operators while £ is a Seata 
with the dimensions of energy. 

i. Taking into account that the possible eigenvalues of L? are hI + 1) write 
the possible eigenvalues of Â in terms of / 

ii. Knowing that 


e An energy measurement gives the value £ with probability 1/2 e the value —2¢ 
with probability 1/2 

e A measure of the observable J, (z component total angular momentum) gives 
the value — 3h with probability 1/2 and the value sh with probability 1/2 


e The average value (WJ, $, f, |Y) = Biv 


determine the ket |). 
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Solution i. The Hamiltonian can also be written as H = = (I? -Ê — $2). 
Taking into account that the particle has spin 1/2 the total angular momentum 
for a given l can be j =l + 5 or j=l— 5 (the latter case only if l > 0). It 


follows that for a given / the possible eigenvalues of H are 


AE EE N AE GH) = 2 Sa eee 
1 5 eee ane ee: 


& 1 1 3 l 1 
n e a a a a sejal—5 


ii. Based on the results of point i. from the first information we see that the ket |Y) 
must have | = 1 with probability 1/2 of having j = l + 5 z 3 and probability 
1/2 of having j =l — 4 = 5. So 


)= Fe Dando + yg Daly nls 


with X „lam? = 1 and $ „ |bm|? = 1. The probability that a measurement 
of Jz gives —ih is equal to Zla- So, based on the second information 
|a_3/2| = 1, which implies a3j2 = ai = a-ı;2 =0 by virtue of normaliza- 
tion. Instead the probability that a measurement of J, provides sh is equal 
to Slail? + + ilb? = ibil being aip = 0. Again based on de second 
piece of information we deduce that |bıp| = 1 and therefore b_\;2 =0 by 
virtue of normalization. The searched state can therefore be written as |V) = 
id 


ei? : 
dt. 1 += B zl 5. ee To determine the phase e™ we use the last infor- 


Fl? 


mation. Ít turns out that 
KK i E 3 
S.J4_|V) = ar +1554 


Pes A A 
PE a5 §.(V2|1, 0)|—) + I1, -1)1+)) 
h2 
= z (It, OI) )) 


1 
1, —1)|+ 
Wei )| 


an ea, Se ane = 2-0 1,0 

-| I= 5 -l5 z4 = -PE | H =; )I-)) 
So (WIS, S, IW) = z Woe > . Using the last information we then deduce that 
e! = —i. 


. A particle of angular momentum | = 2 and spin s = 1 is described by the Hamil- 


tonian 
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where L are the angular momentum operators, $ are the spin operators and 
J=L+8. 

i. Determine the eigenvalues of H and the corresponding degeneracy 

ii. Indicating with | j, m ;) the eigenkets of the total angular momentum calculate 
the following matrix lenien 


(3, 3I[A, J3. 2, (3, 31, 44 ]12,2), 3, 31, J7]13, 3), 3, 3144. JL 13, 3) 


Solution We rewrite the Hamiltonian as H = $e (f2 £2 - $2 + 1 jE), The 
eigenkets of the total angular momentum are | j, mj) with j = 1,2,3 andmj; = 
—j,..., J. The kets are also eigenkets of H: 


iG +1)-8+6m; 
0 


H im; =E 
|j j) 7 


If j=3 we have the eigenvalues 11Eọ,8Eọ,5Eọ,2Eọ,—Eo,—4Eọ, 
—TEo, —7Eo form; = 3, 2, 1,0, —1, —2, —3. If j = 2 we have the eigenval- 
ues 

5Eọ, 2Eo, — Eo, —4E0, —7Eo for mj = 2, 1, 0, —1, —2. Finally if j = 1 we 
have the eigenvalues 0, —3 Eo, —6Eo for m; = 1,0, —1. Therefore the eigen- 
values 5E9, 2E9, — E0, —4 E0, —7Eo have degeneracy 2 and all the others are 
degenerate only once. 

We now come to the calculation a the matrix elements. Using that DA Îl]= 
Ade it follows that (A, iia oy o f Ê. We have 


J, L?|3, 2) = 6h? V12 — 613, 3) = 66°13, 3). 


Therefore (3, 3\[A, F413, 2) = 3V6Eph. The second matrix element is null 
since the operator (A, Fi does not change the quantum number j. The third 
matrix element is null since Ê commutes with J?. Finally for the last matrix 
element we have J,.J_ = (Jy +i —iSy) = 2? + BR ilh, A= IP? - 
J? + RJ,. Therefore (3, 3| J, J_|3, 3) = 6R. 

8. A particle of spin s = 1 and angular momentum / = 1 is found in the following 
non-normalized state 


= (V2 +i)/1, 1; 1, 1) — V2/1, 1; 1,0) + V21 + i)[1, 0; 1, 1) 


where the states |}, mı; s, m,;) are eigenkets of L, Ì,, S$? and Se 
i. Normalize the state 
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ii. Tell what are the possible values of a measure of P= È + $) . È + S) and 
calculate the probability of measuring them 

iii. Calculate the average value of J j? and Jy. 

Solution The norm of the state is 3. In the basis of the total angular momentum 
|j, mj) the normalized state is written as 


1 1 1 
=. 2+ i)|2, 2) —V2— (|2, 1 1,1 2(1 + i) — (|2, 1) —|1, 1 
I) 5 [2+ 002.2) v2- (12, 1) +11, 1) + v20 +e (12, 1) 11) 
= ; [v2 + 12,2) + £12, 1) - 2+ D11 0] 


The possible values of a measure of J? are 6h?, 2h2 and O and for our state the 
probabilities of measuring them are P(6h?) = 4/9, PQR) = 5/9 and P (0) = 
0. 


To calculate the average values have 


34 


2 2. 5 2 2 

(WIJ iy) = on + z = ‘ h 

A 1 A A 2/2 
Wio = 5014, + Ly) = ak 


. Consider two electrons of spin 1/2 described by the Hamiltonian 


where J = $; + $, with §, is the vector of spin operators of the first particle 
is $, is the vector of spin operators of the second particle. Ignoring the spatial 
part a possible basis of the Hilbert space for the spin part is | $, mı)| 5, m2) with 
mı = +} and m, = +5 the projections of the spin along the z axis of the first 
and second particles respectively. 

i. Find eigenvalues and eigenvectors of H. 

ii. Calculate the probability at time ¢ that a measurement of Siz provides the 
value —fi/2 if at time zero system is in the state |Y (0)) = Iż, Hli, —3). 


Solution We introduce the compact notation |s,sy) to denote the states 


i SI alas 525) with sı = + and s2 = +. In the basis of total angular momen- 
tum we have the triplet states |1,1) = | + +), |1,0) = (| +—) +|- +)), 
|1, —1) = | — —) and the singlet state |0, 0) = (| ce es +). 


i. The Hamiltonian commutes with J j? and we can therefore find simultane- 
ous eigenkets of J i? and H. In the triplet space the matrix H of elements 
Ann = (1, m|A|1, n) is 
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2 1/2 0 
H=e|]1//2 2 1//2 
0 1/2 2 
1 
The eigenvalues and eigenvectors are ET = e with, = A —/2 ; EZ =e 
1 
1 1 
with Y, = a i ; ET = 3e with wp; = 5 a . In the singlet space the 


matrix H = 0 and therefore the singlet eigenvalue is ES = 0. 
ii. In the basis of the total angular momentum the initial state is written like 


=(= — ly) +10, 0)) 


1 
¥(0)) = =(I1,0) +10,0)) = 
| ) a |1, 0) + |0, 0) T 
Therefore the state at time t turns out to be 


|W(t)) = 


1 (= = et ayy) 
v2 v2 


The required probability is then 


+10, 0)) 


2 ea | 2 2 
Pa) =j- w] +- e] = 5]. owo) + 0, owo + a, 1w) 


111 eldet/h 1 eiet/h 132 1) ei3et/h eiet/h 2 
} } 


T22 y2 Ble Aal 2l 22 
_! e” P cos(et /h) + i} + E siah = 1 (1 + cos(er/h) cos(2et /h)) 


10. A particle of angular momentum / = 1 and spin s = 1/2 is described by the ket 


|W) = Cen!+|1, -1)|+) 


where |1, 7)|+) are the simultaneous eigenkets of L?, oo §? and s.. 

i. Calculate the normalization constant C 

ii. Calculate the probability that a measurement of the total angular momentum 
provides the value j = 1/2. 


Solution i. Since l = 1 we can truncate the expansion of the exponential at the 

second order. We have 
ia 1 

22 


ÈZ JIL -DI = €(1L, -D14 +iv21, 01+) — 11, D+) 
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Therefore the normalization constant is C = 1/2. 
ii. In the basis of the total angular momentum | j, m j) results l, 3) = = |1, 1)|+). 


Applying =f +8 we find 


se [Pion + tn ae 1, 0)| TRENIS 
p = glib Ol) + z511 DI) 55) = a | 


from which |1.0)|+) = 
to the state l, 5) we ae 


2 s Li nin + yno ene 1)|+) 1,0 
PTP = ql DH) + 31 OI-) I, =D) a NI) 


L)3 
from which |1, —1)|+) = +15, — 
into |Y) we find 


I 
Ie 
~ 
WIN 
Bip: 
Nie 


). Applying again LST PS: 


)+ het —5). Substituting these results 


DTA? oe a 3172 Vala 


Therefore the required probability is P(j = 1/2) = 1/3. 
Let; = ON P Si, j ŝi, z) and Ss = (Sox, So: S2) be the spin operators of two 


Al ee 21 3 1 1 3 1 21 1 2 1 5) 


particles of spin 1/2. The particles are in the singlet state |Y) = 5 (I+. -)- 


I-, +)) where “+” and “ —” indicate that the spin projection along the z axis 
have values +/i/2 and —fi/2 respectively. 

i. Calculate the square of the variance of the operators Six and ŝi, y and ver- 
ify that the Heisenberg uncertainty principle is satisfied, i.e., (55, (55, ) > 
alsi Styl)? 

ii. Determine the average value (82). 

iii. Let the Hamiltonian be given by H=S 1,z- Calculate the probability that a 
measure of the square of the total spin, i.e §2 = ($; + $2) . (S, + >) provides 
the value 2°. 

Solution i. We write Bice = (S14 + ŝi) and Sty = 2 (S14 — ŝi). We then 
have 


3418) =i -)- I+, +)) 
h 

Si yl Y) weal ) + |+ +)) 

Salt) = (4. +1) 

l 2/2 
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and therefore (W|S1x|¥) = (W|S1,y|¥) = (V181, 1Y) = 0. We also have 
2 @2 he 
IW) = Sy |W) = Sy |W) = qe 


It follows that (6%, )(63,_) = h*/16. Since [$i x, Ŝi y] = ihS;,, we also have 
(Six; Styl) = 0. Therefore the Heisenberg uncertainty principle is satisfied. 
ii. The singlet state is a simultaneous eigenket of 52, 83, $2 and S. where 
S = $; + $5. Therefore (82) = 3h? /4. 

iii. At time t the ket of the system is given by 


Ae 1 ; 
Ya) = ety = hN, -) eN, +) 
v2 
e-iàt/2 


aE (I+, \— ey +). 


Since this state is always orthogonal to |+, +) and |—, —) the required proba- 
bility is given by 


2 l 1 
| ge (1 — cos Af). 


1 
P(t) = (+-+ (=, +1) IYO) =5 


. Consider a spin 1/2 particle in three dimensions. At time t = 0 a simultaneous 


measurement of the operators 


Â= Ê, B=L +Ê, C=5., 

gives the values a = 2h?, b = 2h? and c = h/2 respectively. Knowing that the 
particle is governed by the Hamiltonian H= ES, 

i. Write the ket of the particle at time t 

ii. Calculate the probability at time ż that a measure of total angular momentum 
J? provides the value BR. 

Solution i. From the first piece of information we know that the particle collapses 
into the state with | = 1. In the subspace |1, m) the operator B has eigenval- 


ues 2h? and 0, the eigenket with eigenvalue 2h? being (| 1,1)+|1, -1)). 


Finally the measurement of Sy uniquely determines the spin ket, i.e a (i+) + 
|-)). We conclude that after the simultaneous measurement of the three oper- 
ators the particle collapses in the state |Y (0)) = (II, 1) + [1, =1)) (4) + 


|-)). The time evolution is therefore given by 
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+ et 


IW) = (1, +11, =D) (eH) + ek) 


ii. To determine the required probability it is necessary to calculate P(j = 
3/2,t) = on (3, m|W(t))|?. From the theory of addition of angular momenta 
we know that 5 
»5) = |1, D+) 

D = 311,01 + 411, D1) 


3) = IL O1-) + zll, —1)+) 
3) = |1, —1)|—) 


NIS NIY NIW NI® 


So P(j =3/2,t) = } + $ + b +} = > which is independent of time t. 


More Exercises 


. The Hamiltonian of a particle of spin s = 1/2 in three dimensions is given by 


A 


H=ap- 


Mm 


Determine the eigenvalues and expand the eigenkets of H in the basis |p; 5, ms) 
of the simultaneous eigenkets of the momentum operator p and spin operators 
S? and S.. 


. Determine the spin matrices Sx, S, and S; for s = 3/2. Then calculate trace and 


determinant for the three spin matrices. Is it the same? If yes, justify the answer 


. A particle of mass m and spin s = 1/2 in one dimension is described by the 


following Hamiltonian 


i. Calculate Ê? (Hint: use that matrices of spin s = 1/2 are proportional to the 
Pauli matrices which satisfy o;o; = ô; l +i yi EijkOk). 

ii. Determine eigenkets and eigenvalues of Ĥ?. 

iii. Determine eigenkets and eigenvalues of H. 

The electron of a Hydrogen atom is found in the state 


_ 1,0,0; thor 2s iat |2, 1,0; +) 
V3 


(Y) 
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17. 


where the shorthand notation has been used |n, l, m; +) = |n, 1, m; 5, +3) for 
the autokets of principal quantum number n, angular momentum /, quantum 
azimuthal number m and spin projection along the z axis +h/2 . 

i. Calculate the average value of the spin along the z axis, i.e., ie 

ii. Calculate the average value of the Hamiltonian Â. 

iii. Calculate the variance of the Hamiltonian 

A particle of spin s = 5 is in a State at time t = 0 with spin projection along the 
z axis equal to f/2 and the angular dependence of the wavefunction is given by 


WO, d) = N (sin 8 cos ¢ + sin 0 sin ġ) 


i. Calculate the normalization N and the expansion of Y in spherical harmonics 
with / = 1. 

Calculate the time evolution of the initial state knowing that the Hamiltonian of 
the system is H= SL S. 

Calculate the average value of P= È + $) `. È + $) as a function of time. 


Chapter 6 A) 
Approximation Methods cere 


The problems that can be exactly solved in quantum mechanics can be counted on 
the fingers of one hand. They include problems with piecewise constant potentials, 
the harmonic oscillator, the hydrogen atom, and a few others. By “exactly solving a 
problem” here, we mean the exact diagonalization of the Hamiltonian operator, i.e., 
the calculation of its eigenvalues and eigenkets. In the vast majority of cases, exact 
diagonalization is extremely complicated. In this chapter, we see how to approach 
these cases using methods that allow us to approximate the exact solution. 


6.1 Perturbation Theory: Correction to Energy Levels 


Often, we encounter problems in which the Hamiltonian Ê is the sum of an operator 
Hp that we know how to exactly diagonalize and another operator P, called the 
perturbation, which produces small corrections to the eigenvalues and eigenkets of 
Ab: N . E 

H=H +P. (6.1) 


In such cases, it is possible to develop a method that allows us to calculate perturba- 
tively the corrections due to the operator P. In this chapter, we focus on developing 
such a method. Although we work to correct the eigenvalues and eigenkets of Ab, 
the method is applicable in other contexts. If we are interested in diagonalizing the 
operator Ĉ = A+ Ê and know the eigenvalues and eigenkets of A, we can calculate 
the corrections due to B by simply replacing Ay with A and Ê with Ê in all the 
formulas that follow. 

The idea behind the perturbation method is as follows. Consider the Hamiltonian: 


Ay = Ho + AP, (6.2) 
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with À a dimensionless parameter between 0 and 1. For A = 0, the above Hamiltonian 
reduces to A, while for \ = 1, the above Hamiltonian reduces to the one we are 
interested in, i.e., that of Eq. (6.1). As \ increases from À = 0, the eigenvalues E,, (A) 
and eigenkets | E,, (A)) of H à Start from those of the unperturbed Ho and then deviate 
from them until becoming those of Ê when \ = 1. The perturbation method consists 
of expanding both the eigenvalues and eigenkets in power series of À. By truncating 
these expansions at a certain power of À and evaluating them at À = 1, we obtain 
approximate results for eigenvalues and eigenkets. 


6.1.1 Correction to Nondegenerate Levels 


We here develop the theory for a non-degenerate eigenvalue of Ap. Let us say that 
the relevant eigenvalue is that of the nth level 


É E) = EOE). (6.3) 
Our goal is to find the eigenvalue E,,(A) and the eigenket | E,,(A)) that satisfy 
Â, |E, (A) = EnQ)|EnQ)). (6.4) 
Let us expand the eigenvalues of Ĥina power series of À: 
oo 
E (A) = EO +AA) = EO + OM A®, (6.5) 
k=1 
where we have taken into account that E,(\ = 0) = E and therefore the power 


series expansion of An (A) starts from k = 1. Now we rewrite Eq. (6.4) using both 
the explicit form of H, and Eq. (6.5) 


(Hy + AÊ) E, (A) = (E® + Ap) EnA), (6.6) 
from which . p 
(E® — Ao)|En()) = AP — An)|EnQ)). (6.7) 


Since the set of unperturbed eigenkets of Ĥo forms an orthonormal basis, we can 
expand the ket | Z,,(A)) in this basis 


(EnA) = EO) + Do cml EM). (6.8) 
men 
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Note that the ket | Z,,(A)) is not normalized. In fact, 


(E AEA) = 1+ Do lcn? > 1. (6.9) 
mÆn 


We take care of normalizing it later. Substituting the expansion of Eq. (6.8) into the 
left-hand side of Eq. (6.7), we obtain 


JO em (EO — EQJEQ) = AÊ — An)| EnA), (6.10) 
mÆ#n 


and bracketing with (E G | we can derive the following expression for the coefficients 

Cp 

(EO |AP m: An | En (A)) 
Ey” — Ep 


(6.11) 


Cp = 


Substituting this result into the expansion of Eq. (6.8), we arrive at a recursive formula 
for the sought eigenket 


|En(A)) = |EO) + > IO 0 a JE) (EO|AP — Anl|En()). (612) 
men 


To better recognize the recursion in this equation, we define the operator 


> IEP (Em | 
T= EO EO (6.13) 
Then Eq. (6.12) becomes 
[En(A)) = [E®) +, AÊ — A,)|En (A). (6.14) 


If now, in place of the ket |E,,(A)) appearing on the right, we substitute the entire 
right-hand side (which is also equal to | E,(A))), we find 


|En A) = |B) +Ê AÊ — An) EO) +Ê, AÊ — An)En(AP — An)|En()) (6.15) 


We can now continue iteratively and replace each occurrence of the ket |E,,(A)) on 
the right with the entire right-hand side of Eq. (6.14): 


|E, (A) = |B) +Ê, AÊ — An)lEnQ)) 
= |E®) +Ê, AÊ — A EO) + Ê AÊ — AÊ, AÊ — ADEO) +... (6.16) 


192 6 Approximation Methods 


In this way, we obtain an expansion of the ket |E,,(A)) in terms of the unperturbed 
eigenkets of Ho. Let |E®) denote the term proportional to à% in this expansion, so 


|En(A)) = >) ME). (6.17) 
k=0 


Using the power series expansion of À in Eq. (6.5), we can identify the various |E“): 


a 
IE®) 


T,(P — AP)EO) 
[in B - AMEE — A) - 7,02] EO) 


(6.18) 


We have obtained expressions to correct the eigenket to a certain order in A. 
However, these expressions require knowledge of A ®) . How to obtain these? Nothing 
simpler. Multiplying Eq. (6.7) by the bra (E | we find 


(EP IEP — Êo) EnA) = 0 = (Ex IAP — An)lEnQ)) = MEP ÊL EnA) — An, 
(6.19) 
where we take into account that, by virtue of Eq. (6.8), (E® |E,(A)) = 1 for every 
A. Therefore, . 
An = ME | P| E, (A). (6.20) 


Using the power series expansion of À for both A, (see Eq. (6.5)) and |E,,(A)) (see 
Eq. (6.17)), and equating coefficients with the same powers, we find 


A® = (EV Ê pe, (6.21) 
So, based on the results in Eq. (6.18), we have for the first-order correction 
AP ED Pie), (6.22) 
for the second-order correction 
A® = (EV PT, (Ê — AD) E) = (EV PT, P|EO) 


01 6| FO) 2 
KE®IPIE®)I 


POL pO (6.23) 


mén 


and so on. Note that if the level in question is that of the ground state, then E® < EO 
for every m Æ n, and therefore A® < 0. Thus, the second-order correction to the 
energy of the ground state is always negative. 
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6.1.2 Correction to Degenerate Levels 


We now consider the case where the level to be corrected is a degenerate level with 
degeneracy d > 1. As usual, we denote by n the level in question, by E© its energy, 
and by EO) the degenerate eigenkets. Therefore 
$ (0)) — FO pO = 
Hol Eng) = En Eng g=1,...,d. (6.24) 
Our goal is to find the eigenvalues E,, ,(A) and the eigenkets | En, v (A)) that satisfy 
Ryl EnA) SEO in). v=1,...,d, (6.25) 


where the eigenvalues E,, (A) calculated at A = 0 all coincide with E®, In general, 
there is no reason to expect that the perturbation \P preserves the degeneracy of the 
level n, so we must consider the possibility that the perturbed energies are different 
from each other. This is why we have introduced an index, the index v specifically, 
to the energies. If the level no longer remains degenerate, and we anticipate that this 
happens in the majority of cases, we say that the level has undergone a splitting due 
to the perturbation. 

Let us expand the perturbed energies E,,,,(A) in a power series of A as we did in 
the non-degenerate case 


[o0] 
Ep (A) = EO + An A) = EOY OAS. (6.26) 
k=1 


Proceeding as before, it is straightforward to verify that Eq. (6.25) implies 
(EO — Êo) |En o (A)) = (AP — Any)|Env))- (6.27) 


Since the set of unperturbed eigenkets of Ĥo forms an orthonormal basis, we can 
expand the kets | E,,,(A)) in this basis. 


Eni) = > cogl ED) + YO cnl EQ). (6.28) 


g mn 


In this equation, the first sum is a linear combination of the degenerate kets, while 
the second sum is a combination of all the remaining kets. Substituting the expansion 
of Eq. (6.28) into the left-hand side of Eq. (6.27), we obtain 


JO cn (EO — EO)|EO) = AP — Ano) |En (A), (6.29) 


m 
m#n 


and bracketing with (E i; we find the following expression for the coefficients cp 
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(EO|AP — An ol Env) 
EP — EP 


(6.30) 


Cp = 


Substituting this result into the expansion of Eq. (6.28), we arrive at a recursive 
formula for the sought eigenket 


lEn v (à)) = Do cogl Ens +5 -aen z0 IEO EO JAÊ = Anvl Env). 


m#n En 

(6.31) 
Unlike the non-degenerate case, if we knew A,, ,, this recursive equation would not 
be sufficient to calculate | E,, ,(A)). The reason is that we do not know the coefficients 
Cv, g. In the non-degenerate case, this problem did not arise because there was only 
one such coefficient, and we could choose its value to be 1 since normalization can 
always be fixed later. In the degenerate case, the condition of the normalization is 
not enough. It allows us to choose the value of one of the coefficients c,,,, not all 
of them. Determining these coefficients (up to a multiplicative constant that can be 
fixed later with the normalization) is, however, rather simple. Multiplying Eq. (6.27) 


by the bra a |, we find 


MEC, |Ê Env) = An,vCv,g' - (6.32) 


This equation, together with Eq. (6.31), allows us to determine both the coefficients 
Cv, g and the corrections A,,,, at all orders in À. In the following, we explicitly work 
with the lowest order in A. 

The lowest order in À of the quantity MEO, | ÊJ Ena (A) is the first order, and it 
is obtained by approximating |£,,,,(A)) with its expression at zeroth order in A, i.e., 
with the first term on the right side of Eq. (6.31). Also, for the quantity An, vCv,g', 
the lowest order in À is the first order, and it is obtained by approximating A, with 


rAAQ), see Eq. (6.26). Equating the first-order terms in of Eq. (6.32), we find 
le a= A a (6.33) 


g 


We recognize in this equation an eigenvalue equation. In fact, if we define the d x d 
matrix P with matrix elements 


Pyg = (E®, |P|E! (6.34) 


n ae 
and the vector €, of size d with components c,,,, then we can rewrite Eq. (6.33) in 
matrix form as follows 

Pe, = A’ c. (6.35) 


n, v 
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In conclusion, given the perturbation P, the lowest-order corrections to the degen- 
erate eigenvalue E. with degenerate eigenkets ee) are the eigenvalues A“), of 
the matrix P, while the lowest-order eigenkets are given by 


|En, v) = X coal EO) (6.36) 
g 


where the c,,, are the components of the eigenvector of P with eigenvalue AY. 


6.2 Perturbation Theory: Time Evolution 


The perturbative method described in the previous section allows for the approximate 
calculation of eigenvalues and eigenkets of operators given by the sum of an operator 
for which everything is known and a small perturbation. In this section, we want to 
develop a perturbative method that allows for the calculation of the time evolution 
of a ket, independent of the ket, when the Hamiltonian has the form 


H(t) = Hy + ÊO), (6.37) 


where the perturbation P(t) is an operator that can explicitly depend on time. As in 
the previous case, we assume that all the eigenvalues E© and eigenkets | E) of 
Hp are known. They can be either degenerate or non-degenerate; the derivation that 
follows does not depend on the degeneracy of the unperturbed levels. We introduce 
the operator 

Ay = Ay + AP(t) (6.38) 


such that for A = 0 it yields the Hamiltonian Ho, while for À = 1 it yields the Hamil- 
tonian in Eq. (6.37). We expand all quantities in power series of À. Approximate 
results are obtained by truncating these expansions at a certain order in À and eval- 
uating everything at À = 1. 

Given the ket | Wo) at time ¢ = 0, our intention is to approximately (or perturba- 
tively in A) solve the Schrödinger equation 


d 2 A 
hgw) = (â + AP) IVO). (6.39) 
To do this, we expand the ket |Y (żt)} in the basis of the eigenkets of Hy as follows: 


IX) = yee OEP). (6.40) 


n 
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The initial condition | (0)) = |o) implies that 
Cn (0) = (EO |W). (6.41) 


The reason why we have written the expansion coefficients as an exponential times 
the coefficients c, is easily explained. When A = 0, the ket |W (r)) with ca (t) = ca (0) 
constant in time solves the Schrédinger equation, see Eq. (1.148). Therefore, the time 
dependence of the c, is due to the presence of the perturbation and provides infor- 
mation about its nature and how relevant it is. Substituting Eq. (6.40) into Eq. (6.39) 
yields 


. (0), x 
> e” ipi ine w aE) = N bs ae P(t)cen WIEC) (6.42) 


n n 


iE t : : 
Multiplying both sides of this equation by (E |e “I and defining the frequencies 


E® ~— E©® 
Qin = ——— (6.43) 


we find a system of differential equations for the coefficients {cp} 


p2 m a i 
a nO =A (E® PM EO) im c(t). (6.44) 


m 


Defining the time-dependent matrix P(t) with matrix elements 


Prn(t) = (EVI ÊO E®) = PHO (6.45) 


m nm 


and integrating Eq. (6.44) with respect to time, we arrive at a recursive equation for 
the coefficients {c,}: 


t 
id aci 
Cm (t) = cm (0) — =D 1 dt Pnn i cp Ct). (6.46) 
n 0 


This equation allows us to expand the coefficients in a power series of À. In fact, 
rewriting the equation above for c,(t’) instead of c,,(t) and then substituting under 
the integral sign in Eq. (6.46), we have 


t 
iÀ ae 
Cm(t) = Cm(0) = = Ef a Pt Cn (0) 


(2) D j dt! Pan (t Je" / dt" Pay "Ji c(t"). (6.47) 
0 


nn’ 
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Continuing to iterate, we generate the power series in À. It is important to realize 
that up to this point, no approximation has been made. In this book, we only study 
the first-order approximation in À. This means that we approximate c,,(t) with the 
first row of Eq. (6.47). 

The first-order formula is further simplified in the case where the ket at time t = 0 
is an eigenket of Ft, i.e., |Yo) = IE®) for some i. In this case, see Eq. (6.41), 


ca (0) = Onis (6.48) 


and therefore for all m 4 i we have 
. t 
= iA / N gimit" 
Cm(t) = -7 dt Py (te : (6.49) 


The squared modulus (EO wry) |? = |Cm(t)|? is the probability that a measure- 
ment of the energy yields the value E® or, equivalently, that the initial state IE®) 
evolves to the state |Z) at time t. This probability is correctly zero for t = 0, but 
it can become nonzero as t increases. In this case, we can say that the perturbation 
P(t) is responsible for inducing energy transitions from the initial level to another 
level. Note that for a transition to occur to a specific level m, the matrix element 
Pini (t) must be nonzero. For example, if Ay is the Hamiltonian of a one-dimensional 
harmonic oscillator and the initial state is the ground state of the harmonic oscillator, 
Ley IE®) = |0), then a perturbation of the form P(t) = f(t)x will never realize a 
transition to the levels |m) with m > 1 because Ppi (t) = f (t)(m|x|0) = 0 for all 
m> l. 


6.2.1 Fermi Golden Rule 


An alternative and sometimes more convenient way to rewrite Eq. (6.49) is obtained 
in terms of the Fourier transform of the function P,,;(t’). 


d ie 
Pri (t) = J Sremit Pini (w). (6.50) 


Substituting into Eq. (6.49) and integrating with respect to time, we find 


ir ~ 
ent) = -2 f EBO di ein 
id Gnor sin (St) 


= aa (we 


= (6.51) 
RJ 2 a) 
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Let us consider the special case of coherent and monochromatic perturbations, 
such as a laser. For these perturbations, the temporal dependence of the (Hermitian) 
operator P(t) is of the form 


P(t) = Aci! + Aten iver (6.52) 


where A can be any operator, even non-Hermitian, and wo is the frequency of the 
laser used to perturb the system. Without loss of generality, we assume that wọ > 0. 
From Eq. (6.45), we then have 


Pri (t) = Ame + Ate", (6.53) 


where we have defined the matrix elements of the operator Aas Ami = (E© |A |E a ). 
From Eq. (6.50), it is easy to obtain the Fourier transform 


Pj (w) = 27 Amið lw + wo) + 27 A*, lw — wo). (6.54) 


im 


The reader can easily verify that substituting this equation into Eq. (6.50) leads 
precisely to Eq. (6.53). Substituting Eq. (6.54) into Eq. (6.51), we find 


: mi ~w 
¿Emio Sin =] 


Em 
(6.55) 


Let us study the coefficient c„ (t) in the limit of long times. At a certain fixed time t, 


the function zinan is an oscillating function with a frequency of t that tends to zero 


as 1/a. The absolute maximum occurs at a = 0, where the function takes the value 


> Qni +w 
‘Omz Sin (Sutt) 


( Omi Fw ) sk Aime 
2 


Cm(t) = 4 fane 


i t 
lim sin(at) Say 


a—>0 Q 


(6.56) 


Therefore, in the limit t —> oo, the dominating coefficients are those for which Q,,; + 
wo = Oor Qmi — wo = 0. This implies that in calculating |c,, (t)|?, we can ignore the 
mixed terms as they are subdominant in the limit t — ow. In fact, if m is such that 
mi + wo = 0, then the dominant contribution comes from the first term in the square 
bracket, while if m is such that Qm; — wo = 0, then the dominant contribution comes 
from the second term in the square bracket. We can then write 


2 +2 ( Qnitwo 22 (Qni-—wo 
Gish ee ain a C ee 
t>o h2 t00 (Lt)? (272) 


nE : 

To proceed, we need to study the function g(a, t) = son In Fig. 6.1, we show 
the behavior of the function for increasing values of t. It tends to zero as 1/a? for 
œa — oo while it tends to the value £? for a > 0. Furthermore, as t increases, it 
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sin? (at) 
az 


Fig. 6.1 Graph of the function g(a, t) = with respect to a for various values of time t 
becomes narrower since, descending from the main peak, it touches the a axis at the 
points +7/t. Therefore, we have a curve that, as t increases, is different from zero 
only near œ = 0 and for a = 0 tends to infinity as t*. This is the classic behavior of 
a Dirac delta function. We can then write 


sin’ (at) 
—— = fH). (6.58) 
t>0o Q 
To determine the function f (t), we integrate both sides of this equation with respect 
to a. Extending the integral to the complex plane and using the residue theorem, we 
obtain 


2 


E j sin’ (at) _ 


—0o 


In light of these results, we can then write that 


sD mi tw 
sın (t) = nt (Se + wo 


= 0) _ pO + 
Jim, (Sait 5 ) = anne oes E; + hwo). (6.60) 


Substituting into Eq. (6.57), we arrive at the Fermi golden rule 


lim 
oo 


em (t)? 20 
A mo =X Z Amil? [ED E® + hwo) + 5(ED — EO ħwo)]. (6.61) 


m 
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Therefore, the probability |c,,(t)|* that, starting from the initial state je, the 
system evolves to the state |B) is different from zero only if |A,,;|7 Æ 0 and at 
the same time, the energy difference between the initial and final states is thw. If 
the energy of the state |E) is greater than the energy of the initial state | E 0 ) (so 
only the second Dirac delta contributes), the transition process is called absorption 
because the energy increases and the system absorbs energy. Conversely, if the energy 
of the state | EF 9) is less than the energy of the initial state | E 03 (so only the first 
Dirac delta contributes), the transition process is called stimulated emission because 
the energy decreases and the system emits energy. 

The Fermi golden rule is of fundamental importance for the manipulation of 
quantum systems. For example, if we wanted to transition the electron initially in the 
ground state |1, 0, 0) of the hydrogen atom to a generic level |n, /, m}, we would need 
to use an electromagnetic field with frequency wy > O such that hwy = E, — E; = 

= (1 — +) and ensure that the spatial part of the perturbation gives rise to a non-zero 


2ag 
matrix element between the state |1, 0, 0) and the state |n, L, m). 


6.2.2 Radiation-Matter Interaction 


The electromagnetic fields are one of the most direct methods for transforming and 
manipulating quantum matter. They allow transforming an insulator into a metal, 
changing the color of a material, or transforming it from opaque to transparent and 
vice versa. In Sect. 4.4, we have seen that the Hamiltonian of a quantum particle in 
an electromagnetic field is given by Eq. (4.48). For low intensities, we can neglect 
the term proportional to A? and therefore rewrite Eq. (4.48) as 


A ^2 
=? + o0) - -Z (P-A. D +AG, DP). (6.62) 
m 2mc 


Comparing this Hamiltonian with Eq. (6.37), we see that 


a2 


Ê = = + 00, (6.63) 
m 
PA= £ (ô AC, 1) + AG, t) p). (6.64) 
2mc 


This perturbation is known as the radiation-matter interaction. 
If the electromagnetic field is monochromatic, then the vector potential has the 
form 


A(r, t) = Age ET 4 Ager oo) (6.65) 


where wg is the frequency of the monochromatic field, and k is a vector with the direc- 
tion of the field propagation and a magnitude of |k| = wo/c. For light with a frequency 
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wo < wxuv, Where wxuy ~ 2r x 3 x 10’ GHz is the frequency of extreme ultravio- 
let, we have |k| < 27 x 0.1 nm~!. Therefore, for atoms and molecules, whose dimen- 
sions are at most a few nanometers, we can approximate the exponential e*" ~ 1 for 
all frequencies below those of extreme ultraviolet. This approximation is called the 
dipole approximation. Considering that in a hydrogen atom, the ionization energy 
is 13.6 eV, see Eq. (4.189), we can reasonably expect that frequencies below wxuv 
allow observing electronic transitions in many atomic and molecular systems. 

Comparing Eq. (6.65) with Eq. (6.52), we see that in the case of the radiation- 
matter interaction, the matrix element Am; that appears in the Fermi golden rule 
is 


Ani = 2 Zp - Aol EY”). (6.66) 
mC 


6.3 Variational Method 


Consider a time-independent Hamiltonian H. The variational method is a non- 
perturbative approach aimed at obtaining an approximation for the ground state 
of H, let us call it |Wo), and its energy Eo. It is based on the following simple 
consideration. For any normalized ket |W), the variational principle holds: 


(W/A|W) > Eo. (6.67) 


The proof of the inequality (6.67) is immediate. We denote by |Y,) and E, the 
eigenkets and eigenvalues of H. Among these, there is obviously the ground state 
| Wo) with energy Eo, and by definition E, > Eo. The kets |W,,) form an orthonormal 
basis on which we can expand |W): 


IY) = Socal), Jola = 1, (6.68) 


n n 


where the second equation expresses the normalization condition (W|W) = 1. It 
follows that 


(WIA) = 2 le, E, = E), enl? = Ep. (6.69) 


The variational principle expresses the fact that the mean value of the Hamiltonian 
operator on any normalized ket is always greater than (or at most equal to) the energy 
of the ground state. 

Let us now see how to use the variational principle to formulate the variational 
method. Suppose you have a certain physical intuition about the structure of the 
ground state. Consider, for example, a particle in one dimension subjected to the 
potential V (x) shown in Fig. 6.2. If this potential admits a ground state with negative 
energy, it would be a bound state, and the corresponding wavefunction would be 
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w3 e7232°/2 


Fig. 6.2 Example of variational functions for the approximate calculation of the ground state of a 
particle subjected to the potential V (x) 


maximum at the minimum of the potential, approaching zero far from the minimum. 
We could then approximate the ground state with a normalized Gaussian function 


Palx) = (x| Ya) = ee eer. (6.70) 


and, correspondingly, obtain an approximation to the energy of the ground state by 
calculating the mean value E(a) = (Yal Ê |W,). But which value to choose for the 
parameter a? In Fig. 6.2, we show three different functions Wa(x) corresponding to 
three different values of a. The inequality (6.67) implies that E (œ) is greater than 
Eo for all a. The best choice of a, i.e., the one for which E(q) is closest to Eo, 
corresponds to the value for which E (a) is minimized. This leads us to compute the 
best value of a by solving the stationarity equation 


dE(a) = 
da 


0; (6.71) 


among all possible solutions of this equation, we select the one corresponding to the 
absolute minimum of E (a). 

More generally, the variational method consists of writing a “variational” ket 
|Wo,3,7,...), depending on parameters a, 3, Y, ..., which we expect can well approx- 
imate the ground state for a certain choice of parameters. Since the mean value 


Ela, B, y, ++.) = (Ya, g.y,. LH Yap...) = Eo, (6.72) 
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the best choice of parameters corresponds to the values at which the function 
E(a, 8,7, ...) is minimized. 


6.4 Exercises 


1. Consider a one-dimensional quantum harmonic oscillator of frequency w and 
let |n), with n = 0,1, 2,..., be the eigenstates of energy En = hw(n + 1/2). 
The Hamiltonian can therefore be written as H = > =o En|n)(n|. Let a small 
perturbation be given by 


n>0 


Ê = Aħw ` vno" (In) (0| + |0)(n|) 


n>0 


with A < 1 and v a numerical constant greater than zero. Determine the ground 
state energy correction to the first and second order in X. Is the correction finite 
regardless of the value of v? If not, determine for which value of v the correction 
diverges. 


Solution To first order we have EQ = (0| P|0) = 0. To second order we have 
ES? = -Yo (O|P|n)2/(nhw). Since (0|P|n) = AhwV/ nv" we have 


Miw)2nv" 
E? = ( = —\hw ri 6.73 
0 2 nħw 3 5 ( ) 


So ES is finite only for v < 1 and holds ES = — X hw —— 
2. A three-level quantum system is described by the Hamiltonian 


3/2 0 i/2 
H= 0 10 
—i/2 0 3/2 
i. Find the eigenvalues, their degeneracy, and an orthonormal basis of eigenvec- 
tors 
110 
ii. The system is then subject to the perturbation P = A | 1 1 0 |. Calculate the 
000 


eigenvalue correction to first order in À and an orthonormal basis of eigenvectors 
to order zero in À. 


204 
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Solution i. The Hamiltonian H has eigenvalues E, = 1 with eigenvector @, = 


0 —i 
1 |, E2 = 1 with eigenvector @) = z 0 | and E3 = 2 with eigenvector 
0 
i 
rane i 
1 


ii. Since Ey = Ex = 1 we must apply the perturbation theory for degenerate 
states. In the degenerate subspace we have 


(4 Po, >} iA z a( l a 
PPG, Po -i/ v2 1/2 
which provides the corrections E” = 0, with new eigenvector w, = — o + 


Tei: and ES) = = 3/2, with new eigenvector 7 = if 2 + + or. The 


eigenvalue E3 is non-degenerate and therefore the correction is simply E3 ) 
piPo = = \/2 with unchanged eigenvector 3. 


. Consider the Hamiltonian in three dimensions for an electron immersed 1 in the 


2 P Ze? 


central potential generated by a positive point-like charge Ze: H= oa ra 


Consider the small perturbation P=6 (ê — d) with d > 0. 

i. Calculate the correction to the energy of the first excited state to first order 
in À. 

ii. For what values of d is the degeneracy not removed? 

Solution i. Having the potential a spherical symmetry and being the spherical 
harmonics mutually orthogonal the matrix 4 x 4 which represents the perturba- 
tion in the basis of the degenerate eigenstates is diagonal. So the corrections to 
the energies are simply given by 


se dN? a 
Eo = | drvo) f devant, 0, o= (z) d? (2-<) e 
2ao ao 
1y? d \V? a 
ôE; = 2y Q|Woim(r, 9, vy)? =A(—) ad? =a 
i far ofa [Paim (r, 0, o)l (=) E) e 


The degeneracy is only partially removed since 8E, does not depend on m 
ii. For the degeneracy to remain four it must hold ôEọ = 6E,. This happens for 
d = 0 and ford = rap. 


T 
. Let |n) and (n| be the auto-kets and the auto-bra of the Hamiltonian of the one- 


dimensional harmonic oscillator with eigenvalues €, = hw(n + $), and consider 
the Hamiltonian H = Eo Eala) (n| + V2hiw (|) (1| + 11) (0]). 
i. Determine the eigenstates of H and their respective energies; 
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ii. If the system is subject to the perturbation p= hin({O) (2| + |2)(O|) with 
n X w, determine how the energies change to first order in perturbation the- 
ory. 


Solution i. H can be rewrittenas H = ~~. en|n) (n| + %|0)(O| + 2211) (11 + 
V2hw(|0)(1| + |1) (Ol). Therefore it is evident that the kets |n) with n > 2 are 
eigenkets of A with eigenvalues €,, equal to those of the normal harmonic oscil- 
lator. Instead the kets |0) and |1) are no longer autokets as they are mixed by the 
perturbation. In the subspace generated by the basis {\0), |1)} the Hamiltonian 
is represented by the 2 x 2 matrix 


(h) 


whose eigenvalues are €_ = -5 (which being the lowest is the ground state 
energy) and €} = she | We note that the eigenvalue Me is two times degenerate, 
since €} = €2. The respective normalized eigenvectors are instead 


Mr « eea(P) 


So the autokets are |\p_) = z (10) )+/2|1)) e|y4) = al 210) + |1)) 

ii. On all non-degenerate states the perturbation has no effect to first me 
since (n|P|n) = (y_|P|p_) = = 0. On the two degenerate states |p) and |2} the 
matrix elements of P instead are not zero: 


(oa oye 0-3 
21Plpx) (21Ê12) 


The eigenvalues of this matrix are + hn. Therefore the perturbation removes 


the degeneracy and the corrected energies to first order are hw a Ae hn and 


Shw + [2hn. 


5. Consider a particle of mass m in one dimension described by the Hamiltonian 
Ay = Ë + V (2) where 


0 O<x<L 
ONS be otherwise 
The particle is initially in the ground state of Ap and is then disturbed by the 
time-dependent perturbation 
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Wares WA i 
DADAS zh 


Calculate to the lowest order in À the probability of measuring energy E® = 


lex a at a generic time t. 


Solution We denote by |E) the eigenkets of Êo and by p(x) = (x| EO) = 


a sin(“*) the corresponding eigenfunctions. From the time-dependent per- 
turbation theory the the required probability is given by |c,(t)|* where 


t 


À A (pO _ pO py 
ent) = -ig | aOR GE A E ee 


2 
= =i fe fax (E®|x)( jal- 5 erro = 4mL JE SE 
wh 
AL AmL?\ O_O y L 
5 ak fas p | iE EP) m fas pnp i| x — = 
2 wh 2 
0 


2 
So the probability is zero ift < ca Instead, in the case where t > a we have 
nT nen (2 = 4mL? P RS nt 
Cn (t) = —iA sin EA im DET = —idsin F 


Consider a quantum system describable by a basis of only three orthonor- 
mal kets |1), |2) and |3). In this basis the Hamiltonian operator is given by 
Ay = Eo yoi ¿n |n)(n| + V2Ep (|2)(3| + 13)(21). The system is in the state 
I) = (11) + il2) + 13)). 

i. Find the possible values of energy and calculate the probabilities of measuring 
them. 

ii. Calculate to first order in À how the energies of Ap are corrected if the Hamil- 
tonian becomes Hy + AP with Ê = i(|1)(3| — |3)(1|). Using the eigenkets of 
Ho + AP to zero order in À compute the probabilities of measuring the correct 
energies. 


Solution Jn the given basis the Hamiltonian is represented by the matrix 
10 0 
H= E| 0 2 V2 
0v2 3 
This matrix admits eigenvalue Eo with degeneracy 2 e eigenvalue 4Eq with 
degeneracy 1. The two orthonormals eigenkets with eigenvalue Eo are eo) = 
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1) and ea L (4/2 2|2) — |3)) while the eigenvector with eigenvalue 4 Eo is 
= 8 & 

l4) = o ) + V213) 

i. The probability of measuring Eo is given by 


1 1 2 
P(Eo) = WP + IOP )P = 3 + gl -iV2— IP = 3 


and therefore that of measuring 4E is P(4E9) = 1 — P(Eo) = 5 
ii. To calculate the corrections we use the perturbation theory. In the case of the 
degenerate eigenvalue we have to construct the matrix 


b : 
-( (81 | Ploy?) Wale 1 @ a) 
PIPIA) OPIPI J V3 Li 0 
Then the degenerate eigenvalue splits into two distinct eigenvalues equal to Ey + 
A/V/3 and Ey — /V/3; the zeroth-order eigenkets in are respectively |p?) = 
EUP) +iloP) and AP) = 0P) — ilo). In the case of the non- 
degenerate eigenvalue it is enough to calculate CAVALA = 0; therefore the 
perturbation does not give rise a correction and the eigenket does not change to 


zero order in A. Once we know the zeroth-order corrected eigenkets we can easily 
calculate the required probabilities. We have P (Eo + \/V/3) = plo) [= 


4a + 2: Using that the probability of the eigenvalue 4E 9 does not change 
we have P(Eo — A/ V3) = 1 — P(Eo + A/ V3) — P(4E0) = 4 — J). 


7. Consider the electron in a Hydrogen atom subject to perturbation 


where Ê = (È, L ys Lz) is the vector of angular momentum operators, $= 
(Sx, S ys 8.) is the vector of spin operators and ° is the operator for the radial 
coordinate. Determine the first order corrections in À to the energy of the first 
excited state. 


Solution The degenerate kets are |2,0,0)|s, ms) and |2, 1, m)|s, ms) where s = 
1/2, ms = £1/2 is the spin of the electron and m = —1,0, 1 is the quantum 
azimuthal number. The level degeneracy is therefore equal to 8. We rewrite the 
perturbation as 


a NPS PRS? 
P= —~——_—"_ 
2 5 


where J = L + Sis the total angular momentum. So the perturbation is diagonal 
in the basis of total angular momentum. The kets |2,0,0)|ms) = |2, j, mj)os 
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are eigenkets of P with zero eigenvalue, hence their energy is not corrected. 
Starting from the kets |2, 1, 0)|s, ms} we can construct the kets |2, j, mj) with 
j = 1/2, 3/2. It turns out 


se otal AR T PIR OP 
1s(2, jmglPI2, jamii = UG +D -11/41 | de 
ES 
~ gga 7 


i AR? š à 
Therefore we have a correction equal to — a3 with degeneracy 2 (corresponding 


AR 
48a% 


to j = 1/20) and a correction equal to 
to j = 3/2). 


with degeneracy 4 (corresponding 


. Consider an electron in the ground state of a Hydrogen atom. Between the time 


t = 0 and the time t = T a perturbation depending on time and on the radial 
coordinate is switched on 


2 
AP (r,t) =X ne exp le <= ôr — vt) 


where ag is the Bohr radius and v > 0 is a constant with physical dimensions 
of a velocity. Neglecting the spin degrees of freedom calculate to lowest order 
in À the probabilities at time tf = T to find the electron in one of the eigenstates 
with principal quantum number n = 2. For which value of v is this probability 
minimal? 


Solution Since the perturbation does not depend on the angular variables the 
probability of finding the electron in states with n = 2 and angular momentum 
l = 1 is zero (orthonormality of spherical harmonics). To know the probability 
of finding the electron with n = 2 and l = 0 we need to calculate 


h 

0 
ià T ( 1 eae 
T 


T oo 
iÀ 
c20 =—* fafa r? Ri, oF) R20 (r) P(r, t' ye EED /h 
0 


T (ore) 
$ a a r (40-13) Yt; 3e2r! 
ie 243 [2 — — )e\2 3T) ag e 3R S(r — vt’) 
0 0 


À t 
= aà fua (2 = £) 
aT 4 aB 


EE en 
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The required probability is P> o = \c2,9|? = 7 (z r) (3 = ir) . The minimum 


value is zero and we have it for v = Sa 


9. Consider a particle of mass m on a sphere of radius R having Hamiltonian 


ro, fa 
gies 
2m R2 


Knowing that the a measure of the operator P= ke + Le + i provides always 
the value 2}? 

i. What is the lowest value that a measure of energy can provide 

ii. What are the eigenstates corresponding to this lowest value? 

iii. How is this lowest value corrected if you turn on the perturbation P (0, 6) = 


Aó (o — 0)? 


A $0, 92 A 
Solution i. We rewrite the Hamiltonian as H = a. Since L? gives with 
certainty 2h? it must be l = 1 and so the possible values of i: are him with 
m= -—1,0, r , Using the fact that L? and Ê :commute the possible values of the 


energy are Sn T (2 — m°). So the lowest eigenvalue is ait. 

ii. The eigenstates corresponding to the lowest eigenvalue are |1, 1) and |1, —1). 
iii. The perturbation corrects the lowest eigenvalue. To calculate the correction 
it is necessary to preliminarily determine the matrix of elements 


T 


Pam = af dQY; m (0, PE — OY i mw (0, 0) = afa sin 0 Y$ p (0, Yi m (0, 0). 
0 


We have 
a7 3 f A 
Pii = Pa =A— [ aocin oy’ = \— faa Haja 
87 87 2T 
0 —1 
3 f + 3 ,—2i0 3 f + p3 ra 
Py =Pi1= A= f aino e = A= f asino (cos(20) — i sin(20)) 
8r 8r 


0 


In this last integral the imaginary part is zero since sin(20) = 2 sin 0 cos 0 and 
i d0(sin 9)* cos 6 = 0. As for the real part we use that cos o = 2(cos 0)” — 1. 


So Pi- = P11 = AŠ Si dx(1 — x?) (2x? — 1) = — 2> ~ The energy correc- 
tions are then given by the eigenvalues of the matrix 


iy acg 
P=>( as 1 
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It is immediate to verify that the eigenvalues are given by st (d+ 2). 

10. A Hydrogen atom initially in its ground state is illuminated by a weak electro- 
magnetic radiation of frequency w > 0 and polarized along the z axis, described 
by the operator P(t), with P(t) = Epo sin(wt). Neglecting the spin-orbit inter- 
action, calculate to lowest order in Eo the probability of transition per unit of 
time to the first excited state in the limit £ —> ov, as w varies. 


Remember that, see Appendix C, i dxx"e* =n!. 


Solution The first excited state has 4 degeneracy, with eigenfunctions Yo = 
Roo Yoo, Yo. = Roi Yi, P210 = Roi Yio and V2,_; = R21 Yı-1. It is therefore 
necessary to calculate 4 probabilities e then add them. According to Fermi’s 
golden rule these probabilities in the long time limit are given by 


Prim 
t 


22T a 2 
= £3 [Viool Yarm) 6(E2 — E1 — hwo) 


oo k 2r 
2 2 
= ie [arP Roku f ao f ao sin 8 cos ØYoo Ymm | (E2 — E1 — hwo) 
0 0 0 


where we write z = r cosl. It’s easy to verify that Pa = Pz- = O since 
i do e*? = 0. We also have Pag = 0 since Je 6@ sin 0 cos 8 = 0. The only 
non-zero probability is therefore P \9. It turns out 


T 


F 1 [3 v3 f 
[20 | aesind.coso — cos f = a f 400056) cos? 0 
JA V 40 4T 
0 -1 


0 


_ 2nV32 1 
~ m3 AB 


Therefore the probability per unit time to measure energy En is equal to 


P(Ey) _ pt a2 
= 270) 


i z 830E? E; — hw) 
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11. Consider a spin 1/2 electron described by the Hamiltonian of the Hydrogen atom 


A 


H= Ë — S, The energy eigenkets are therefore the kets |n, l, m} |+), where 


|-+) are the two projections of the spin, and have energy E, = —e?/(2n7ap). 
The electron is initially in the state 


|W) = |1, 0, 0)|+). 


At time ¢ = 0 the perturbation is turned on 


where n = (E2 — E;)/h > 0 and J =L+S is the total angular momentum. 
The probability is asked for the lowest order in perturbation theory that at time 
t, the electron can be found in the states |2, 1, 0)|+) e |2, 0, 0)|+). 


ent 


Solution We have P(t)|W) = aÈ 7 |1, 0, 0)|+). As the spherical harmonics 
are orthogonal the probability of transition into the state |2, 1, 0)|+) is zero. To 
calculate the probability of transition into the state |2, 0, 0) |+) we must calculate 
the coefficient 


t 
c(t) = -4 fwe, 0, 0| P(t)|1, 0, 0)|+) e” 


0 
t 


CO 

27 . 7 

= -iN f gyet- [arr Ro Riot) 
0 0 


The radial integral provides 


foe) o9 ra 
1 1 2ag J. = 1 (2aB a) 2e-* 
drr Ro o7)Rio(r) = sz | 2{-) | dxxe*-—(—-) Ja i 
Í rr R2o()Ri o) WE l ( 3 ) nre All 3 ) GE 
0 0 
8 
27/2 ag 


The time integral provides 


t 


J (i —1)n 
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So the required probability is 


14 2e— t 
4 e  cos(nt) 


a) 64 fe@—Dnt _ 4/2 Sani 
= +e 
2(27)a, 2n? 


PO = eO? = ( 


12. Consider a pale particle described by the Hamiltonian of the Hydrogen atom 


AD 
H=  — ©. The particle is initially in the state 


IY) = |2,1,0). 


At time t = 0a perturbation Ê (t), diagonal in the basis of the position eigenkets, 
is turned on: 
ls wt) 


POM) = 
Oln) ease 


cee! 


where @ and ¢ are the angles that determine r in polar coordinates and w is a 
given frequency. The probability is asked for the lowest order in perturbation 
theory that at time t < 2m the particle can be found in the states |n, 1, 1). 


Solution To calculate the required probability we need to calculate the coefficient 


t 
Cn(t) = -ife (n, 1, 1|P(t)|2, 1,0) e i(E,—E)t'/h 
0 


. t (oe) T 27 A 
=- fav fari? f aosno f dob Rn, 1 (r)Y¥ 0, poe- en 
0 

0 0 


sin 0 cos 0 
0 
x Roi (r)Vi0(8, o) ei(En—E2)t'/h 


The radial integral provides 
[o0] 
J PRAO = i2 
0 


as eigenfunctions corresponding to different eigenvalues are mutually orthog- 
onal. Since t < 2m7/w we have wt < 2x and therefore i do Y*,(, 0)d(¢ — 
wt) Yio, $) = YÉ (0, wt)Vi0(0, wt). Using the expressions given for spheri- 
cal harmonics we arrive at the following result 


t 
iv skp of iA , g 5 

Cnt) = Sy An fou f dô sin 0 = a 6 eo iwt /2 sin wt / 
ħ S247 J 0 h J/24n w/2 
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It follows that the required probability is 


362. (/sinwt/2\* 
P(t) = Fe 
n (t) Icy (t)| On 35 ap ( w/2 ) 


A quantum system in one ae ae is een by the Hamiltonian Ĥ, = 
z (A — hw)’, where Hı = oak smu X*. Determine the correction to the 


energy of all levels of H to fie cident in perturbation theory due to the perturb- 
ing term \X?. 


Solution Since A, and A, commute, ie autokets |n) of A, are also autokets of 
Ab, with eigenvalues E, = hw(n +5 5 xP = ħw(n — 2}. 


The ground state is non-degenerate and occurs forn = 2,and has energy E = 0. 
The first and second excited states are obtained for n = 1,3 (with E, = E3 = 
hw ) and n = 0,4 (with Ey = E4 = 4hw) respectively, and they therefore have 
degeneracy two. Higher energy states have n > 5 and are not degenerate. 


To see how these energy levels change due to the perturbation we must analyze 
the various cases. 


e The ground state energy changes as 
A2 5,2 
E > E + X(2|x*|2) = z0: 


e To see how the first excited state is modified we need to diagonalize the 2 x 2 


matrix > ; J 
a (OIRD A1813) ) 2f 3/2 [6/2 
De a (Galia a] ae (if 7/2 ) 


whose eigenvalues are xi (5 + v 10). So the first excited state splits like 


Ax — 
E13 > hw + z6 a 10) 


e To see how the second excited state is modified we need to diagonalize the 
2 x 2 matrix 


_ } ( (018710) (018714) ) _ 2 (1/2 0 
H =a (ie aam) = Asi ( 0 op) 


whose eigenvalues are au and a . So the second excited state splits like 
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Ax 


= 


Eo,4 => 4hw + | 


Ne} 
z| 


XO 


> 


e From the third excited state onwards, the energy of the levels change as 


Enos > Enos + ÀA(n|ŝ? In) = ħw(n — 2)? + Nie: 


2n +1 
2 


14. Consider a quantum harmonic oscillator in two dimensions described by the 
Hamiltonian 


A2 252 A 
A ^ ^ p mw X Py mwy 
Firs Haag 9 og) Og 


Calculate how the energies of the ground state and of the first two excited states 
change to first order in perturbation theory if it is turned on the perturbation 
P = A8? 9?, where À is a small parameter. 


Solution The Hamiltonian H is separable and therefore its eigenkets can be 
written as |nx, Ny) = |nx)|ny), where |n,) and |n) are the eigenkets of H, and 
H, respectively; the eigenvalues are instead Enn, = hw(ny +ny + 1) with ny 
and n, integers starting from zero. The first three levels are 


hw = Eoo degeneracy = 1 
2hw = E10 = Eon degeneracy = 2 
3hw = E20 = E11 = Eo2 degeneracy = 3 


Ground state correction: To correct the energy of the ground state which is non- 
degenerate we only need to calculate element 


4 
^ k F X 
(0, 0| P|0.0) = à({0,1£°10,)(0,18°10,) = AT 


where xp = L. Therefore the ground state energy changes as 
x4 
hw > hw + iT 


First excited state correction: To correct the energy of the first excited state that 
is twice degenerate, we need to diagonalize the matrix 


a o _ w :) 
(0, 11Ê11.0) (0.1| Ê|0.1) o\o3 


6.4 Exercises 215 


15. 


Therefore the first excited state remains degenerate and its energy changes as 
3, 4 
2ħw —> 2ħw + 4" 


Second excited state correction: To correct the energy of the second excited state 
that is three times degenerate, we need to diagonalize the matrix 


(2.0|P|2.0) (2.0|P|1.1) (2.0|P|0.2) 5 
(1, 1] P|2.0) (1.1) P}1, 1) (1, 1] P]0.2) | = àx | 0 
(0, 2|P|2.0) (0.21 Ê|1.1) (0.2|P}0.2) 5 


(>EN KE) 
Au ONi= 


The above matrix is block diagonal and its eigenvalues are 3AxG, ZAxő and 
3 AXxg . Therefore the second excited level splits into three distinct levels 


3hw + ¢Axq 
3hw > { 3ħw + 4% 
3hw + FAXO 


Consider a particle of mass m in one dimension in a potential well with infinitely 
high walls placed in x = 0 and x = L. The particle is in the ground state 


Tut [yia x € (0, L) 
0 


otherwise 
at time t = 0, when the perturbation 


P(t) = A8 — vt) 


is turned on. Here v = aaa is a constant with the physical dimension of 
: “1: . 2 2 
a velocity. Calculate the probability of measuring energy E2 = Le for a 


generic time t > 0 to lowest order in À. Use the following notable results 


J dy cos(y) sin? (y) = 4 sint (y) and f dy cos? (y) sin? (y) = ž — + sin(4y). 


Solution To measure energy En the particle must have non-zero probability to 
be in the first excited state 


ae {Esmee x € (0, L) 
0 


otherwise 


This probability is given by the square modulus of the coefficient 
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t oo 
c(t) = -2 far I dx WAV EE — vtei 
0 


—=00 


with Qo, = af) = ay We therefore see that co(t) = 0 for t > L/v. For 
t < L/v we have 


pls ià a E = ià 2 a > (2rvt\ . (nyt iar 
o0=-4 f 3 (vt) Wi (vt)e =-2: f sin (e) (E)E 
0 0 
We now observe that F = aen = Q21. Defining y = Qzıt' we have 
Qoit 
() =—-4_2_ f aysin ey) sine” 
c = -—— sin sin (y) e 
2 h LQ; y 3 y 
0 
Qt 
Fam f ay eos sin? (9 [cos(y) + isin] 
=-— cos (y) sin cos isin 
h LQ, y y y 7 a 
0 
iA 4 Qat 1 . i - 4 
= 41t) + + sint (Q | 
ial ap eg ee 


The asked probability is therefore 


X Qat 1 2 sin’ (Qt) 
P(t) = |o? = AOD) p aeea 
ATAL, 2 8 ) 16 | 


16. A particle of mass m in one dimension is described by the Hamiltonian H= 
Hı + Ho, where H; is the Hamiltonian of a potential well with infinitely high 
walls 

vay={e per = L/2 <x < L/2 
œo otherwise 


which has eigenkets |¢,), while Ab = 3€9(|h1) (63| + 163) (911), with eo = ney 


The system is initially in the ground state of H, andattimet = 0 the perturbation 
is turned on P(t) = AX? cos wt, with w > 0. 


Determine to the lowest order in the lowest energy excited state of Ê towards 
which the system can transit and the corresponding probability per unit time for 
t > ow. 

Solution We define |v) and Em eigenkets and eigenvalues of H. Since Ay 
involves only states with n = 1 ed n = 3, the kets |bm) = |Wm) with m £ 1,3 
are also eigenkets of H with eigenvalues Em = Em = com”. To determine how 
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|@1) and |ġ3) mix to obtain eigenkets of H, one must diagonalize the 2 x 2 
matrix 


_ ( (ello) ae ee) eas 
Cae ($s|H lds) ) 7 ° 39) Paa) 


From the eigenvectors of h we find that the 2 missing eigenkets of H are 
li) = zp 8lt1) — 1b3)) and lys) = (101) + 31¢3)), with energies E; = 0 


and E3 = 10€ respectively. Therefore the ground state of Ê is Yı) and has 
energy Ei. 

The perturbation P(t) can be rewritten as P(t) = ME eet + È emir), and 
therefore we can use Fermi’s golden rule. The transition rate towards a generic 
excited state |W) of H is 


R leat? 2 2T 2 
Jm R À p |Ami Ôl(Em — E1 — hw) (6.76) 
where 
2 L/2 
Am = = (pml 5 %1) = f dx Wy (x) (> -) W(x). (6.77) 
—L/2 


Since W(x) is an even function and the other eigenfunctions (x) have definite 
parity, the integral is non-zero only if W(x) is also an even function. The lowest 
energy even excited state is |3), and therefore the integral to be calculated is 


L/2 


rote f dao (5 Jaw 
-L/2 
L/2 L/2 L/2 
: dx bj (x)x? 2 dx Bvt 2 dx b1(x)b3(x)x? 
= = © X — X)X 
20 J PINOY ag ee DQ ee ee oe 
-L/2 —L/2 —L/2 
21? 3 3 8 13 L? 
= I I h)= k 7 
= wT 3972 + 39 120 72 oe) 


Therefore the rate of the transition towards the state |w3) is 


lee 327 Lf ( 13 
t>œ t h T4 120 


2 
) d(10€9 — w) (6.79) 


Consider a one-dimensional quantum harmonic oscillator of E DaN w and 


mass m. So the particle is described by the Hamiltonian H= aa SmuX? = = 


ħw(âtâ + 5). At time t = 0 the system is prepared in the tier 
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IY) =¢(-#0 see Zm) (6.80) 


with y a real constant. The kets |n}, n > 0, are the eigenkets of Ê with eigen- 
value hw(n + 5). 

i. Find the constant C so that the state |W) is normalized to one. 

ii. If at time t = 0 the weak perturbation P(t) is turned on with A « 1 and 
P(t) = X sin(wt), what is the probability that at time t = m/w a measure of 
energy provides the value fiw /2? Determine the result to lowest order in À. 


Solution i. The state |Y) = ee |0) — |®,) with |®,) the coherent state nor- 
malized to unity. Taking into account that y is real we have (Y|Y) = er + 
i=" Se. 

ii. It is necessary to calculate the probability that at a generic time t > O the 
system is in the ground state of the harmonic oscillator. From the theory of time- 
dependent perturbations, such probability is obtained by calculating the square 
modulus of the coefficient 


co(t) = co(0) — — Dfa (O|X sin(we’ Jne Sgt t cn (0), 


EE 
N 


where co(0) = 0, ca(0) = T for n >Q and E, = ħw(n + 1/2). 


Remembering that X = ,/ <n + n you see immediately that only the term 
with to n = 1 survives in the sum. Therefore 


colt) = eo mS d“ sin(wt')e 


ee % iy 1— e774 — Qiwt 
E VA ee e-t N 2mhw 4w f 


The required probability is then given by 


Pats 
= |co(7/w)|" = ———, 
1 — e7? 8mhw3 
Consider a quantum harmonic oscillator in one dimension described by the 


AD: 
Hamiltonian H = at a ma? & At time t = 0 the system is in the first excited 


state of H, and is obedie to the perturbation Êt) = = Aĉe", where À is a 
small parameter and ņ is a positive constant. 
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Calculate to the lowest order in À the probability that at time t the system decays 
into ground state of Â. 

Solution The probability is P(t) = |co(t)|?, where the coefficient co(t) is 
obtained from time-dependent perturbation theory as 


Om FI y 


t 
ir 1 n iF 
oH deal dt Patje * , 
0 


with Ey = t, E, = Ske and Po, (t) = (0|X3|1)e~"". First we need to calculate 
(O|X3|1), where we recall that è = 5G + ât), with xo = ,/ L. Using the prop- 


erties of the operators â and â? the only terms that survive for the calculation 
of the matrix element are 


3 3 3 
7 x rr Tere x 3x 
(O|3}1) = 5372 01@a" + aa'a)|1) = aa 2+1)= sa 


Therefore the coefficient c(t) reads 
. t . i 
3iAxg fu Cnt iot 3iAxg 1 — ert) 
e "e = 


BR PRA n+ iw 
0 


co(t) = — 


which yields the probability 


9A°xé 1+ e7™?™ — 2e-" coswt 


P(t) = 
G She w FN 


A quantum system in two dimensions is subject to the potential 


a 3 
Parna) = f? per O0<xı<L e 0< <L 
œo otherwise 
i. Determine the energies of the first 3 levels of the system. 
ii. Determine how these energies are corrected in first order perturbation theory 


due to the disturbing potential P= (x2 —,/ 5L) ôl — £). 


Solution i. The Hamiltonian of the system is separable into a part A, which 
depends only on x, (an infinite potential well of width L; = L) and a part 


Ê which depends only on x (an infinite potential well of width Lz = F. 


. . . ies ; 2p2 2 
The eigenvalues and eigenfunctions of H; are therefore & = Ree, and 


220 


6 Approximation Methods 


YO (xi) = 2 sin (= ji with i = 1, 2. The first three levels of the system and 


their respective eigenfunctions are: 


2R 1 8 22 11 
Ei = Pa T ( ) T 


, Wir, x2) =YP Cdl? (rr) 


1 2m L 3) 2m 3L? 
E= te = = ( 5) A Sr + hona) = VP ave Per) 
By =e) +e = uns a (o 5) ai > 5 Vuan) = HP EWP Orn) 
= CH DP = ee A (1 ) = A > » Vab (x1, x2) = PP WP (x2) 


Therefore the level E3 is twice degenerate, while E, and E are not degenerate. 


ii. Let’s calculate the correction to FE: 


AE =A | dxdy W(x, Pe SETE yah 


SL: 


È L i 3 
= af dx YP OPSE -= 5) f dy WP OPO — yah) =0 
0 


0 


In fact, the integral in the variable y vanishes due to parity since |h (y)? is 
even with respect to the point ,/ 3L, while the function (y — ,/ 5L) is odd with 
respect to same point. With similar reeasonings one can show that also AE, = 0. 


To calculate the correction to E3 we need to use first order perturbation theory 
in the degenerate case. In particular, we have to diagonalize the matrix P of 
elements 


L 
Pij = à f dxay Y3; (x, y)* [e = z? x =y zo| Y3;(x, y) con i,j =a,b 


For the symmetry reason mentioned before we have Pi = P22 = 0. Calculating 
Pi2 = Pz; provides instead 


3 
gL 


L 
L 3 
PaA f right YP WPa = 5) f dy YP OWP OO -yY zD 
0 


0 
ay (8N? 
~ 37222 (3 
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The eigenvalues of the matrix P are simply + P\2, and therefore the perturbation 


removes the degeneracy so that E3 > E3 + aH ($). g 


20. A particle of mass m in one dimension is described by Hamiltonian 


CO 
H = —ei lpi (Gil + È nln) (eal 


n=1 


where e, = gence and |y,),n = 1,2,3,... are the eigenvalues and eigenkets 
of another Hamiltonian corresponding to an infinite-walled potential well located 
between 0 and L. Consider the small perturbation AÊ = 6 (x — L/2). Calcu- 
late 

i. The unperturbed eigenkets and eigenvalues of H 

ii. The eigenfunctions (x|y,) 

ii. The first order correction in of all eigenvalues of H 

iii. The second order correction in À of the lowest eigenvalue of Ê. To this end, 
use the notable result $ %_o Omri? = i: 


Solution i. The eigenkets of H are the ln). We denote by E, the corresponding 
eigenvalues. We have E; = 0 and E, = €n = ne, for alln > 2 
ii. From perturbation theory the first order correction of the level E, is given by 


L 


a 2 nTX 2 nT 
E® = Mynl6(& = L/D lpn) = AZ f dx sin? ( T ) ba L/2)= dz sin? ( =) 
0 
= AŻ n odd 
~ |0 neven 


iii. From perturbation theory the second order correction of the level E; is given 


ED = 2) CUC = L/Dlen) 


WD Ei — Em 


2\? 1 & si? (5) A?8m /1 1 1 A?m 
2 2 2 
À ($) ss yay) (atata) pT — 8) 


€ 
1 m=2 


21. Consider a a in thie sane state of the Hamiltonian of the harmonic oscil- 


lator H = +35 imuw*k?. At time t = 0 the particle is subject to one of the 
following Pe E 
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i. Determine which of these perturbations is a Hermitian operator 

ii. For Hermitian perturbations only calculate to lowest order in perturbation the- 
ory the probability that at time tf = m /(6ħw) the particle is in the sixth excited 
state of H. The calculation must be done for one perturbation at a time. 


Solution i. The only Hermitian perturbations are Pi e Py. 
ii. In terms of the raising and lowering operators they can be written as 


To first order in perturbation theory the probability amplitude of transitioning 
to the sixth excited state is 


t 


c6(t) = -fa (6| Ê Oji" 


0 


where the calculation must be performed both with Ê = Ê, and with Ê = Py. In 
both cases the only non-zero terms are those proportional to (a')°. Remembering 
that (a*)°|0) = V6!|6) we have that for both the perturbations 


LAK aw IAR mat] 
1 i6hwt! __ T 
ORE zaf le a errs re 


The probability at the required time is therefore P = Icel)? = xn s52, 


mo? 4 
A particle of spin 1/2, mass m and charge e is described by the Hamiltonian 


a2 2 2 
^ Pp e L 
A= -247 
2m r 21 
a 72 
where I = 3% me 


i. Determine the first 3 levels of Ê and their degeneracy. 

ii. Determine how the degeneracy of the first 3 levels is lifted by the perturbation 
Ê = aL, 

iii. Determine how the degeneracy of the first 3 levels is lifted by the perturbation 
P=£6L-S 


Solution i.The Hamiltonian of the hydrogen atom Ë — S and of the isotropic 


Ê? 
27 


basis |n, l, m; ims). Therefore the eigenvalues of H are En = -ui z+ 
withl = 1,2...n — 1. The first three levels are 


quantum rotator = commute, and we can oe hen both danona on the 
KIU) 
T,= 
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met 
E\o = — 3p = E; degeneracy 2 
met 
En = — Be = E) degeneracy 2 
met 
Ez, = E39 = -Isa = E} degeneracy 8 


ii. The perturbation aL, is diagonal on the eigenstates of Â. It is immediate to 
verify that this perturbation does not lift the twofold degeneracy of E; and E>, 
while it lifts the degenracy of the second excited state E3. In particular we have 


1 1 
E3 > E;-—ah per |2,1,-1; a z) degeneracy 2 
E E |2, 1,0 : L, |3, 0,0 : b d 4 
=> er >;= +-) e |3,0,0; =+ -) degenerac 
3 3 p ’ ’ ’ 2 2 2 2 g! y 
1 1 
E3 > E3 +aħ per |2,1,1; 5 + z degeneracy 2 


iii. The perturbation BL - § does not lift the twofold degeneracy of E, and E> 
since their respective states have | = 0. As regards the E} level, however, it is 
split into three sublevels. In particular the 2 states |3, 0, 0; 5 £ 5) of the octet 
are not affected by the perturbation since they also have | = Q. The perturbation 
is not diagonal on the remaining 6 states with l = 1 |2, 1, m; 1 + 5) (wherem = 
—1, 0, 1). To diagonalize it, it is conveninet to work in the basis of the eigenstates 
of total angular momentum, |2, 5, mj); (m; = +1/2) and |2 2 mj) (mj = 


RAS 
—3/2, —1/2, 1/2, 3/2). Therefore 


1 1 
E3 —> E3 per |3, 0,0; 3 $ z degeneracy 2 


1 
E3 > E3 — bR per |2, 7 =),1 degeneracy 2 
2 
2 


Bh 3 
E3 > E3 + 5 Pe |2; zi) 


con mj = —3/2, —1/2, 1/2,3/2 degenerazione 4 

23. Consider a one-dimensional quantum harmonic oscillator of frequency w and 
let |n}, with n = 0, 1, 2, ..., be the eigenstates of energy En = ħw(n + 1/2). 
The Hamiltonian can therefore be written as H = }` „>o E,,|n) (n|. Let the small 
perturbation be given 


Ê = ahw YJ (Ol + 10t) 


>0 


n>0 
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24. 


25. 


26. 


27. 


6 Approximation Methods 


with A < 1 and v a numerical constant greater than zero. Determine the ground 
state energy correction to the first and second order in A. Determine for which 
values of v the corrected eigenvalue is zero. 


Solution To first order we have EQ = (0|P|0) = = 0. To second order we have 
EO = — Po (Ol ÊIn)?/(nħw). Since (0|P|n) = Ahw aon we have 


(Aħw)? v” y 
EO = os aro Mhw(e” — 1) 


n>0 


The corrected eigenvalue is therefore E = huo( 5 — Me — 1) , which vanishes 
forv =In(1+ 5p). 


More Exercises 


2 


a P A . . 
The Hamiltonian of the harmonic oscillator H = 5; + f zmMw 2? is subject to the 


perturbation p= A(bx + c) where b and c are ka Co tie 

i. Calculate the exact eigenvalues of H+P 

ii. Treating Pasa perturbation compute the correction up to the second order in 
A of the unperturbed energies of Â. 

iii. Are the exact eigenvalues the same as the perturbed ones? If so, why? 

A particle of mass m in two dimensions is described by the Hamiltonian 


m2 A2 
À ST 1 
EBEA ie ee +w 252) + Ver? — 1) 
2m 2 7 


where p = d,a@y + ajay is expressed in terms of the raising and lowering oper- 


ators along the x and y directions (e.g., ây = see +i b=). 

i. Calculate the correction to the ground state energy up to second order in À. 
ii. Determine the value of V such that the correction calculated in the previous 
point is zero. 

A particle of mass m is confined in one dimension between 0 and L by an infinite- 
walled potential well. The following perturbation is then added to the potential 
well: V(x) = A cos(2)0(x)0(4 — x). Calculate the correction to the energy of 
the ground state and the first excited state to first order in À. 

Let a quantum system be described by the Hamiltonian H with eigenkets |n) 


with n = 0, 1, 2,.... The corresponding eigenvalues E, are given by 
0 n= 
En | Qn!n>0 


with Q > 0. 
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28. 


29. 


i. Calculate the first- and second-order corrections in À > 0 to the ground state 
energy due to the perturbation 


Ê =A Ñ) o”? (m) {01 + 10) (m) 


m=0 


ii. For which values of œ does the sum of the correction of the first e second 
order cancel? 


The electron of a Hydrogen atom is in the ground state and is therefore described 
3 


by the wavefunction V(r) = Zz (2) * erla with ag the Bohr radius. Calcu- 
late to first order in perturbation theory the correction to the energy of the ground 
state due to the presence of the small perturbation P = \e?"/48—/ a5)” 

A AD: 
A system described by the Hamiltonian of the harmonic oscillator H = £ + 


smu x? is found in the ground state |0). The oscillator is exposed to the per- 


turbation P(t) = QE(t)x where Q is the charge of the particle and E(t) = 
Eo(e“’ + e™™") is the electric field. Calculate to first order in Eo the probability 
of measuring energy 3/fw/2 at time t. 


Appendix A 
Dirac Delta: Definition and Properties 


The Dirac delta function 6(x) is a function (or more precisely, a limit function) such 
that 


f dx' f(x')5(x —x') = f(x) (A.1) 


for any function f. Let us divide the real axis into intervals of length A and define 
the points x, = nA. As A decreases, the points x, become increasingly close to 
each other, and in the limit A — 0, we obtain all points on the real axis. We use the 
definition of the integral to rewrite Eq. (A.1) as: 


J ax Fdan — 2) = im YY AFE — ay) = Fn). (AD) 


From the last identity, we see that the Dirac delta can then be written as 


On n' 
Ôn — Xw) = lim E (A.3) 


We can use this result to obtain an important representation of the Dirac delta. 


Consider the sum 
N-1 1 _ zN 


k 
X= = (A.4) 


> 


where z can be any complex number. We choose z = ew J with j being an integer. 
If j is a multiple of N, then z = 1, and the sum yields N. If, on the other hand, j is 
not a multiple of N, then, since z™ = e?’ = 1, the sum is zero. Therefore, we can 
write: 


= N(...6;,-w + ôjo + 6j,n + jn +--+) (A.5) 
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Qni ; N 
2 


Multiplying this equation by e77}? = e~™ we find 

N-1 Pri = N k 

X eTit?) = Ne" (...6;,-w + 6j,.0 + 6j,n + 6j,2N +) 
k=0 


= NM... eNi vy + 7,0 + e TNS 5 y + eN § oy +) (A.6) 


If we choose N to be an even number, then all the exponentials multiplying the 
Kronecker deltas are equal to 1. By changing the index of the sum to k’ = k — N /2 
and renaming k’ as k, we can rewrite the equation above as 


N/2-1 
> env sk = N(...8; -N + jo + õju + Ôj +). (A.7) 
k=—N/2 


We divide this equation by N and define A = 1/N: 


N21 
A 5 ewik =. 5; N + sjo + ijy + ijn + (A.8) 
k=—N/2 


Now, let us consider the points on the real axis, gq, = kA = k/N.InthelimitN > oo, 
and thus A — 0, the sum becomes an integral over the continuous variable q. Since 
the minimum value of qg is —1/2 and the maximum value is 1/2, the integration 
limits are — 1/2 and 1/2. Considering that in the limit N — oo, the only Kronecker 
delta that can be nonzero is 6;,9, we find 


1/2 


f dq e™!4 = ôo. (A.9) 
—1/2 


Now we divide this equation by A and define the points on the real axis as x; = jA: 


1/2 , 
1 TE i,0 

= dg? tai = LL, A.10 
~f qe A ( ) 
—1/2 


Making the variable change p = 27q/A and thus dp = 27dq/A, we can rewrite 
this equation as: 


T/A 5 

dP ipx, j,0 

L érni = L, A.11 
l mi A ( ) 
—1/A 


Now, taking the limit A — 0 and considering Eq. (A.3), we obtain the following 
representation of the Dirac delta: 
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(oe) 


dp ipx 
| Ber = se. (A.12) 


—00 
Since this identity must hold for every xj, we can set x; = (x — x’) and rewrite the 
above result in a more familiar form 


CO 
f dP ipe- — d(x — x’). (A.13) 
2m 


—00 
Let us proceed to demonstrate some properties of this function. 


Propriety 1: 
b(x — x’) = d(x’ — x) (A.14) 


This property immediately follows from Eq. (A.13) by changing the variable 
P> —~P. 


Propriety 2: 
fee EEN (A.15) 


la| 
This property immediately follows from Eq. (A.13). It can be expressed as 


(oe) 


6(a(x — x’)) = f ar oor) (A.16) 


—00 


We write a = a |a| = sign(a)|a| and change the variable to p' = ap, so dp' = adp. 
We then have 


i sign(a)oo 
O(a(x —x’)) = = 
a 


—sign(a)oo 


td 


dP" ayar) _ Sigala) . 
2T a 


(x — x’) 


_ ôx- x’) 


|a| 


(A.17) 


230 Appendix A: Dirac Delta: Definition and Properties 


Propriety 3: Consider a function f(x) that vanishes at points xm, i.e., f (xm) = 0. 


Then: 5 ) 
X—X. 
ô = aN A.18 
(Fe) =>. Gall (A.18) 


m 


where f’(x,,) is the first derivative of the function f evaluated at xm. 

This property follows from the fact that ô( f (x)) is nonzero only if x is equal to 
one of the points x,,. In the vicinity of one of these points, we can then approximate 
fŒ) = f’ Gm) (* — Xm) and rewrite 


FOD = YO OCF En) — tm) (A.19) 


Property 3 is now a direct consequence of Property 2. 


Appendix B 
Levi-Civita Tensor: Definition and Properties 


The Levi-Civita tensor ¢€;;, is a three-index object where each index can take the 
integer values 1, 2, and 3. Therefore, in total, we have 33 possible combinations such 
AS E1115 £112, E113, E1215 €122, €123, etc. The value of ¢;;, can be 0, 1, or —1 according 
to the following rule 


0 if two or more indices are equal 
Eijk = 1 if (i, j, k) is an even permutation of (1, 2, 3) (B.1) 
—1 if (i, j, k) is an odd permutation of (1, 2, 3) 
The Levi-Civita tensor is particularly useful for compactly expressing the compo- 
nents of the cross product between two vectors. Let us consider the vector ec = a x b. 
The components of ¢ are then: 


cı = ab — az3b2, c2 = —aıb3 + a3bi, c3 = aib — anh, . (B.2) 


Let us show that these three components can be expressed in a compact form as 


c= > cijnajdy - (B.3) 
jk 


For example, for the first component 


cı =} eijajbr . (B.4) 
jk 


Since €;;x is zero if two or more indices are equal, the only non-zero contributions 
occur when (j, k) = (2, 3) or (j, k) = (3, 2). Therefore 


Cy = €12342b3 + €13203b2 . (B.5) 
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Now, (1, 2, 3) isan even permutation of (1, 2, 3), while (1, 3, 2) is an odd permutation 
of (1, 2, 3). Therefore, €123 = 1 and £132 = —1. Substituting these values, we obtain 
the first equation in Eq. (B.2). Similarly, for the other components, we have 


c2 = Do ezjka jbk = €21301b3 + €23143b) = —ajb3 + aby (B.6) 
jk 

c3 = È esjkajbk = E31241b2 + €321a2b1 = a1b2 — abı (B.7) 
jk 


Below are some properties of the Levi-Civita tensor that allow us to easily perform 
calculations involving vector products 


Propriety 1: If aj, = a,; then 
X eijna je =0. (B.8) 
jk 


This property, used to derive Eq. (2.41), can easily be demonstrated. From the 
definition in Eq. (B.1), it follows that exchanging j with k results in £;jg = —€;x;. 


Therefore 
> EijkAjk = — bs Eikj A jk- (B.9) 
ik ik 


Since j and k are dummy indices, we can rename j with k and k with j on the 
right-hand side, obtaining: 


X Eijkajk = — X Eijkakj = — X Eijka jk- (B.10) 
jk jk jk 


In the last step, we used the fact that aj, = agj. Therefore, the sum in question is 
equal to minus itself. Since zero is the only number equal to minus itself, the sum is 
zero. 


Propriety 2: 
X EijkEpak = dip jq = dig jp- (B.11) 
k 


This property has been used to derive Eq. (4.60). The proof is quite simple. Fixing 
the pair (i, j), ifi = j, then ¢;;, = 0, and we obtain 0 = 0 since the right-hand side 
is also zero. If i Æ j, then there exists only one k for which ¢€;;, Æ 0. For that k to 
make € pq different from zero, the pair (p, q) must be equal to either the pair (i, j) 
or the pair (j, i). In the first case, i.e., p = i and q = j, the only term in the sum is 
(Ei)? = 1, while in the second case, i.e., p = j and q = i, the only term in the sum 
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iS €;;KE jik = —1. In both cases, the right-hand side coincides with the left-hand side, 
and therefore, the property is demonstrated. 


Propriety 3: 
XU EijkEpjk = 26ip (B.12) 


jk 


We have used this property to derive Eq. (4.59). The proof follows directly from 
Eq. (B.11) by setting q = j and then summing over j: 


X EijkEpjk = ye (ip djj = 6i;9jp) = 3dip = Oip = 25ip (B.13) 
jk j 


Appendix C 
Euler’s Gamma: Definition and Properties 


The Euler Gamma function is defined by the formula: 


(oe) 


rz) = Jare. 


0 


For small f, the value of e™* 


(C.1) 


~ 1, and therefore, the primitive of the integrand behaves 


like t* /z. It follows that if Ñ[z] < 0, the integral diverges. Hence, Eq. (C.1) provides 
a representation of the analytic function T (z) only for R[z] > 0. This function is of 


particular interest because 


[o,e) CO 
Tz+bH= fa tel= rele + far zt le = zr (z). 
0 0 


It follows that for z = n 


Tint 1)=n/(n)=n(n— 1) (n—-2)=... =n! (1). 
Now o 
Td)= pare = 1, 
0 
and hence 
Taat+1)=n!. 
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(C.2) 


(C.3) 


(C.4) 


(C.5) 


235 


Index 


A Electron mass, 1 

Absorption, 200 Energy quantization, 76, 83 
Addition of angular momenta, 167 Euler Gamma function, 235 
Angular momentum operator, 120 Euler-Lagrange equations, 21 
Atomic levels, 141 Euler’s differential equation, 137 
Average value, 11 Excited state, 33 

Azimuthal quantum number, 130 Expectation value, 11 

B F 

Bohr magneton, 155 Fermi golden rule, 199 

Bohr radius, 143 Fifth postulate, 31 

Bound states, 76, 141 First postulate, 6 


Fourier transform, 197 
Fourth postulate, 7 


C 

Classically forbidden regions, 73 

Coherent states, 88 G 

Collapse postulate, 6 Generating function, 26 
Conjugate momentum, 23 Gradient, 126 

Continuity equation, 70, 79, 119 Gradient in polar coordinates, 126 
Continuum spectrum, 16 Ground state, 33, 83, 144 

D H 

Degeneracy, 33 Hamiltonian, 24, 32 

Dipole approximation, 201 Hamilton’s equations, 24 
Dirac delta function, 15, 29, 77, 78, 199, 227 Harmonic oscillator, 80 
Dirac postulate, 27 Heisenberg Hamiltonian, 173 


Heisenberg Uncertainty Principle, 38, 83 
Hermite polynomials, 85 

E Hydrogen atom, 135 

Ehrenfest theorem, 32, 89 

Electron charge, | 
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L 

Lagrangian, 21 

Laplacian, 111 

Laplacian in polar coordinates, 134 
Law of Laplace, 163 

Legendre transform, 23 

Level splitting, 193 

Levi-Civita tensor, 21, 54, 119-121, 231 
Lowering operator, 82 


M 
Momentum operator, 27, 67, 109 


10) 
Observable, 5 
Orbitals, 141 


P 

Particle in electromagnetic field, 22, 117 

Pauli matrices, 51, 161 

Perturbation theory: degenerate case, 193 

Perturbation theory: non-degenerate case, 
190 

Perturbation theory: time evolution, 195 

Piecewise constant potential, 71 

Planck constant, 4, 83 

Plane wave, 67, 109 

Poisson bracket, 26 

Poisson distribution, 88 

Position operator, 27, 109 

Postulate five, 31 

Postulate six, 27 

Principal quantum number, 140 

Probability current, 70, 119 

Probability density, 14, 119 

Proton mass, 1 
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R 

Radiation-matter interaction, 200 
Raising operator, 82 

Reflection coefficient, 79 
Representation of kets, 48 
Representation of operators, 48 
Representation of spin operators, 160 
Resolution of the identity, 13, 16, 30 


S 

Schrödinger equation, 31, 111 
Second postulate, 6 
Separable Hamiltonians, 114 
Sixth postulate, 27 
Spectrum, 33 

Spherical harmonics, 129 
Spin, 157 

Spin operator, 157 
Spin-orbit interaction, 164 
Standard deviation, 11 
Stimulated emission, 200 
Symmetry, 25 


T 

Third postulate, 6 

Total angular momentum, 166 
Transmission coefficient, 79 
Triplet states, 174 


V 

Variance, 11 
Variational method, 201 
Virial theorem, 112 


W 
Wavefunction, 14, 67 


